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Abstract

Duality relations between Lie algebras are a significant phenomenon in Lie algebra representa-
tion theory, with level-rank duality as a famous example. Level-rank dualities for affine Lie algebras
of type A(1) were first discovered by Frenkel in 1982, and later extended to all classical non-twisted
affine types by Hasegawa in 1989 through elaborate character calculations. In this paper, for all
classical affine Lie algebras, we construct appropriate Fock spaces in a uniform way and establish
corresponding combinatorial models (Maya diagrams and abaci), extending Uglov map to all class-
cial affine types. Through the action of the Virasoro algebra, we completely characterize the joint
highest weight vectors in the Fock space, thereby obtaining the corresponding level-rank duality
theory. Our method no longer relies on character calculations. Using this new level-rank duality
theory, the defect of the cyclotomic KLR algebra RΛ

β of classical affine type can be interpreted as
the sum of the components of the correponding moving vector.
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1 Introduction

Duality theories provide a powerful framework in representation theory, where two algebraic objects
act on a common vector space in a mutually commuting manner. Under favorable circumstances, the
information of one algebra can be translated into that of the other, thereby converting complicated
problems into more tractable ones. A prototypical example is the classical Schur–Weyl duality ([23, 30])
and its numerous generalizations .

In a celebrated work [14], Howe established a duality theory involving a classical group G and
a Lie algebra ġ acting on a tensor space V . In this setting, the decomposition of V as a bimodule
yields a correspondence between the irreducible representations of G and those of ġ. For affine Lie
algebras, Frenkel [10] realized the level-rank duality of two type A affine Lie algebras on a Fock space.
Subsequently, through intricate character computations, Hasegawa [12] extended Frenkel’s results to
all classical non-twisted affine Kac–Moody algebras.

From a combinatorial perspective, Uglov [28] developed a description of the level-rank duality
for affine type A, introducing what is now known as the Uglov map, and applied it to the study of
Kazhdan–Lusztig theory. Chuang and Miyachi [7] conjectured that Uglov’s bijections could be lifted
to a categorical level, giving rise to Koszul-type equivalences between blocks of highest-weight covers
for Ariki–Koike algebras, or equivalently, blocks of categories O for cyclotomic rational double affine
Hecke algebras (DAHAs). This categorical level-rank duality was subsequently proved by Rouquier,
Shan, Varagnolo, and Vasserot in [22, 24].

In this paper, we develop the level-rank duality theory for all classical affine types using a unified
and transparent method. We construct Fock spaces using Z2-graded vector spaces, a construction that
is uniform across all types and applicable to both twisted and non-twisted affine Lie algebras. This
construction admits an intuitive combinatorial characterization via Maya diagrams. More precisely,
for the Fock space F , we consider a grid board. A Maya diagram is obtained by coloring a finite
number of these cells black, and up to a sign, each Maya diagram corresponds to a monomial basis
vector in F . For the precise definition of the Fock space and Maya diagrams, see Section 3 and 4.

After defining the Fock space, we discuss the actions of affine Lie algebras on it. The main idea
is as follows: for a given affine pair (ĝ, ˆ̇g), we embed their direct sum into a larger affine algebra
ĝw. Using the standard construction from [9], we realize the Fock space as a level-1 module over ĝw.
Upon restriction, this module carries mutually commuting actions of ĝ and ˆ̇g. These actions admit a
natural interpretation on Maya diagrams (or abaci): the action of ĝ corresponds to horizontal left-right
movements of beads, while the action of ˆ̇g corresponds to vertical up-down movements.

Our duality pairs of affine Lie algebras are quite general. We divide the types of classical affine
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Lie algebras into four classes

{A(1)}, {A(2)}, {C(1)}, O(r) = {B(1), D(1), D(2)}.

The dual pair (ĝ, ˆ̇g) can be chosen to be any two affine algebras from the same class. For each of these
pairs, we uniformly construct the corresponding Fock space F as a subspace of a suitable wedge space
constructed from a Z2-graded vector space, and establish the following level-rank duality theorem.

Theorem 1.1. Let (ĝ, ˆ̇g) be a pair of affine Lie algebras given in Table 1, and let F be the associated
Fock space defined in Definition 3.5. Then, as a ĝ⊕ ˆ̇g-module, the level-1 ĝw module F decomposes
as a direct sum of irreducible (Σ ⋉ ĝ, Σ̇⋉ ˆ̇g)-bimodules:

F =
⊕
Y

VΣ⋉ĝ(λY;R)⊗ VΣ̇⋉ˆ̇g
(λ̇Y;L),

where Σ and Σ̇ are automorphism groups of ĝ and ˆ̇g respectively induced by diagram automorphisms,
VΣ⋉ĝ(λY;R) is the irreducible Σ⋉ ĝ-module with highest weight λY and level R, and V

Σ̇⋉ˆ̇g
(λ̇Y;L) is the

irreducible Σ̇⋉ ˆ̇g-module with highest weight λ̇Y and level L. Depending on the type of the duality pair,
Y ranges over specific Young diagrams, and λY and λ̇Y are the weights corresponding to the Young
diagram Y.

Type A(1), A(1) C(1), C(1) O(r), O(r) A(2), A(2)

parameters
L0̄ = 2l, R0̄ = 2r,
L1̄ = R1̄ = 0

L0̄ = 2l, R0̄ = 2r,
L1̄ = R1̄ = 0

L0̄ = 2l or 2l + 1,
R0̄ = 2r or 2r + 1,

L1̄, R1̄ ⩽ 1

L0̄ = 2l or 2l + 1,
R0̄ = 2r or 2r + 1,
L1̄ = R1̄ = 0

ĝ, ˆ̇g ĝl(l), ŝl(r) ŝp(2l), ŝp(2r) ŝo(L0̄, L1̄), ŝo(R0̄, R1̄) ĝl (2)(L), ŝl (2)(R)

ĝw ŝo(2lr) ŝo(4lr) ŝo(L0̄R0̄ + L1̄R1̄, L0̄R1̄ + L1̄R0̄) ĝl (2)(LR)

level R,L R = r,L = l R = R0̄ +R1̄,L = L0̄ + L1̄

range of Y P l
r−1 P l

r

λY, λ̇Y see (4.1.2) see (4.1.1)

Table 1: Data of duality types

The proof of the level-rank duality theorem presented in this paper differs significantly from ex-
isting approaches. In Hasegawa’s work on non-twisted affine algebras [12], the result is obtained by
directly verifying character identities, which involves many specialized techniques for symmetric poly-
nomials and Θ-functions. In contrast, this paper adopts an approach focused on exploring the intrinsic
structure and actions of the modules themselves. Due to the complete reducibility of the Fock space,
it suffices to identify all joint highest weight vectors within it. This philosophy aligns with the classical
Howe duality theories for finite classical groups [6, 14, 29].

However, those classical theories indispensably rely on Jacobson’s density theorem, which requires
the Fock space, as a module over one of the algebras in the dual pair, to decompose as a direct sum
of finite-dimensional irreducible modules. This condition is unattainable in the affine case, meaning
we cannot directly generalize the classical approach. Instead, our method overcomes this obstacle by
combining finite-dimensional duality theory with the action of the Virasoro algebra on the Fock space
to derive the affine duality.

The combinatorial model provided by Maya diagrams and abaci is a cornerstone of our unified
approach and its applications. It serves several crucial roles. Firstly, the Fock space actions of the affine
Lie algebras are translated into intuitive graphical operations, making the otherwise complex algebraic
manipulations transparent and manageable. Secondly, the one-to-one correspondence between Maya
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diagrams and monomial basis vectors allows us to identify all joint highest weight vectors and track
the change of weights through simple moves of beads. Finally, and perhaps most importantly, this
model provides a bridge to the representation theory of cyclotomic KLR algebras RΛ

β . By interpreting
the combinatorial data of an abacus—such as the moving vector and e-weights studied in [8, 15,
18]—through the lens of the ˆ̇g-action, we gain new Lie-theoretic insights. Specifically, we show that
the sum of the components of the moving vector for RΛ

β is precisely the defect of (Λ, β) (see Theorem
6.11). This connection not only generalizes known results but also suggests that this combinatorial
model will be a powerful tool for future investigations into block invariants of cyclotomic KLR algebras.

Furthermore, the combinatorial model in our duality theory has been used recently by the third
author and his student to study cores and Diophantine equations in [21]. By extending the concept
core to arbitrary charge for all classical affine types, they establish and study Diophantine equations of
classical affine types via the height formula given by the so-called Uglov vector, and solve a generalized
version of an open problem raised by Brunat, Chapelier-Laget and Gerber in [4]. In particular, closed
formulae for computing the number of certain kinds of core abaci are given.

This paper is organized as follows. In Section 2, we recall some basic facts about affine Lie algebras.
In Section 3, we construct the Fock space and define the actions of affine Lie algebras on it. In Section
4, we will give, for all classical types, a uniform graphical configuration, and interpret the action of Lie
algebras on this model. Section 5 is devoted to giving a proof of our level-rank duality theorem. In
Section 6, we prove that the defect of a cyclotomic KLR algebra is equal to the sum of the components
of its moving vector. We give some concluding comments in Section 7.

2 Preliminaries for affine Lie Algebras

In this section, we fix notations and give some basic facts about affine Lie algebras. The main references
are [12] and [16].

2.1 Affine Kac-Moody Lie algebras

We use terminologies of [16]. Let A be an affine Cartan matrix of size l+1 of typeX
(r)
N . Let g be a finite

dimensional reductive Lie algebra such that [g, g] is simple of type XN with (−|−)′ the normalized
invariant form. Denote by Ei, Fi, Hi, i = 0, 1, . . . , l the elements given in [16, §8.3](Concrete realization
will be listed in §2.4 below). Fix an automorphism σ of g of order m, with r the least positive integer
such that σr is inner. Then we have a Z/mZ-grading on g:

g =
⊕

j∈Z/mZ

gj , gj = {x : σ(x) = e
2π

√
−1

m
jx}.

