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Bass½Â����finitistic�êfPD

1960c, BassÚ\
��finitistic(Ý�)�ê:

FPD(R) = sup{pdRM | pdRM < ∞}.
�Ú\
���finitistic�ê:

fPD(R) = sup{pdRM |M´k�)¤�,�pdRM < ∞}.
(Bass H(1960): Finitistic dimension and a homological
generalization of semi-primary rings, Trans AMS.)

µ5: Bass��finitistic�ê�½Âé��¯õÆö'
5�Noether�´
^�.
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Glaz�?U

FPR(k�Ý�©)): �M´R-�,ek�Ü�

0 → Pn → Pn−1 → · · · → P1 → P0 → M → 0,
Ù¥PiÑ´k�)¤Ý�R-�,K¡Mkk�Ý�©),
P�M ∈ FPR.

���finitistic(Ý�)�ê:

fPD(R) = sup{pdRM |M ∈ FPR}.
(Glaz S(1989): Commutative Coherent Rings, LNM
1371.)

g,¯K: fPD(R) = 0�x��k=
5�? fPD(R) 6
1�x��k=
5�?
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Dedekind��

Dedekind���ïÄ: ©uNoether, 1927.
Dedekind���½Â: ��Noether�4��.

(Noether, E(1927): Abstrakter Aufbau der Idealtheorie
in algebraischen Zahl-und Funktionenkörpern, Math
Ann.)
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Dedekind��

Dedekind���²;�x
é��R,±e�^�d:
(1) R´Dedekind��.
(2) z��"n�´�_n�.
(3) Ý���f�´Ý��.
(4) gl.dim(R) 6 1.

�_n�: II−1 = R.
Ù¥I−1 = {x ∈ K | xI ⊆ R}, K´��R�û�.

���ÄÑ��:1n3�ê�L«Øc÷?Ðï?¬ oA���Æ 5 / 40



'uPrüfer���finitistic�ê

�µ£�

Dedekind��

Dedekind���²;�x
é��R,±e�^�d:
(1) R´Dedekind��.
(2) z��"n�´�_n�.
(3) Ý���f�´Ý��.
(4) gl.dim(R) 6 1.

�_n�: II−1 = R.
Ù¥I−1 = {x ∈ K | xI ⊆ R}, K´��R�û�.

���ÄÑ��:1n3�ê�L«Øc÷?Ðï?¬ oA���Æ 5 / 40
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'uPrüfer���finitistic�ê

�µ£�

Prüfer��

�ÐÚ\: Prüfer, 1932.
Prüfer�� z��"�k�)¤n�´�_n�.
(Prüfer H(1932): Untersuchungen Über Teibarketiseigen-
schaften in Körpern, J Reine Angew Math.)

�ª·¶: Krull, 1936.
(Krull W(1936): Beiträge zur Arithmetik Kommutativer
Integritätsbereiche, Math Z.)
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�ÐÚ\: Prüfer, 1932.
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3���þPrüfer��5�í2

R´���, T(R)L«R���û�(total quotient ring),
=T(R) = RS,Ù¥S´R��"Ïf�¦{µ48.
�Kn�: I¥k���"Ïf.
�I´R�n�,½ÂI−1 = {x ∈ T(R) | xI ⊆ R}.
�_n�: II−1 = R.
Prüfer��½Â(Griffin, 1970): z�k�)¤�Kn�
´�_n�.
(Griffin, M(1970): Prüfer rings with zero divisors, J
Reine Angew Math.)
��û�(÷vT(R) = R��)�½´Prüfer�.
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3���þPrüfer��5�í2

R´���, T(R)L«R���û�(total quotient ring),
=T(R) = RS,Ù¥S´R��"Ïf�¦{µ48.
�Kn�: I¥k���"Ïf.
�I´R�n�,½ÂI−1 = {x ∈ T(R) | xI ⊆ R}.
�_n�: II−1 = R.
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2006cBazzoniÚGlazéPrüfer�ïÄ�Â8

Prüfer���x(15^)
é�R,K±e�^�d:
(1) R´Prüfer�.
(2) z�2-)¤�Kn�´�_n�.
(3) R�z�overring(3T(R)-¥�*�)´²"R-�.
(4) R�z�overring´�4(3T(R)¥)�.
(5) eI, J, L´R�n�,Ù¥k��´�K�,K
I
⋂

(J + L) = (I
⋂

J) + (I
⋂

L).
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

(Bazzoni S, Glaz S(2006): Prüfer rings, Multiplicative Ideal
Theory in Commutative Algebra.)