Recording the degree of each Ei ∈ gsi gives a sequence (s0, . . . , sl) of non-negative integers such that

m = r
∑l

i=0 aisi, where ai are the indices on the Dynkin diagram. The derived affine Lie algebra of

type X
(r)
N can be realized by

ĝ :=
(⊕
j∈Z

gj ⊗t
j
)
⊕ Cc,

[x1(n1) + η1c, x2(n2) + η2c] = [x1x2](n1 + n2) +
1

m
(x1|x2)′n1δn1,−n2c,

where x(n) denotes x ⊗ tn. Extending ĝ by a derivation d′ with d′(x(n)) = n
mx(n) and [d′, c] = 0,

we obtain g̃ = ĝ⊕Cd′ the affine Kac-Moody algebra with scaling element d = a0r(d
′ − H), where

H ∈
l∑

i=1
CHi defined by the conditions αi(H) = si

m for each i = 1, 2, . . . , l. The normalized symmetric
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invariant form (−|−) on g̃ is defined by

(x1(n1)|x2(n2)) =
1

r
δn1,−n2(x1|x2)′, (Cc+ Cd′|x(n)) = 0, (c|c) = 0 = (d′|d′), (c|d′) = 1.

The bilinear form is carried over to ĥ and ĥ
∗
, and will be again denoted by (−|−).

Denote by Vir :=
⊕

n∈ZCd(n)⊕ Cz the Virasoro algebra, where the Lie bracket is given by

[d(n1), d(n2)] = (n1 − n2)d(n1 + n2) +
n31 − n1

12
δn1,−n2z, [z,Vir] = 0.

As derivations, Vir acts on ĝ by

[d(n), x(n′)] = −n
′

m
x(mn+ n′), [z, ĝ] = 0 = [Vir, c].

With this action, g̃ can be viewed as a subalgebra of Vir ⋉ ĝ by identifying d′ with −d(0).
It is well-known [16, §8.3] that g̃ is a Kac-Moody Lie algebra associated to the generalized Cartan

matrix A. Let ai, a
∨
i , i = 0, 1, . . . , l be indices associated to A and AT , respectively. Then we have the

relations

A

a0...
al

 = 0, (a∨0 , . . . , a
∨
l )A = 0,

with c =
l∑

i=0
a∨i α

∨
i central, δ =

l∑
i=0

aiαi the imaginary root, where αi are the simple roots and α∨
i the

simple coroots. We write θ =
l∑

i=1
aiαi = δ − a0α0 and write h∨ =

l∑
i=0

a∨i for the dual Coxeter number.

The Chevalley generators of ĝ are given by

ei = Ei(si), fi = Fi(si), hi = Hi(0) +
aisi
a∨i m

c, i = 0, . . . , l.

Let g̊ be the finite dimensional simple Lie subalgebra of ĝ generated by ei, fi, hi, i = 1, . . . , l. Restricting
(−|−) from g̃ (not g) to g̊, we get a non-degenerate invariant form again denoted by (−|−). Write
h̃
∗
= h̊∗⊕CΛ0⊕Cδ, we have the orthogonal projection · : h̃∗ → h̊∗. Denote by ϖi the i-th fundamental

weight of g̊, then the i-th fundamental weight of g̃ is given by Λi = a∨i Λ0 +ϖi. We put ρ =
l∑

i=1
ϖi =

1

2

∑
α∈∆̊+

α ∈ h̊∗, and ρ̂ = ρ+ h∨Λ0 =
l∑

i=0
Λi ∈ ĥ

∗
. Note that (ρ|θ) = h∨ − a∨0 , (ρ|αi) =

a∨i
ai
.

An irreducible highest weight module of ĝ is characterized by (λ;R) ∈ h̊∗ × C and is denoted by
Vĝ(λ;R). We call λ the classical part and R the level of the weight, and sometimes we also write

λ+RΛ0 ∈ ĥ
∗
. Write

P̃+(R) =

{
l∑

i=0

ciΛi + c′δ |
l∑

i=0

cia
∨
i = R, c′ ∈ C

}
the set of dominant integral weights of level R. Note that for λ+ RΛ0 ∈ P̃+(R), we have (λ|θ) ⩽ R.
Write P+(R) = {λ ∈ h̊∗|λ+RΛ0 ∈ P̃+(R)} the set of classical parts of P̃+(R).

There is another important finite dimensional simple Lie subalgebra g̊′ of ĝ generated by ei, fi, hi,
i = 0, 1, . . . , l − 1. Since ĝ is generated by g̊ and g̊′, we can locally combine the actions of two simple
Lie algebras to analyse ĝ-modules.

For an abelian Lie algebra g, we use the conventions that h = g, ρ = 0, h∨ = 0.
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2.2 Segal-Sugawara construction

Assume that g is simple or abelian, and that V is a ĝ-module satisfying the following two conditions.
• V is restricted, that is, for any v ∈ V , we have g(n).v = 0 when n is sufficiently large;

• c acts as R · idV for some R ∈ C such that R+ h∨ ̸= 0.
The scalar R is called the level of V . Recall that the grading ĝ =

(⊕
j∈Z gj ⊗tj

)
⊕ Cc is isotropic

with respect to (−|−) in the sense that (gi(i)| gj(j)) = 0 unless i = −j and (−|−)
∣∣
gj(j)×g−j(−j)

non-

degenerate. Choose a basis ui;−j(−j) of g−j(−j), and a dual basis ui;j(j) of gj(j) with respect to

(−|−). Then the following Segal-Sugawara operators Dĝ(n) ∈ End(V ) give a Vir⋉ ĝ-module structure
on V (cf. [16, Exercise §12.20]):

d(0) 7→Dĝ(0) :=
1

2r(R+ h∨)

∑
i

(ui;0(0)u
i;0(0) + 2

∑
n>0

ui;−n(−n)ui;n(n))

−H + rR
(H|H)

2
+

(
dim g

24
− |ρ|

2

2h∨r

)
R

R+ h∨
,

d(j) 7→Dĝ(j) =
1

j
[d(j), Dĝ(0)],

z 7→zĝ = R · dim g

R+ h∨
. (2.2.1)

In particular, if V = Vĝ(λ,R) with highest weight vector v and R + h∨ ̸= 0, we can fix a g̃-module

structure canonically by putting Dĝ(0).v = dĝλ;Rv, where dĝλ;R is the vacuum anomaly :

dĝλ;R =
(λ | λ+ 2ρ)

2r(R+ h∨)
− λ(H) + rR

(H|H)

2
+

(
dim g

24
− |ρ|

2

2h∨r

)
R

R+ h∨
. (2.2.2)

This allows us to identify Vĝ(λ,R) with the irreducible highest weight g̃-module Vg̃(λ+RΛ0− dĝλ;Rδ).

For each Λ ∈ P+, the set of weights of Vg̃(Λ) is denoted by P (Λ).
For a finite dimensional reductive Lie algebra g = ⊕ gi with each gi simple or abelian, we can

generalize the above constructions by defining

Dĝ(n) =
∑

Dĝi(n), zĝ =
∑

zĝi , dĝλ;R =
∑

d
ĝi
λi;Ri

.

We briefly state the construction of coset Vir-module (cf.[12, §1.2.4]). Let V be a restricted ĝ-
module of positive level. The Segal-Sugawara operators give a representation π : Vir ⋉ ĝ → End(V ).
Suppose there is another (unitary) representation π′ : Vir→ End(V ) satisfying

[π′(d(n1)), π(x(n2))] = −
1

m
n2π(x(n1 + n2)),

or equivalently, [π′(d(n)) − Dĝ(n), ĝ] = 0, then D⊥(n) := π′(d(n)) − Dĝ(n) and z⊥ := π′(z) − π(z)
define a (unitary) representation of Vir on Homĝ(Vĝ(λ;R), V ) for any Vĝ(λ;R). Moreover, if in addition
π(z) = π′(z), then we have π′(d(n)) = Dĝ(n) for all n, that is, π

∣∣
Vir

= π′.

2.3 Diagram automorphism

We follow the notations in [12, §1.3]. For a generalized Cartan matrix A, let σ be an automorphism
of the Dynkin diagram of A. Then it induces automorphisms on both h(A)∗ as well as g(A), which
are called diagram automorphisms and again denoted by σ. Since the action of σ on h(A)∗ is given
by permuting the simple roots, it also permutes the fundamental weights, and preserves the invariant
form (−|−) on h(A)∗, as well as the set of positive roots Q+. In particular, the partial order on h(A)∗,
defined by λ ⩾ µ if λ− µ ∈ Q+, is preserved by σ.
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Let Σ ⩽ Aut g(A) be an (Abelian) subgroup consisting of certain diagram automorphisms. We
say a g(A)-module V with π : g(A) → End(V ) is a Σ ⋉ g(A)-module if there exists a representation
π′ : Σ → PGL(V ) of Σ on V which satisfies π′(σ)π(g)π′(σ)−1 = π(σ(g)). Through this construction
we see that for a Σ⋉ g(A)-module V , the action of any σ ∈ Σ gives an isomorphism between weight
spaces, that is, Vλ ∼= Vσ(λ) for any λ ∈ h(A)∗. For a weight λ, we define a g(A)-module

VΣ⋉g(A)(λ) :=
⊕
µ∈Σ.λ

Vg(A)(µ).

This module gives rise to an irreducible Σ ⋉ g(A)-module by letting Σ permutes the highest weight
vectors.

Remark 2.1. Note that if A is of type Dl and Σ = ⟨σl−1,l⟩ permuting vertices l− 1 and l on Dynkin
diagram, then the module VΣ⋉g(A)(λ) for a dominant integral weight is nothing but a finite dimensional
irreducible Pin(2l)-module, while Vg(A)(λ) is an irreducible Spin(2l)-module. In other words, for any
so(2l)-module V which can be lifted to Pin(2l), the action of certain reflection in Pin(2l) on V plays
the role of σl−1,l making V a Σ⋉ so(2l)-module (see also Remark 3.1 below).

2.4 Notations for classical Lie algebras

We list some conventions needed to construct classical Lie algebras, see also Appendix A for details.
• For n ∈ Z⩾0, we introduce the following index sets with linear order:

I2n :={1⋖ · · ·⋖ n⋖−n⋖ · · ·⋖−1}, I0 := ∅;

I2n+1 :={1⋖ · · ·⋖ n⋖ 0⋖−n⋖ · · ·⋖−1}.