���ÄÑ��:1n3�ê�L«Øc÷?Ðï?¬ oA���Æ 9 / 40
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2006cBazzoniÚGlazéPrüfer�ïÄ�Â8

Prüfer��5�Þ~
(1) �R´Prüfer�, P´�K�n�,KR/P´Prüfer��.
(2) �N = nil(R). eR/N´Prufer�, KR´Prufer���=
�R3T(R)¥´�4�.
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'uPrüfer���finitistic�ê

�µ£�

2006cBazzoniÚGlazéPrüfer�ïÄ�Â8
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(1) �R´Prüfer�, P´�K�n�,KR/P´Prüfer��.
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Cahen-Fontana-Frisch-Glaz�úm¯K

µ5: ù
Lã´ring-theoretic,�module-theoretic½
homology-theoretic.
2014c, Fontana, Frisch, Glazn<?6
��d20�
nã©Ù|¤�Ö,5Commutative Algebra6.
Ù¥����: Open Problems in Commutative Ring
Theory(Cahen-Fontana-Frisch-Glaz)¥JÑ
44�ú
m¯K.

Problem 1a
Let R be a Prüfer ring. Is fPD(R) 6 1?

Problem 1b
Let R be a total ring of quotients. Is fPD(R) = 0?
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Theory(Cahen-Fontana-Frisch-Glaz)¥JÑ
44�ú
m¯K.

Problem 1a
Let R be a Prüfer ring. Is fPD(R) 6 1?

Problem 1b
Let R be a total ring of quotients. Is fPD(R) = 0?
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'uPrüfer���finitistic�ê

�µ£�

Problem 1JÑ��µ: �ÄAa��'X

�¢D� và�+w.gl.dim(R) 6 1.
w.gl.dim(R) 6 1
�â(arithmetical)�: é?Ûm ∈ Max(R), Rm�n��

¤���S8.
Gauss�: c(fg) = c(f )c(g), f , g ∈ R[x].
(2011c, Donadze-Thomasy²
eR´Gauss�,K
w.gl.dim(R) = 0, 1½∞.)
Prüfer�:
(2007c, Bazzoni-Glazy²
eR´vàPrüfer�,K
w.gl.dim(R) = 0, 1½∞.)
(2011c, Glaz-Schwarzy²
eR´và��û�,K
w.gl.dim(R) = 0½∞.)
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eR´vàPrüfer�,K
w.gl.dim(R) = 0, 1½∞.)
(2011c, Glaz-Schwarzy²
eR´và��û�,K
w.gl.dim(R) = 0½∞.)

���ÄÑ��:1n3�ê�L«Øc÷?Ðï?¬ oA���Æ 12 / 40



'uPrüfer���finitistic�ê

I���'Vg

®k�'uw-���'Vg

GV-n�: Jk�)¤, R ∼= HomR(J, R).
GV-n�8Ü: GV(R). ù´��n��¦{X.
GV-L�: é?Ûx ∈ M,�3J ∈ GV(R),¦�Jx = 0.
GV-ÃL�: dJx = 0,Ù¥x ∈ M, J ∈ GV(R),
UíÑx = 0.
w-�: �M´GV-ÃL�,�é?ÛJ ∈ GV(R),k
Ext1

R(R/J, M) = 0.
w-Ý��: é?ÛN ∈ RM, Ext1

R(L(M), N)´GV-L�.
Ù¥L(M) = (M/torGV(M))w.
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'uPrüfer���finitistic�ê

I���'Vg

#Ú\�'uLucas���'Vg

��Kn�: I¥k��k�)¤fn�I0,
÷vann(I0) = 0.
k�)¤��Kn�: ann(I) = 0.
k�)¤��Kn��8Ü: Q. ù´��n��¦{
X.
Q-L�: é?Ûx ∈ M,�3J ∈ Q,¦�Jx = 0.
Q-ÃL�: dJx = 0,Ù¥x ∈ M, J ∈ GV(R),
UíÑx = 0.
Lucas�: �M´Q-ÃL�,�é?ÛJ ∈ Q,k
Ext1

R(R/J, E) = 0.
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'uPrüfer���finitistic�ê

I���'Vg

®k�DW��Vg

DW�: R�z�n�´w-n�.

DW���x
é�R,K±e�^�d:
(1) R´DW�.
(2) R�z�4�n�´w-n�.
(3) z�R-�´GV-ÃL�.
(4) z�R-�´w-�.
(5) GV(R) = {R}.
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'uPrüfer���finitistic�ê

I���'Vg

#Ú\�DQ��Vg

½Â

eR�z��n���R-�Ñ´Lucas�,KR¡�DQ-�.

·K1
(1) eéR�?Û4�n�m,ÑkRm´DQ�,KR´DQ�.

(2) �dim(R) = 0,KR´DQ�.

½n1
é?Û�R, T(R[x])´DQ�.

·K2
eR´DQ-�,KQ0(R) = R.
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I���'Vg

Q0(R): R�k�©ª�
(the ring of finite fractions)

Rk�©ª��½Â:
Q0(R) := {α ∈ T(R[x]) |�3I ∈ Q,¦�Iα ⊆ R}.

Q0(R)¥���£ã: �α =

nP

i=0
aixi

nP

i=0
bixi

∈ T(R[x]),Ù¥ai, bi ∈

R.
Kα ∈ Q0(R)��=�é¤keIi, j,kaibj = ajbi.
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Q0(R)��^

���ïÄ�{éõ,XÛ�������þ.
¦{n�nØé����65: û�K��^(²"�,
S��, z�K-�´gd�, K¥��L« a

b²(äN,
R ⊆ K).
k^��û�T(R)�O���û���^,d�Nõï
Ä7L�9�Kn�.
Lucas�X�ó�: ^Q0(R)�O��û���^. ~
X,y²
R[x]´�4�(3T(R[x])¥�4)��=� R3
Q0(R)¥�4. ('�: R´�4����=�R[x]´�4
��)
'X: R ⊆ T(R) ⊆ Q0(R).
l
eQ0(R) = R,K�½kT(R) = R.
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Û�kQ0(R) = R

�T(R) = Ré'

T(R) = R��=�z��"Ïf´ü , ��=�R��K
n��kR.

·K3
Q0(R) = R��=�Q = GV(R), =k�)¤��Kn��
kGV-n�.
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Ì�(J

Ì�(J

Problem 1b:
eR´��û�,=T(R) = R,´ÄkfPD(R) = 0.
)�:�Y´Ä½�.

Problem 1a:
eR´Prüfer�,´ÄkfPD(R) 6 1.
)�:�Y´Ä½�.

'�½n

efPD(R) 6 1,KR´DW�.
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'uPrüfer���finitistic�ê

Ì�(J

Ì�(J

Problem 1b:
eR´��û�,=T(R) = R,´ÄkfPD(R) = 0.
)�:�Y´Ä½�.

Problem 1a:
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'�Ún

�I = (a1, · · · , an)´R�k�)¤n�.½ÂfI : R → Rn,
deª�Ñ:
fI(r) = (ra1, · · · , ran), r ∈ R.
�I´R���Kn��,w,kfI´üÓ�.

Ún1
�I = (a1, · · · , an)´R���Kn�, PM := cok(fI). �X´
?ÛR-�. Kk:
(1) KfI´©��üÓ���=�I = R.
(2) Ext1

R(M, X) ∼= X/IX,l
�I ∈ GV(R)�, M´w-Ý��.

½n2
�fPD(R) 6 1,KR´DW�.
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Ì�(J

fPD(R) = 0��x

½n3
é�R,±e�^�d:
(1) R´DQ�.
(2) R�z���n�Ñ´���Kn�.
(3) R�z��4�n�Ñ´���Kn�.
(4) R�z�ýn�Ñ´���Kn�.
(5) (ooo©©©UUU���ïïï999½½½nnn) R�z�k�)¤ýn�Ñ´�
��Kn�,=ann(I) 6= 0.
(6) Q = {R}.
(7) z�R-�´Lucas�.
(8) Q0(R) = R,�R´DW�.
(9) fPD(R) = 0.
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'�DW��Vg

(Li W X, Chen J L, Kourki F(2013): On strongly C2 mod-
ules and D2 modules, J Algebra Appl.)

DW���x
é�R,K±e�^�d:
(1) R´DW�.
(2) R�z�4�n�´w-n�.
(3) z�R-�´GV-ÃL�.
(4) z�R-�´w-�.
(5) GV(R) = {R}.
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'uPrüfer���finitistic�ê

Ì�(J

Problem 1b��~

ÏL²�*Ü�E���R,¦�Q0(R) = R,�RØ´DQ�,
=RØ´DW�,l
d½n2,��fPD(R) 6= 0.

�D´���Ø´�,¿�Ùû��K. �H = (K/D)w.

�²�*ÜR = D ∝ H.

Ún2
�D´��úÏf��.�J = I ∝ H´R�n�,�I 6= 0. K
k:
(1) eJ´k�)¤�,KI = I1d,Ù¥I1 ∈ GV(D).
(2) J ∈ Q��=�I ∈ GV(D).
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'uPrüfer���finitistic�ê

Ì�(J

Problem 1b��~

ÏL²�*Ü�E���R,¦�Q0(R) = R,�RØ´DQ�,
=RØ´DW�,l
d½n2,��fPD(R) 6= 0.

�D´���Ø´�,¿�Ùû��K. �H = (K/D)w.

�²�*ÜR = D ∝ H.