• For each M ∈ Z⩾0, the M -dimensional C-vector space is denoted by WM with basis {ψi | i ∈
IM}. Let IM be the M ×M identity matrix, and let JM = (δi,−j)i,j∈IM . The matrix Eij has
(i, j)-element 1 and zero otherwise.

• For a Z2-graded vector space W = WM ⊕WN with WM in degree 0̄ and WN in degree 1̄,
we use the index set IM,N = IM ⊔ I∗N to label the basis of W as well as rows and columns of
gl(M +N), where I∗N = {i∗ | i ∈ IN}.

2.4.1 Notations for orthogonal series

We list some conventions of orthogonal algebras. Fix M ∈ Z>0 and N ∈ Z⩾0. Let m = ⌊M2 ⌋ and
n = ⌊N2 ⌋. The Lie algebra gl(M +N) naturally acts on the Z2-graded space W = WM ⊕WN , where
WM is in degree 0̄ and WN is in degree 1̄. The orthogonal Lie algebra

g = so(M,N) := {x ∈ gl(M +N) | xTJ + Jx = 0},

where J =

(
JM

JN

)
. When N = 0 we abbreviate to so(M). The matrices Dij := Eij − E−j,−i,

i, j ∈ IM,N span g as a vector space. Note that Dij = −D−j,−i.

Let h̊ be the span of its basis {Dii | i = 1, 2, . . . ,m, 1∗, 2∗, . . . , n∗} with dual basis in h̊∗: {ϵi | i =
1, 2, . . . ,m, 1∗, . . . , n∗}. Defining

(x|y)′ = 1

2
Tr(xy), x, y ∈ g and (ϵi|ϵj)′ = δi,j

gives rise to invariant symmetric non-degenerate bilinear forms on g and h̊∗, respectively. The root
vectors we need are as follows (Conventions: i∗ + 1 = (i+ 1)∗, −i∗ = (−i)∗).

Ei = Di,i+1, i = 1, . . . ,m− 1, 1∗, . . . , (n− 1)∗, Em =

{
Dm−1,−m, M = 2m,√
2Dm,0, M = 2m+ 1.
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En∗ =


D(n−1)∗,−n∗ , N = 2n,

D−1,−1∗ , N = 2,√
2Dn∗,0∗ , N = 2n+ 1 > 1,√
2D−1,0∗ , N = 1.

E0 =


D−1,1∗ , N > 1,√
2D−1,0∗ , N = 1,

D−1,2, N = 0.

and Fi = ET
i is the transpose of Ei for each i.

Let σ be the automorphism of so(M,N) given by the conjugation of

(
IM

−IN

)
. Then σ2 = id,

so m = 2 and there is a decomposition g = g0̄⊕ g1̄ with g0̄
∼= so(M)⊕ so(N) and g1̄

∼= CMN . This is
compatible with the Z2-grading on W. One can check that if MN even then σ is inner, and r = 1;
while MN odd we have r = 2. Since σ(E0) = −E0 and σ preserves other Ei, the degree of Ei is

si = δi,0 for each i, and we take H =
1

2

n∑
i=1

Di∗i∗ . Then we can construct the affine algebra

ĝ = ŝo(M,N) = (g0̄⊗C[t±1])⊕ (g1̄⊗t
1
2C[t±1])⊕ Cc.

Comparing with the general construction in 2.1, note that here we use the Laurent polynomial ring
C[t±

1
2 ]. The action of the derivation d′ can be uniformly given by d′(x(s)) = sx(s) and [d′, c] = 0.

Remark 2.2. The Cartan matrix of ĝ is of rank l = m+ n and we relabel the vertices 0, 1, · · · , l on
Dynkin diagram by n∗, (n− 1)∗, · · · , 1∗, 0, 1, · · · ,m. By deleting the vertex n∗ or m we get two simple
Lie subalgebras isomorphic to so(M +2n) or so(2m+N), respectively. Through this observation, the
type of ĝ is determined by the parity ofM , N . In fact, one can check that ŝo(M+2, N) ∼= ŝo(M,N+2).

Therefore, in practice we shall reduce our discussion to three cases: ŝo(2l) for type D
(1)
l , ŝo(2l+1) for

type B
(1)
l and ŝo(2l+1, 1) for type D

(2)
l+1. We uniformly call the affine algebras ŝo(M,N) as orthogonal

affine algebras of type O(r).

2.4.2 Notations for general linear series

We list some conventions of twisted affine general linear algebras. Fix M ∈ Z>0, and let m = ⌊M2 ⌋.
The Lie algebra g = gl(M) acts naturally on the vector space WM (which can be regarded as a
Z2-graded space concentrating on degree 0̄). The Cartan subalgebra h has basis {Eii | i ∈ IM} with
dual basis in h∗: {ϵi | i ∈ IM}. Defining

(x|y)′ = 1

2
Tr(xy), x, y ∈ g and (ϵi|ϵj)′ = δi,j

gives rise to invariant symmetric non-degenerate bilinear forms on g and h∗, respectively.
Let σ be the outer automorphism of gl(M) given by σ(x) = −J−1

M xTJM . Then σ2 = id, m = 2
and r = 2. There is a decomposition g = g0̄⊕ g1̄, where g0̄ is spanned by Eij − E−j,−i, i, j ∈ IM and

g1̄ is spanned by Eij + E−j,−i, i, j ∈ IM . Then we can construct the affine algebra of type A
(2)
M−1:

ĝ := ĝl (2)(M) = (g0̄⊗C[t±1])⊕ (g1̄⊗tC[t±1])⊕ Cc.

Let Aij(n) :=

{
Eij(n)− (−1)nE−j,−i(n), i > 0;

(−1)nEij(n)− E−j,−i(n), i ⩽ 0.
Note that Aij(0) = Dij(0). The root vectors are:

ei = Ai,i+1(0), i = 1, 2, . . . ,m− 1, e0 = A−1,1(1), em =

{
Am−1,−m(0), M = 2m,√
2Am,0(0), M = 2m+ 1.

fi = Ai+1,i(0), i = 1, 2, . . . ,m− 1, f0 = A1,−1(−1), fm =

{
A−m,m−1(0), M = 2m,√
2A0,m(0), M = 2m+ 1.
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The simple Lie subalgebra g̊ = ⟨ei, fi, hi | i = 1, 2, . . . ,m⟩ is isomorphic to so(M). When M = 2m is
even, g̊ has an automorphism σm,m−1 induced by the diagram automorphism permuting the last two
vertices.

Since σ(sl(M)) = sl(M), we can similarly define ŝl (2)(M) ⊂ ĝl (2)(M). Note that the identity
matrix lies in g1̄, so these two algebras share the same ĥ and root data.

Consider the complement Î of ŝl (2)(M) in ĝl (2)(M), which is given by Î := I ⊗ tC[t±] ⊕ Cc.
Note that Î can be regarded as the affination of the abelian Lie algebra I = CI concentrated in
degree 1̄, with dim I = 1 and the dual Coxeter number h∨(I) = 0. Therefore, via Segal-Sugawara

construction, every Vir-module obtained from Î satisfies zÎ = 1. By the direct sum decomposition

gl(M) = sl(M)⊕ I, for a Vir-module induced from ĝl (2)(M) we have zĝl
(2)(M) = zŝl

(2)(M) + 1.

Remark 2.3. Different from the usual conventions, under this construction the algebra ŝl (2)(2m) and
ŝl (2)(2m+ 1) correspond respectively to the Dynkin diagrams

0 1 2
· · · · · · m−2

m

m−1

0 1 2
· · · · · ·

m−1 m

We shall denote by A
(2)
M−1 these two Dynkin diagrams. Meanwhile, the usual Dynkin diagrams with

the opposite directions are denoted by tA
(2)
M−1, and the corresponding algebras are denoted by tŝl (2)(M).

It is easy to see that the algebras tŝl (2)(M) and ŝl (2)(M) are isomorphic.

2.5 Conventions on weights

Suppose ĝ is a classical affine Lie algebras of type ŝo(M,N), ĝl (2)(M), ŝp(2l) or ĝl(l), with dim h̊∗ = l.
Then we can take a standard basis ϵ1, ϵ2, . . . , ϵl of h̊

∗ in the sense that the simple roots can be expressed
by αi = ϵi − ϵi+1 whenever i is not an ending point in the Dynkin diagram. Under this basis we can
identify each element in h̊∗ with its coordinate. In particular, we use the convention that for an array
of coordinates λ = (λ1, λ2, . . . , λl), we write 1 = (1, 1, . . . , 1) for the array of all 1’s with the same

dimension, and λ · 1 =
l∑

i=1
λi for the sum of coordinates of λ.

Let l ∈ Z>0 and r ∈ R⩾0 ∪ {+∞}. Denote by

P l
r = {Y = (y1, y2, . . . , yl) ∈ Zl | r ⩾ y1 ⩾ · · · ⩾ yl ⩾ 0}

the set of partitions with l parts and not “longer” than r. For each Y ∈ P l
r, we write size(Y ) =

y1+y2+· · ·+yl for the size of Y . If r ∈ Z>0, putting the Young diagram of Y in a rectangle with r rows
and l columns, the complement gives rise to another partition Y c = (r−yl, r−yl−1, . . . , r−y1) in P l

r.
We denote by Y t ∈Pr

l the conjugate of Y , and write Y † = (Y c)t. For instance, if Y = (2, 1, 1, 0) ∈P4
3 ,

then Y c = (3, 2, 2, 1), Y t = (3, 1, 0) and Y † = (4, 3, 1), as illustrated by the following figure.

Y

Y c

Given a partition Y = (yi) ∈ P l
R, we identify Y with the weight

l∑
i=1

yiϵi ∈ h̊∗ of g̊. In all finite

type cases the weights Y obtained in this way are always dominant and integral. Conversely, we want
to describe all dominant integral weights using partitions, together with certain half-integral weights
and diagram automorphisms. For this purpose, we shall introduce P̃+

Σ (R), a set of desired Σ-orbit
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representatives in P̃+(R), and its orthogonal projection P+
Σ (R) in h̊∗ which has a nice correspondence

to the set of partitions P l
R. The representative set P̃+

Σ (R) consists of all
l∑

i=0
ciΛi + c′δ ∈ P̃+(R)

satisfying the following additional conditions depending on types, as given in Table 2.

ĝ ŝo(2l) ŝo(2l + 1) ĝl (2)(2l) ĝl(l)

Σ action
σ0,1 : Λ0 ↔ Λ1

σn−1,n : Λn−1 ↔ Λn
σ0,1 : Λ0 ↔ Λ1 σn−1,n : Λn−1 ↔ Λn σ#cyc : Λi 7→ Λi+1 (mod l)

conditions

for P̃+
Σ (R)

c0 ⩾ c1, cl ⩾ cl−1 c0 ⩾ c1 cl ⩾ cl−1 c0 > 0

Table 2: The group Σ and the set of representatives P̃+
Σ (R) in each type

Recall that in each classical affine case the Cartan matrix A is symmetrizable, which means there
exists an invertible diagonal matrix D such that C = DA is symmetric. This gives an invariant form

on h̃∗. Certainly taking Dnor = diag(
a∨0
a0
,
a∨1
a1
, . . . ,

a∨l
al
) gives the normalized invariant form (−|−)nor.

On the other hand, to make the bilinear form uniformly fitting in each type, through this paper we
shall give an alternative choice of D = diag(d1, . . . , dn) such that it induces a natural bilinear form on
h̃∗ with (ϵi|ϵj) = δij . This modification causes changes of convention in the following two
types.

• For type D
(2)
l+1, we take δ = 2(α0 + · · ·+ αl) and therefore D = diag(12 , 1, . . . , 1,

1
2). This specific

choice of δ can fit nicely with the action of Virasoro algebra. Under this modification of D, the
vacuum anomaly of ĝ = ŝo(2l + 1, 1) can be expressed as

dĝλ;R =
(λ | λ+ 2ρ)

2(R+ h∨)
+

(
dim g

24
− |ρ|

2

2h∨

)
R

R+ h∨
,

being in a same form as the ones of ŝo(L). In this way we can deal with three orthogonal cases
uniformly.

• For type C
(1)
l , we take a∨i = 2 for each i and therefore D = diag(2, 1, . . . , 1, 2). Under this setting

the level of each V (Λi) is 2, being the same as in O(r) or A(2) cases for i not an ending point.
Detailed data and conventions are listed in Appendix A.

We introduce a parity decomposition for P̃+(R) in non-A(1) cases. Given
l∑

i=0
ciΛi + c′δ ∈ P̃+(R),

since a∨i = 2 whenever i is not an ending point on the diagram, the parity of R depends only on those
ci at ending points. Define ch, ct as follows:

ĝ ŝo(2l) ŝo(2l + 1) ŝo(2l + 1, 1) ĝl (2)(2l) ĝl (2)(2l + 1) ŝp(2l)

ch c0 + c1 c0 + c1 c0 2c0 2c0 2c0

ct cl−1 + cl cl cl cl−1 + cl cl 2cl

Table 3: The definition of ch and ct in each type

The parity decomposition reads as: P̃+(R) = P̃+(R)0̄,0̄ ⊔ P̃+(R)0̄,1̄ ⊔ P̃+(R)1̄,0̄ ⊔ P̃+(R)1̄,1̄, where

P̃+(R)n̄h,n̄t :=

{
l∑

i=0

ciΛi + c′δ ∈ P̃+(R) | ch ≡ nh (mod 2), ct ≡ nt (mod 2)

}
for n̄h, n̄t ∈ Z/2Z, and P̃+

Σ (R)n̄h,n̄t = P̃+(R)n̄h,n̄t∩P̃+
Σ (R). Note that P̃+(R)n̄h,n̄t = ∅ unless nh+nt ≡

R (mod 2). In case that P̃+(R)n̄h,n̄t ̸= ∅, there is a precise description of the sets P+
Σ (R)n̄h,n̄t using

partitions, that is,

P+
Σ (R)n̄h,0̄ =

{
Y | Y ∈P l

R
2

}
,
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P+
Σ (R)n̄h,1̄ =

{
Y +

1

2
1 | Y ∈P l

R−1
2

}
.

In the spirit of [17, §2], two weights Λ,Λ′ ∈ P̃+(R) are in the same root sieving equivalence class
if and only if Λ̄− Λ̄′ ∈ Q. With respect to this relation, the parity sets P̃+(R)n̄h,n̄t have the following
properties.

Lemma 2.4. Suppose R ∈ N. Then the following hold.
(1) If Λ,Λ′ ∈ P̃+(R) lie in different parity sets, then Λ̄− Λ̄′ /∈ Q.
(2) For ĝ = ŝo(2l), ĝl (2)(2l) or ŝp(2l), each parity set decomposes as two root sieving equivalent

classes,

P̃+(R)n̄h,0̄/∼ = {RΛ0, RΛ0 +ϖ1}, P̃+(R)n̄h,1̄/∼ = {RΛ0 +ϖn−1, RΛ0 +ϖn}.

The diagram automorphism σ0,1 (if exists) leaves each equivalent class invariant when n̄h = 0̄,
while permuting the two classes when n̄h = 1̄. Similarly, the diagram automorphism σn−1,n (if
exists) leaves each equivalent class invariant when n̄t = 0̄, while permuting the two classes when
n̄t = 1̄.

(3) For ĝ = ŝo(2l + 1), ŝo(2l + 1, 1) or ĝl (2)(2l + 1), each parity set forms a single root sieving
equivalent class, say,

P̃+(R)n̄h,0̄/∼ = {RΛ0}, P̃+(R)n̄h,1̄/∼ = {RΛ0 +ϖn−1}.

Proof. Note that for ĝ = ŝo(2l), ĝl (2)(2l) or ŝp(2l), the lattice Q is generated by ±ϵi ± ϵj , whence
Y − Y ′ ∈ Q if and only if size(Y ) − size(Y ′) ≡ 0 (mod 2) for Y, Y ′ ∈ Zl. While for ĝ = ŝo(2l + 1),
ŝo(2l + 1, 1) or ĝl (2)(2l + 1), Q is generated by ±ϵi and coincides with the lattice Zl.

For types D(1), B(1) and A
(2)
2l−1, the Dynkin diagrams have at least one branching point. In these

cases, we observe that 2ϵl = αl − αl−1 /∈ Q̊+. To uniformly deal with the weight 2ϵl we extend Q̃ to
a larger lattice of other types, by replacing the pair of branching vertices with a single vertex with
double arrow, as shown in the following table. In practice the choice of ĝex depends on the actual

ĝ ĝex

ŝo(2l) ŝo(2l + 1, 1) or ŝl (2)(2l + 1) or tŝl (2)(2l + 1) or ŝp(2l)

ŝo(2l + 1) ŝo(2l + 1, 1) or ŝl (2)(2l + 1)

ŝl (2)(2l) ŝl (2)(2l + 1) or ŝp(2l)

Table 4: The possible ĝex for each type of ĝ

situation, as shown in Table 7. In each possible choice, the mapping ϵi 7→ ϵi induces an embedding
Q̃+ ↪→ Q̃+

ex, and thus we also have P̃+
ex ⊂ P̃+. On the other hand, it is routine to verify that for our

above choice of orbit representatives P̃+
Σ (R), we always have(

Q̃+
ex | P̃+

Σ (R)
)
⩾ 0. (2.5.1)

In particular, for β ∈ Q̃+
ex, we have (β|ρ̂) ⩾ 0, with equality holds if and only if β = kϵl and (kϵl|ρ) = 0.

In non-branching cases, we use the notation Q̃+
ex := Q̃+.

Remark 2.5. Throughout this paper, we say an affine Lie algebra ĝ (or g̃) is of branching type
whenever any of its subalgebras g̊ or g̊′ are of the form so(2m) with m ⩾ 1, even if the simple Lie
algebra degenerates and therefore with no Dynkin diagram. This is because the type-D-like algebra
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so(2m) causes some technical issues in the duality theory, and we need to use the tools such as the
group Σ, the representative set P̃+

Σ (R) as well as the extended algebra ĝex to uniformly deal with these
issues.

The degenerate case happens when concerning the small-rank orthogonal algebras so(2m) with
m = 1, 2, 3. In these cases, one can still define the automorphism σm,m−1 in a similar way without
considering the Dynkin diagram, as well as Σ and P̃+

Σ (R). On the other hand, the extended algebra
ĝex can be defined directly by the embedding ϵi 7→ ϵi without referring to the Dynkin diagram. In this
way, all the theory can be established in a same way as in the non-degenerate cases.

3 Fock space representations

In this section, starting from a pair of affine Lie algebras (ĝ, ˆ̇g) in one the four classes: {A(1)}, {A(2)},
{C(1)}, and {B(1), D(1), D(2)}, we shall construct a Fock space F which is a subspace of the wedge
space of certain vector space determined by the pair and h = 0, 12 . Via the Clifford algebra action,

the Fock space can be realized as a bimodule over (ĝ, ˆ̇g). The decomposition of F as a bimodule then
gives the level-rank duality in Section 5 below.

3.1 General construction and actions of Clifford algebras

Suppose W is a C-vector space with a non-degenerate symmetric bilinear form (−,−) and admits one
of the following decompositions:

• isotropic: W = W+ ⊕W− such that (W±,W±) = 0 and (−,−)
∣∣
W+×W− is non-degenerate;

• quasi-isotropic: W = W+ ⊕ Ce ⊕W− such that (W±,W±) = 0, (W±, e) = 0 and (e, e) = 1,
(−,−)

∣∣
W+×W− is non-degenerate.

We uniformly write W = W⩾0 ⊕W− with W⩾0 = W+ or W+ ⊕ Ce in each case respectively.
Denote by T (W) the tensor algebra over W. The Clifford algebra Cl(W) is the quotient algebra

of T (W) given by
Cl(W) = T (W)/⟨x⊗ y + y ⊗ x− (x, y)⟩2−sided ideal.