Ún2
�D´��úÏf��.�J = I ∝ H´R�n�,�I 6= 0. K
k:
(1) eJ´k�)¤�,KI = I1d,Ù¥I1 ∈ GV(D).
(2) J ∈ Q��=�I ∈ GV(D).

���ÄÑ��:1n3�ê�L«Øc÷?Ðï?¬ oA���Æ 24 / 40
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Problem 1b��~

Ún3
�D´��úÏf��, A´D�n�.Kk:
(1) �B = A ∝ H,KB´R�w-n���=�A´D�
w-n�.
(2) E�B = A ∝ H,KBW = Aw ∝ H.
(3) �M = m ∝ H´R�n�.KM ∈ w-Max(R)
��=�m ∈ w-Max(D).

~1
�D´��úÏf��.Kk:
(1) Q0(R) = R,l
kT(R) = R.
(2) eDØ´DW��(~X�D = F[y, z],Ù¥F´�,
y, z´�½�),KRØ´DW�.
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Ì�(J

Problem 1a��~

~2
fâ�~1÷vT(R) = R, �R�´Prüfer�,�RØ´DW�.
l
fPD(R) > 1.

~3
�RX~1, D´Prüfer��,�DØ´�.KD

⊕
R´Prüfer�,

�Ø´DW�.l
fPD(R) > 1. d�T(D
⊕

R) 6= D
⊕

R.
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Ì�(J

FT-²"�ÚéfPD(R) = 0����x

½Â

�M¡�FT-²"�(FT: finitistic),´�é?ÛN ∈ FPR,
kTorR

1 (M, N) = 0.

½n4
é�R,±e�^�d:
(1) z�R-�´FT-²"�.
(2) z�k�)¤R-�´FT-²"�.
(3) z�Ì�R-�´FT-²"�.
(4) z�Ì��k�LyR-�´FT-²"�.
(5) fPD(R) = 0.
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'uPrüfer���finitistic�ê

Ì�(J

FT-²"�ÚéfPD(R) = 0����x

½Â

�M¡�FT-²"�(FT: finitistic),´�é?ÛN ∈ FPR,
kTorR

1 (M, N) = 0.

½n4
é�R,±e�^�d:
(1) z�R-�´FT-²"�.
(2) z�k�)¤R-�´FT-²"�.
(3) z�Ì�R-�´FT-²"�.
(4) z�Ì��k�LyR-�´FT-²"�.
(5) fPD(R) = 0.

���ÄÑ��:1n3�ê�L«Øc÷?Ðï?¬ oA���Æ 27 / 40
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fPD(R) 6 1����x

½n5
é�R,±e�^�d:
(1) fPD(R) 6 1.
(2) ²"��f�´FT-²"�.
(3) R�z�n�´FT-²"�.
(4) R�z�k�)¤n�´FT-²"�.
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Ì�(J

fPD(R) 6 1�����x

½n6
�R´��,K±e�^�d:
(1) fPD(R) 6 1.
(2) éR�?Û�"�ü ��u, fPD(R/(u)) = 0.
(3) ÃL�´FT-²"�.
(4) �A´ÃL�,�A ∈ FPR,KA´Ý��.

½n7
�R´��.edim(R) 6 1,KfPD(R) 6 1.
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Ì�(J

'�Gruson-Raynau½n

Gruson-Raynau½n(1971)
�R´Noether�, KFPD(R) = dim(R). (l
edim(R) 6 1,
KFPD(R) 6 1.)

~4
½n7����7¤á. ¯¢þ,eR´D���,
KfPD(R) 6 w.gl.dim(R) 6 1. ?���÷vdim(R) > 1�
D���(~X, �R = Z(2) + xQ[[x]], d�dim(R) = 2)=�
��Øý.
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'uPrüfer���finitistic�ê

Ì�(J

'�Gruson-Raynau½n

Gruson-Raynau½n(1971)
�R´Noether�, KFPD(R) = dim(R). (l
edim(R) 6 1,
KFPD(R) 6 1.)

~4
½n7����7¤á. ¯¢þ,eR´D���,
KfPD(R) 6 w.gl.dim(R) 6 1. ?���÷vdim(R) > 1�
D���(~X, �R = Z(2) + xQ[[x]], d�dim(R) = 2)=�
��Øý.

���ÄÑ��:1n3�ê�L«Øc÷?Ðï?¬ oA���Æ 30 / 40
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Ì�(J

rPRüfer���finitistic�ê

#�_�½Â: �I´Q0(R)�R-f�,½Â
I−1 = {x ∈ Q0(R) | xI ⊆ R}.
I¡��_�,´�II−1 = R.
rPrüfer�: R�z�k�)¤��Kn�´�_n�.

½n8
�R´ëÏ�rPrüfer�,KfPD(R) 6 1.
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