Write xy for the residue class of x ⊗ y in Cl(W). The exterior algebra
∧
(W−), being isomorphic

to Cl(W)/J as a vector space, where J = Cl(W)W+ or Cl(W)W+ + Cl(W)(e −
√
2
2 ) is a left ideal

generated by W+ and e−
√
2
2 (if e exists), gives rise to an irreducible left Cl(W)-module structure on∧

(W−) by defining

w.1 = 0, ∀w ∈W+; e.1 =

√
2

2
(if e exists).

Viewed as operators on
∧
(W−), the elements in W+ and W− are called annihilation operators and

creation operators, respectively.
Let N be a positive integer and let WN an N -dimensional C-vector space with basis ψi, i ∈ IN (cf.

§2.4) and bilinear form (ψi, ψj) = δi,−j . Set W±
N = SpanC{ψi | i ∈ I±N}. The module

∧
(W−

N ) gives
a realization of spin modules of so(N):

∧
(W−

N ) ∼= V (ϖn) if N = 2n + 1, while
∧
(W−

N )even ∼= V (ϖn)
and

∧
(W−

N )odd ∼= V (ϖn−1) if N = 2n. (See for instance [11, Chapter 6])

Remark 3.1. According to classical theory of orthogonal groups, the group Pin(N) can be realized as
a subgroup ⟨±v ∈ Cl(WN ) | v ∈WN , (v, v) = −2⟩ of Cl(WN )×. In the case N = 2n even, the operator
τ = ψn−ψ−n ∈ Pin(2n), being compatible with so(2n)-action, maps

∧
(W−

N )even and
∧
(W−

N )odd onto
each other by switching the highest weight vectors. Therefore, the assignment σn−1,n 7→ τ gives a
projective representation of Σ, the diagram automorphism group of so(2n). This makes

∧
(W−

N ) an
irreducible Σ⋉ so(2n)-module (cf. §2.3).
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Let h ∈ {0, 12}. Define the space Wh
N = WN ⊗ thC[t±1] with basis ψi(γ), i ∈ IN , γ ∈ h+ Z. The

bilinear form on Wh
N is defined by (ψi(γ), ψj(η)) = δi,−jδγ,−η. Put

Wh,±
N = SpanC{ψi(γ) | γ ∈ (h+ Z)±, or γ = 0, i ∈ I±N}.

Observe that whenN is odd and h = 0, we get a quasi-isotropic decompositionWh
N = Wh,+

N ⊕Cψ0(0)⊕
Wh,−

N ; otherwise we get an isotropic decomposition Wh
N = Wh,+

N ⊕Wh,−
N . Under this setting the

wedge space
∧
(Wh,−

N ) has a basis consisting of “monomials” of the form ψi1(γ1) · · ·ψim(γm) with each
γj < 0. By the multiplication in Cl(Wh

N ), the annihilation operator ψi(γ) with γ > 0 acts on the
monomial as follows (the hat symbol indicates that the element is deleted from the sequence).

ψi(γ).ψi1(γ1) · · ·ψim(γm) =

{
(−1)k+1ψi1(γ1) · · · ψ̂ik(γk) · · ·ψim(γm), if ∃k : ik = −i, γk = −γ;
0, otherwise.

3.2 Actions of affine Lie algebras

In this subsection we give concrete constructions of certain wedge product spaces and realize classical
affine Lie algebras of types O(r) and A(2) as operators on them (cf.[9, §3]). These constructions give
level-1 spin representations of corresponding affine algebras. We follow the notations in §2.4. Fix
M0̄ ∈ Z>0 and M1̄ ∈ Z⩾0 and set W = WM0̄

⊕WM1̄
be the Z2-graded space with WM0̄

in degree 0̄.
Take {h, h′} = {0, 12}, that is, h can be 0 or 1

2 and h′ = 1
2 − h, and define a 1

2Z-graded space

Wh = (WM0̄
⊗ thC[t±])⊕ (WM1̄

⊗ th′
C[t±]),

with basis ψi(γ) indexed by Ih = (IM0̄
×(h+Z))⊔(I∗M1̄

×(h′+Z)). The direct sums of (quasi-)isotropic

spaces give a (quasi-)isotropic decomposition: Wh,± = Wh,±
M0̄
⊕Wh′,±

M1̄
. We have the wedge product

space
∧
(Wh,−) associated to Wh.

To describe the action of affine algebras on
∧
(Wh,−) we need to introduce the completion of

Cl(Wh). For simplicity, we write Cl for Cl(Wh) in this subsection. Define a topology on Cl with open
sets X +Clψi(γ) where X ∈ Cl, ψi(γ) ∈Wh,+. Then the completion consists of elements of the form:

C̃l :=

X +
∑
γ⩾0

∑
i

Xi,γψ
i(γ) | X,Xi,γ ∈ Cl, ψi(γ) ∈Wh,+

 ,

allowing to take infinite sum of elements with annihilation operators on the right with increasing
degrees. In particular, C̃l acts in a well-defined way on

∧
(Wh,−), since for each monomial in

∧
(Wh,−),

all but finitely many annihilation operators act by 0 on it. We define the following normal ordering
: : in Cl: for x(γ), y(η) ∈Wh,

:x(γ)y(η) : =


−y(η)x(γ), if γ > 0 > η;
1
2(x(γ)y(η)− y(η)x(γ)), if γ = 0 = η;

x(γ)y(η), otherwise.

Then, for each i, j ∈ IM0̄
⊔ I∗M1̄

and s ∈ 1
2Z, the expression involving infinite sum of the form∑

γ

:ψi(s− γ)ψ−j(γ) : ∈ C̃l,

while hereafter we use the convention that the sum with the range of index omitted always runs over
the set that ensures all its terms well-defined. For instance, here we need ψi(s − γ), ψ−j(γ) both in
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Wh for the above expression. Such expressions give well-defined operators on
∧
(Wh,−), which are in

fact the homogeneous component of certain vertex operators (cf. [16, §14]).
In the following discussion, we shall respectively give the actions of ĝ = ŝo (2)(M0̄,M1̄) or ĝl

(2)(M0̄)
on
∧
(Wh,−), as well as the actions induced by their corresponding graph automorphism groups.

According to the Segal-Sugawara construction (see §2.2), the action of ĝ on
∧
(Wh,−) induces a

representation of the Virasoro algebra Vir on
∧
(Wh,−) with central charge zĝ.

Dĝ : Vir→ End
(∧

(Wh,−)
)
,

d(s) 7→ Dĝ(s),

z 7→ zĝ =
dim g

1 + h∨
.

We briefly compute the central charge zĝ in each case.

3.2.1 Orthogonal case

Keep the notations above. We define the following action of ĝ = ŝo (2)(M0̄,M1̄) on
∧
(Wh,−):

π : Dij(s) 7→
∑
γ

:ψi(s− γ)ψ−j(γ) : ∈ C̃l.

SetM =M0̄+M1̄, we can quickly compute dim so(M0̄,M1̄) =
1
2M(M−1), as well as the dual Coxeter

number h∨ =M − 2 (cf. Appendix A) . The central charge of the induced Vir-action is

zŝo(M0̄,M1̄) =
dim so(M0̄,M1̄)

1 + h∨
=
M

2
.

We further discuss the action of diagram automorphisms. Suppose M0̄ = 2m0̄ is even and ⌊M1̄
2 ⌋ =

m1̄. Consider the following finite dimensional subspace of Wh:

W̊ = W−
M1̄
⊗ t−h+ 1

2 +WM0̄
⊗ t−h +W+

M1̄
⊗ t−h− 1

2 .

Note that W̊ ∼= CM0̄+2m1̄ is the natural representation of g̊ = so(M0̄+2m1̄), and there is a decomposi-

tion Wh = (W̊⊗C[t±])⊕(W0
M1̄
⊗ th−

1
2 ⊗C[t±]) with g̊ acting trivially on the second part. Restricting

to the negative part we have W̊ ∩Wh,− = W̊ for h = 1
2 , while for h = 0, W̊ ∩Wh,−

M
∼= Cm0̄+m1̄

and its wedge space becomes the sum of ± spin representations of g̊. In both cases the action on∧
(W̊ ∩Wh,−) lifts to Pin(M0̄ + 2m1̄). Observe that as a g̊-module,∧

(Wh,−) =
∧

(W̊ ∩Wh,−)⊗
∧

(W̊ ⊗ C[t−])⊗
∧

(W0
M1̄
⊗ th−

1
2 ⊗ C[t−]).

If h = 0, then
∧
(Wh,−) ∼=

∧
(Cm0̄+m1̄) ⊗

∧
(CM0̄+2m1̄ ⊗ C[t−]) ⊗ C[t−] lifts to Pin(M0̄ + 2m1̄)[29,

Remark 3.5]; if h = 1
2 , then

∧
(Wh,−) ∼=

∧
(CM0̄+2m1̄⊗C[t−])⊗C[t−] lifts to O(M0̄+2m1̄)[29, Remark

3.1].
Eventually using τ ∈ Pin(M0̄ +2m1̄), we are ready to define the action of σm0̄,m0̄−1 on

∧
(Wh,−):

up to ± it acts by permuting 1 with ψ−m0̄(0) on
∧
(Cm0̄+m1̄)(cf. Remark 3.1), and by permuting

ψm0̄(γ) with ψ−m0̄(γ), γ < 0 on rest of the spaces. Similar actions are given for σm1̄
∗,(m1̄−1)∗ in case

M1̄ = 2m1̄ even. Later in §4.3 below we shall give a graphical description of these actions.
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3.2.2 General linear case

In general linear case we fix h = 0 and take M1̄ = 0 and simply write M = M0̄. To realize the
twisted general linear algebras on Wh we slightly modify the bilinear form by a sign twist on the
neutral fermonic field: (ψ0(γ), ψ0(η)) = (−1)γδγ,−η. Since h = 0 and γ, η ∈ Z, the twisted bilinear

form is again symmetric. Note that this modification only happens for type A
(2)
2l algebra ĝl (2)(2l+1).

Abusing the notations we shall not distinguish the modified spaces Cl(Wh) and
∧
(Wh,−).

The action ĝ = ĝl (2)(M) on
∧
(Wh,−) reads as follows.

π : Aij(s) 7→


∑
γ∈Z

:ψi(s− γ)ψ−j(γ) : , if ij > 0 or i > 0, j = 0;∑
γ∈Z

(−1)γ :ψi(s− γ)ψ−j(γ) : , if ij < 0 or i ⩽ 0, j = 0.

Compute dim sl(M) = M2 − 1, as well as the dual Coxeter number h∨ = M (see Appendix A). The
central charge of the induced Vir-representation is

zĝl
(2)(M) = zŝl

(2)(M) + 1 =
dim sl(M)

1 + h∨
+ 1 =M.

Similarly as in the orthogonal cases, when M = 2m is even, the simple Lie subalgebra g̊ is of type D.
One can again define the action of the diagram automorphism σm,m−1 by lifting to the corresponding
Pin group.

Remark 3.2. The space with h = 1
2 in general linear case corresponds to the affine algebra tA

(2)
M with

Dynkin diagram labelling in the opposite direction. Though these two types of affine algebras are
isomorphic, the construction of the algebras and spaces are much more complicated and we will omit

it in this paper. Analogue dual theory of pairs (tA
(2)
L , A

(2)
R ) can be given in a similar way.

Summarizing orthogonal and general linear cases we have:

Proposition 3.3 ([9, Theorem C]). Let ĝ = ŝo (2)(M0̄,M1̄) or ĝl
(2)(M), and let

∧
(Wh,−) be the wedge

product defined above. The map π : ĝ→ C̃l(Wh) ⊂ End(
∧
(Wh,−)) defined above makes

∧
(Wh,−) an

integrable highest weight ĝ-module of level 1, with the vacuum vector 1 being a highest weight vector.
The module

∧
(Wh,−) is either irreducible or a direct sum of two irreducible summands which are

related by a diagram automorphism of ĝ. In other words,
∧
(Wh,−) is an irreducible Σ⋉ ĝ-module.

3.3 Actions of Virasoro algebras

By Segal-Sugawara construction (cf. §2.2), the above action of ĝ = ŝo (2)(M0̄,M1̄) or ĝl (2)(M0̄) on∧
(Wh,−) defined above gives rise to a representation Dĝ : Vir → End

(∧
(Wh,−)

)
. Besides Dĝ, there

is another representation of Vir on
∧
(Wh,−) given by the Clifford algebra structure [9, §5]:

DCl : Vir→ End(
∧

(Wh,−)),

d(s) 7→ DCl(s) = −1

4

∑
(i,γ)

(s− 2γ) :ψi(s− γ)ψ−i(γ) : +
1

16
dimWh(0)δs,0,

z 7→ zCl :=
M0̄ +M1̄

2

with the following nice properties:

[DCl(s), a(η)] = −
(s
2
+ η
)
a(s+ η), a(η) ∈Wh;

[DCl(s), x(s′)] = −s′x(s+ s′), x(s′) ∈ ĝ .

Comparing these two representations using coset Vir-module construction, we have:
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Proposition 3.4 ([12, 2.4b]). In orthogonal cases, we have zĝ = zCl, thus Dĝ = DCl. In general linear
cases, we have zĝ = 2zCl, thus Dĝ(s) = 1

2D
Cl(2s) + δs,0

M0̄
32 .

Using this proposition, each monomial v = a1(η1) · · · ap(ηp).1 ∈
∧
(Wh,−) is an eigenvector of both

Dĝ(0) and DCl(0). The eigenvalue of v under DCl(0), denoted by dv, is

dv = −(η1 + · · ·+ ηp) +
1

16
dimWh(0). (3.3.1)

3.4 The Fock space F and commutative actions

In this subsection, based on the previous two subsections, we shall construct the crucial Fock space F
which will be used to establish a duality theory later on. The process is as follows. We consider certain
pair of affine Lie algebras (ĝ, ˆ̇g), and embed ĝ⊕ ˆ̇g into a larger algebra ĝw related to the tensor product
of natural representations of two algebras. Via restriction, the level-1 Fock space representation F of
ĝw becomes a (ĝ, ˆ̇g)-bimodule.

From now on we use the convention that the un-dotted or dotted datum corresponds to the algebra
g or ġ, respectively, while the datum corresponding to gw is labelled by the subscript w.

Let WL = WL0̄
⊕WL1̄

and WR = WR0̄
⊕WR1̄

be Z2-graded C-vector spaces with L0̄, R0̄ positive.
Their tensor product is also Z2-graded,

W = WL ⊗WR = (WL0̄
⊗WR0̄

⊕WL1̄
⊗WR1̄

)︸ ︷︷ ︸
W0̄

⊕ (WL0̄
⊗WR1̄

⊕WL1̄
⊗WR0̄

)︸ ︷︷ ︸
W1̄

,

with basis ψi,p = ψi ⊗ ψp, i ∈ IL0̄
⊔ I∗L1̄

, p ∈ IR0̄
⊔ I∗R1̄

. One has subspaces

W± = SpanC

(
{ψi,p | i ∈ I±L0̄

⊔ (I∗L1̄
)±, or i = 0, 0∗, p ∈ I±R0̄

⊔ (I∗R1̄
)±}

⋃
{ψ±e, ψ±e∗}

)
,

where ψ±e :=
√
2
2 (ψ0,0 ±

√
−1ψ0∗,0∗) ∈W0̄ and ψ±e∗ :=

√
2
2 (ψ0,0∗ ±

√
−1ψ0∗,0) ∈W1̄.

For {h, h′} = {0, 12}, one can construct a 1
2Z-graded space

Wh = (W0̄ ⊗ thC[t±])⊕ (W1̄ ⊗ th
′
C[t±]),

and define a bilinear form on Wh by (ψi,p(γ), ψj,q(η)) = δi,−jδp,−qδγ,−η. The corresponding (quasi-)
isotropic decomposition is as follows.

Wh,± = SpanC{ψ(γ) ∈Wh | γ ∈ 1

2
Z±, or γ = 0, ψ ∈W±}.

The space
∧
(Wh,−) can be viewed as a module over ĝw = ŝo (2)(dimW0̄, dimW1̄) or ĝl (2)(dimW)

(see Proposition 3.3). Depending on the types of ĝ and ˆ̇g, we define the Fock space F associated to
the pair (ĝ, ˆ̇g) as follows.

Definition 3.5. Keep the notations above with h = 0 or 1
2 .

• If (ĝ, ˆ̇g) = (ŝo(L0̄, L1̄), ŝo(R0̄, R1̄)) with L0̄L1̄R0̄R1̄ being odd, then we define the Fock space

F =
∧

(Wh,−)even,

that is, the subspace of
∧
(Wh,−) spanned by those elements x1 ∧ x2 ∧ · · · ∧ x2n with n ∈ N and

xi ∈Wh,− for all i.

• If (ĝ, ˆ̇g) = (ĝl(l), ŝl(r)), where L0̄ = 2l, R0̄ = 2r, L1̄ = R1̄ = 0, then we take a subspace W̄ =
(W+

2l ⊗W+
2r)⊕ (W−

2l ⊗W−
2r) of W. Let W̄h,− = (W̄ ⊗ thC[t±]) ∩Wh,−, and define

F =
∧

(W̄h,−).
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• For all other cases, we define

F =
∧

(Wh,−)

with h = 0 when (ĝ, ˆ̇g) = (ĝl (2)(L), ŝl (2)(R)).

In each case, via restriction, the actions of ĝ and ˆ̇g on F are of the forms:

π : ĝ → End(F )
Xij(n) 7→

∑
(s,γ)

± :ψi,s(n− γ)ψ−j,−s(γ) :

c 7→ R;

π̇ : ˆ̇g → End(F )
Xpq(n) 7→

∑
(k,γ)

± :ψk,p(n− γ)ψ−k,−q(γ) :

ċ 7→ L,

with specific choices of signs depending on types. Detailed action rules are listed in Appendix C.

3.4.1 Orthogonal case

Let (g, ġ) = (so(L0̄, L1̄), so(R0̄, R1̄)). Then g and ġ naturally act on WL and WR, respectively, and
the tensor product gives rise to a natural embedding:

so(L0̄, L1̄) ⊕ so(R0̄, R1̄) ↪→ gw := so(L0̄R0̄ + L1̄R1̄, L1̄R0̄ + L0̄R1̄)
↷ ↷ ↷

(WL0̄
⊕WL1̄

) ⊗ (WR0̄
⊕WR1̄

) ∼= W = W0̄ ⊕W1̄.

Note that this embedding is compatible with the Z2-gradings, thus we can extend to the affine algebra:

ĝ⊕ ˆ̇g→ ĝw

x(n) + y(m) 7→ (x⊗ I)(n) + (I ⊗ y)(m),

ηc + η′ċ 7→ (Rη + Lη′)c.

Remark 3.6. For type (D(2), D(2)), that is, L0̄L1̄R0̄R1̄ odd, the action of so(L0̄, L1̄)⊕so(R0̄, R1̄) fails
to cover W in the sense that the base elements ψ±e, ψ±e∗ are of weights 0 both for so(L0̄, L1̄) and
so(R0̄, R1̄).

Recall that as a ŝo(L0̄R0̄ + L1̄R1̄, L1̄R0̄ + L0̄R1̄)-module, the space
∧
(W0,−) decomposes as two

irreducible modules with highest weight vectors 1 and ψ−e(0). It happens that these two irreducible
ĝw-modules are isomorphic as ĝ⊕ ˆ̇g-modules, thus in the decomposition of

∧
(W0,−) as ĝ⊕ ˆ̇g-modules

every irreducible components will have two isomorphic copies coming from 1 and ψ−e(0). The case
h = 1

2 becomes analogously with ψ−e(0) replaced by ψ−e∗(0).
Consequently, to prevent the redundant multiplicities, here the Fock space F =

∧
(Wh,−)even is

taken to be one of the irreducible direct summands of
∧
(Wh,−)(cf. Definition 3.5).

Let us consider the action of diagram automorphisms on the Fock space. Suppose L0̄ = 2l0̄ and
⌊L1̄

2 ⌋ = l1̄. Analogously as in level-1 case in §3.2.1, consider g̊−action on F we have the decomposition:

F ∼=
∧

(Cl0̄+l1̄ ⊗ CR2h)⊗
∧

(CL0̄+2l1̄ ⊗ CN)⊗ CN,

which by the same reason lifts to Pin(L0̄ +2l1̄), allowing us to define the action of σl0̄,l0̄−1. Write the

monomial basis of F by
∏
p∈S

ψ−l0̄,p(0) ·
∏
k

ψik,pk(γk) with S ⊂ IR0̄
if h = 0 or S ⊂ I∗R1̄

if h = 1
2 and

(ik, γk) ̸= (−l0̄, 0), we can concretely describe the action of σl0̄,l0̄−1(up to ±):

σl0̄,l0̄−1 :
∏
p∈S

ψ−l0̄,p(0) ·
∏
k

ψik,pk(γk)←→
∏
p∈Sc

ψ−l0̄,−p(0) ·
∏
k

ψik,pk(γk).

Similar action can be defined for σ
l∗
1̄
,(l1̄−1)∗

and ˆ̇g counterparts. These define a (Σ ⋉ ĝ, Σ̇ ⋉ ˆ̇g)-action

on F . More intuitive explanations and examples of these actions will be given in §4 below.
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3.4.2 General linear case

Let (ĝ, ˆ̇g) = (ĝl (2)(L), ŝl (2)(R)), ĝw = ĝl (2)(LR) and fix h = 0. Observe that on the tensor space
W = WL⊗WR, the tensor product of matrices JL⊗ JR coincides with JLR. This means the natural
embedding ĝl(L) ⊕ ŝl(R) ↪→ ĝl(LR) is compatible with automorphisms on each algebra. That is, it
induces a Lie algebra embedding:

ĝ⊕ ˆ̇g→ ĝw

x(n) + y(m) 7→ (x⊗ I)(n) + (I ⊗ y)(m),

ηc + η′ċ 7→ (Rη + Lη′)c.

Similarly as in the orthogonal cases, the actions of the diagram automorphisms are again defined
by lifting to corresponding Pin group.

3.4.3 Types A(1) and C(1)

For completeness we also state the known result of types A(1) and C(1), following [12, §4]. In this part,
we assume that L1̄ = R1̄ = 0, L = L0̄ = 2l and R = R0̄ = 2r.

For type C(1), let (ĝ, ˆ̇g) = (ŝp(2l), ŝp(2r)) and ĝw = ŝo(4lr) acting on W = W2l ⊗W2r = W4lr.
The embedding ĝ⊕ ˆ̇g→ ĝw can be described explicitly as follows.

ĝ⊕ ˆ̇g→ ĝw

Cij(n) 7→

{
(Cij ⊗ I2r)(n), ij > 0;

(Cij ⊗ diag(Ir, I−r))(n), ij < 0;

Cpq(m) 7→

{
(I2l ⊗ Cpq)(m), pq > 0;

(diag(Il, I−l)⊗ Cpq)(m), pq < 0;

ηc + η′ċ 7→ (Rη + Lη′)c.

For type A(1), recall from Definition 3.5 that (ĝ, ˆ̇g) = (ĝl(l), ŝl(r)), and the Fock space is F =∧
(W̄h,−), where W̄ = (W+

2l ⊗W+
2r)⊕ (W−

2l ⊗W−
2r) and W̄h,− = (W̄⊗ thC[t±])∩Wh,−. Then F is

a module over ĝw = ŝo(W̄ ) = ŝo(2lr).
Since g = gl(l) and ġ = sl(r) act naturally on W+

2l and W+
2r, there is an embedding gl(l)⊕ sl(r) ↪→

gl(lr), and gl(lr) acts naturally onW+
2l⊗W

+
2r. Identify the dual space (W+

2l⊗W
+
2r)

∗ ∼= W−
2l⊗W

−
2r with

respect to the bilinear form. Then gl(lr) naturally acts on W̄ by gl(lr) ↪→ so(W̄), x 7→ x− JxJ . The
composition g⊕ ġ ↪→ gl(lr) ↪→ so(2lr) then gives an embedding of the corresponding affine algebras.

ĝ⊕ ˆ̇g→ ĝw .

Consider the action of diagram automorphisms. In this case we take Σ = ⟨σ#cyc⟩ and Σ̇ = {id}(ref.
[12, §4.2]). Later we will give a graphical explanation for the action of σ#cyc on Fock space using abacus
configuration, see §4.3 below.

In summary, for all cases in §3.4.1, §3.4.2 and §3.4.3, the Fock space F becomes a restricted ĝ-
module of level R as well as a restricted ˆ̇g-module of level L, where R = r,L = l for type (A(1), A(1))
and R = R,L = L otherwise. In particular, the actions of ĝ, ˆ̇g and ĝw respectively induce three actions

Dĝ , D
ˆ̇g and Dĝw of Vir on F . In fact, by formula (2.2.1), it is straightforward to verify the following

proposition by comparing central charges.

Proposition 3.7 (cf. [12, §4.1]). We have an equality Dĝ+D
ˆ̇g = Dĝw as representations of Vir on F .

In particular, if v ∈ F is a (ĝ, ˆ̇g)-highest weight vector of classical weight (λ, λ̇), then v is a common

eigenvector of Dĝ(0), D
ˆ̇g(0) and Dĝw(0), and the eigenvalues satisfy

d
ĝ
λ;R + d

ˆ̇g

λ̇;L =

{
1
2dv +

LR
32 , for type (A(2), A(2));

dv, otherwise.
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A big task is to decompose F into the sum of irreducible (ĝ, ˆ̇g)-bimodules, which give the level-rank
duality theory. Before that, we shall give a combinatorial model of F in the next section.

4 Graphical configurations: Maya diagrams and abaci

It is well-known [28] for type A(1), the level-rank duality on semi-infinite wedge spaces are closely
related to multipartitions. In this section we will give, for all classical types, a uniform graphical
configuration which draws Maya diagrams on infinitely many pieces of “chessboards”, and interpret
the action of Lie algebras on this model. These two types of diagrammatic models are closely related
via certain graphical operations.

4.1 Maya diagram models and moves

We introduce a graphical interpretation of the Fock space F .
First we consider the cases not of type (A(1), A(1)). Recall that

Wh = (W0̄ ⊗ thC[t±])⊕ (W1̄ ⊗ th
′
C[t±])

has a basis ψi,p(γ) indexed by

Ih := (((IL0̄
× IR0̄

) ⊔ (I∗L1̄
× I∗R1̄

))× (h+ Z)) ⊔ ((IL0̄
× I∗R1̄

) ⊔ (I∗L1̄
× IR0̄

)× (h′ + Z)).

The set Ih is endowed with lexicographical order. This can be done as follows. We always assume
that the elements in I∗M are bigger than the elements in IN for each pair of positive integers M,N .
Together with the order on IM and I∗N given in §2.4, for each (i, p, γ) ∈ Ih, the lexicographical order
is respect to γ, i and p.

For each homogeneous component WLa ⊗WRb
⊗ Ctγ of Wh with a, b ∈ {0̄, 1̄}, we draw a grided

board with La columns and Rb rows labelled by the corresponding subset of Ih. For instance, assume
that L0̄ = 4 and R1̄ = 3 for WL0̄

⊗WR1̄
⊗ Ct−

1
2 we draw a grided board of degree −1

2 with columns
labelled by IL0̄

= I4 and rows labelled by I∗R1̄
= I∗3.

1 2 −2 −1

1∗

0∗

−1∗

A cell in i-th column and p-th row are labelled by (i, p, γ) ∈ Ih and corresponds to ψi,p(γ) ∈Wh. We
arrange the “initial” boards as follows. The arranged boards is denoted by F(h).

F(h) :

h+ 1
2

h+ 1
2h+ 1

hIR0̄

I∗R1̄

I∗L1̄
IL0̄

Similarly, one can draw F(h − k) for all k ∈ Z. We can arrange all possible boards horizontally or
vertically as follows.

· · ·F(h)F(h− 1) · · ·

...
F(h)

F(h− 1)
...
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Denote them by Fhor and Fver respectively. Now we remove simultaneously in Fhor and Fver the cells
indexed by (i, p, γ) for which ψi,p(γ) is not in Wh,−. The resulting graph is denoted by Fhor and Fver,
respectively. Also, the remaining part of F(h− k) is denoted by F(h− k) for all k ∈ Z. For instance,
set

h =
1

2
, L1̄ = R1̄ = 1, L0̄ = 7, R0̄ = 5.

The horizontal board Fhor is as follows.

0∗ 1 2 3 0 −3 −2 −1

0∗

1

2

0

−2

−1

⋆

F(−1
2) F(−3

2)

0∗ 1 2 3 0 −3 −2 −1

· · · · · ·

All cells in F(12 − k) with k < 0 and the cells with dotted frames in F(12) are removed, since they

correspond to indexes (i, p, γ) such that ψi,p(γ) /∈ W
1
2
,−. For instance, the cell marked with ⋆ is

removed since it corresponds to ψ0,0∗(0) which does not belong to W
1
2
,−.

A horizontal (or vertical, resp.) Maya diagram M of shape Wh,− is an assignment that coloring
finitely many cells black in Fhor (or Fver, resp.). We may say an uncolored cell white. To emphasize
the shape of the board, we will sometimes denote by Ṁ the vertical Maya diagram, which is identically
the same as M via the natural correspondence between Fhor and Fver.

For each Maya diagram M over Fhor such that the black cells are (i1, p1, γ1), (i2, p2, γ2), . . .,
(in, pn, γn), in a descending order with respect to the lexicographical order on Ih, we can construct a
vector

v(M) =


ψ−e(0)ψi1,p1(γ1) · · ·ψin,pn(γn), L0̄L1̄R0̄R1̄n is odd, h = 0;

ψ−e∗(0)ψi1,p1(γ1) · · ·ψin,pn(γn), L0̄L1̄R0̄R1̄n is odd, h = 1
2 ;

ψi1,p1(γ1) · · ·ψin,pn(γn), otherwise.

The set
{v(M) | M is a Maya diagram over Fhor}

is then a monomial basis of the Fock space F . Identically, we can define v(Ṁ) for each Maya diagram
over Fver. In this way we can use Maya diagrams to display the monomial basis of F and to study, up
to scalar, the action of Lie algebras graphically. For example, the operator :ψi,p(γ)ψ−j,−q(−η) : with
γ, η < 0 acts as moving the black cell at (j, q, η) to position (i, p, γ), or 0 if the source cell is not black
or the target cell is already black. While in the case both ψi,p(γ) and ψ−j,−q(−η) being annihilation
(resp. creation) operators, : ψi,p(γ)ψ−j,−q(−η) : with γ, η < 0 acts as simultaneously adding (resp.
removing) black cells at (j, q, η) and (i, p, γ).

Let us consider the actions of (ĝ, ˆ̇g) on Maya diagrams. Obviously the action of ĝ goes horizontally
while ˆ̇g goes vertically. Here we discuss π : ĝ → End(F ). Take (non-zero) Xij(n) ∈ ĝ, where
X = A,B,C,D depends on type of ĝ, and a Maya diagram M, the element Xij(n).v(M) is a linear
combination of monomials v(M′), whereM′ is a Maya diagram obtained in one of the following patterns.

• Move a black cell (j, p, γ) in M to the white cell (i, p, n+ γ) for some p, γ;

• Move a black cell (−i, p, γ) in M to the white cell (−j, p, n+ γ) for some p, γ;

• Suppose Xij(n) ∈ ĝ −. Reverse the color of two white cells (i, p, n− γ) and (−j,−p, γ) in M for
some p, γ;

20



• Suppose Xij(n) ∈ ĝ +. Reverse the color of two black cells (−i,−p, γ − n) and (j, p,−γ) in M
for some p, γ.

The case for π̇ goes in a similar pattern. Drawing the Maya diagram horizontally(resp. vertically),
we find that the action of ĝ +(resp. ˆ̇g+) carries black cells to leftward(resp. upward) white cells
and cancels pair of black cells appearing in rows(columns) with opposite label ±p(resp. ±i). This
observation gives us an intuitive understanding of (ĝ, ˆ̇g) joint highest weight vectors.

Example 4.1. Here we introduce the Maya diagram corresponding to a Young diagram, which will
be frequently used in the following sections. Let Y = (y1, y2, . . . , yl) ∈P l

∞ a partition with at most l
parts. Draw the following Maya diagrams on Fver:

• For each column labelled by i = 1, 2, . . . , l, fill yi many cells at the top of the column. Denote
this Maya diagram by M+(Y );

• For each column labelled by i = −l,−l+1, . . . ,−1, fill yi+l+1 many cells at the top of the column.
Denote this Maya diagram by M−(Y ).

1 ··· l

h = 1
2 , Y = M+(Y )

Y
F(−1

2)

F(−3
2)

Y

1 ··· l −l ··· −1

h = 0, Y = M−(Y )

F(0)

F(−1)

We uniformly write Y = M+(Y ) when h = 1
2 or Y = M−(Y ) when h = 0. In particular, if Y ∈P l

r,
then graphically the Maya diagram Y lies in the top-left corner of the board. It is routine to check
that none of the above ĝ+ and ˆ̇g+ operation on Y can be done and the monomial v(Y) is a (ĝ, ˆ̇g) joint
highest weight vector. In fact, all (ĝ, ˆ̇g) joint highest weight vectors can be obtained in this way up to
scalar, which is crucial in the proof of Theorem 1.1.

It is clear that v(M) is a weight vector for both ĝ and ˆ̇g. The question is how to read the weights of
v(M) from the Maya diagram M. In the spirit of Remark 2.2, from now on we assume that L1̄, R1̄ ⩽ 1,

and set l = ⌊L0̄
2 ⌋, r = ⌊R0̄

2 ⌋. Write the standard bases of h̊∗ and ˚̇h∗ by ϵ1, . . . , ϵl and ϵ̇1, . . . , ϵ̇r,

respectively. Given a Maya diagram M, the weights (λM, λ̇M) ∈ h̊∗ ⊕ ˚̇h∗ of v(M) can be read in the
following way.

• In the corresponding vertical Maya diagram Ṁ of M, for i-th column, define

bi = #{(p, γ) | The cell (i, p, γ) in Ṁ is black}.

Then the horizontal weight of v(M) is given by

λM =

l∑
i=1

(
bi − b−i +

R2h

2

)
ϵi.

• In M, for p-th row, define

ḃp = #{(i, γ) | The cell (i, p, γ) in M is black}.
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Then the vertical weight of v(M) is given by

λ̇M =

r∑
p=1

(
ḃp − ḃ−p +

L2h (mod 2)

2

)
ϵ̇p.

It is remarkable here that from the definitions we have each pair of bi, ḃp ∈ Z. In particular, in a fixed

Fock space, every monomial basis vector v(M) is of weight λM with coordinates lying in
R2h
2 1 + Zl,

and similarly for λ̇M. These facts are helpful when we consider all possible dominant weights in F .
For the diagram Y corresponding to Y ∈P l

r, we can read the coordinates of the weights as follows:

(λY, λ̇Y) =

{
(Y c + R0̄ (mod 2)

2 1, Y t + L0̄ (mod 2)
2 1), h = 0;

(Y + R1̄
2 1, Y t + L1̄

2 1), h = 1
2 .

(4.1.1)

One can easily see that the above weights are always dominant. In fact, recall the parity decomposition
given in §2.5, we have λY ∈ P+

Σ (R)n̄h,n̄t , where nh ≡2 R2h′ , nt ≡2 R2h, and similarly for λ̇Y.

To recover the weight information of g̃ and ˜̇g, we need to consider eigenvalue of Dĝ(0) and D
ˆ̇g(0).

Unfortunately, the monomial basis elements v(M) are not always eigenvectors of these operators.

Therefore instead of studying Dĝ(0) and D
ˆ̇g(0) directly, we can recover the degree of v(M) by dv(M),

the eigenvalue under DCl(0), thanks to Proposition 3.7. Define the weight lattice of F by

P (F ) := {(λ, µ̇;n) ∈ h̊∗ ×˚̇h∗ × C},

with weight spaces

F(λ,µ̇;n) = {v ∈ F | −DCl(0).v = nv and v is of weight (λ, µ̇) with respect to g⊕ ġ}.

For v ∈ F(λ,µ̇;n), we say the weight of v in F is the triple (λ, µ̇;n). Certainly a monomial basis vector

v(M) is of weight (λM, λ̇M;−dv(M)). In particular, if M = Y is given by a Young diagram, then v(Y) is

of weight (λY, λ̇Y;−dY), with
dY = h · size(Y ) +

1

16
dimWh(0).

The weight information of g̃ and ˜̇g can be partially read via the surjection:

h̃∗ × ˜̇h∗ → h̊∗ ×˚̇h∗ × C
(λ+RΛ0 + kδ, µ̇+ LΛ̇0 + k̇δ̇) 7→ (λ, µ̇; k + k̇).

Let us remind that in type D(2) the indices are (2, 2, . . . , 2) and δ = 2(
∑

i αi) in our setting, see §2.5.
In practice, if we deal with horizontal and vertical moves step by step, leaving either k or k̇ unchanged
in each step, we are then able to get the coefficient of δ or δ̇ by the difference of dv(M).

Note that on h̃∗× ˜̇h∗ we can consider the action of the Weyl group W ×Ẇ as well as the group of
diagram automorphisms Σ× Σ̇. Since δ and δ̇ are invariant under the action of W×Ẇ, pushing back

through the above surjection gives a well-defined action of W × Ẇ on h̊∗ ×˚̇h∗ × C. Similarly, we can

also define the action of Σ× Σ̇ on h̊∗ ×˚̇h∗ × C. In particular, for any w ∈ W, σ ∈ Σ, by the property
of weight spaces we have Fw(λ,µ̇;n)

∼= F(λ,µ̇;n)
∼= Fσ(λ,µ̇;n), and similarly for Ẇ, Σ̇.

Example 4.2. Set ĝ = ŝo(8), ˆ̇g = ŝo(7) and h = 0. In this case L1̄ = R1̄ = 0, L0̄ = 8, R0̄ = 7, l = 4,
and r = 3. Take Y = (2, 1, 1, 0) ∈P4

3 , and draw it in the top-left 4× 3-rectangle of Fhor:
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Y

−4 −3 −2 −1

1

2

3

0

−1

−2

−3

F(0)

1 2 3 4 −4 −3 −2 −1

F(−1)

The resulting Maya diagram is Y = M−(Y ). Recall the convention that we identify a weight with its
coordinates vector with respect to the basis ϵi or ϵ̇i. The pair of classical weights of this diagram can
be read as λY =

(
7
2 ,

5
2 ,

5
2 ,

3
2

)
= Y c+ 1

21 and λ̇Y = (3, 1, 0) = Y t. They correspond to the affine weights

Λ = λY + 7Λ0 = 4Λ4 +Λ3 +Λ1, Λ̇ = λ̇Y + 8Λ̇0 = 4Λ̇0 + 2Λ̇1 + Λ̇2. The monomial basis vector v(Y) is
of weights

((
7
2 ,

5
2 ,

5
2 ,

3
2

)
, (3, 1, 0);−7

2

)
, and is a joint highest weight vector.

Now consider the vector

v = ψ−2,1(0)ψ−3,2(0)ψ−4,−2(0)ψ−4,2(0)ψ−4,1(0)ψ1,1(−1) ∈ F ,

corresponding to the following Maya diagram M(v).

×

×

−4 −3 −2 −1

1

2

3

0

−1

−2

−3

F(0)

1 2 3 4 −4 −3 −2 −1

F(−1)

The pair of classical weights of v can be read as

λv = (1,−1,−1,−3) + 7

2
1 =

(
9

2
,
5

2
,
5

2
,
1

2

)
,

λ̇v = (3, 1, 0) and dv = −(−1) + 56
16 = 9

2 . Here v is not a highest weight vector, since we can apply op-
erators in ĝ+ to push the black cells leftwards. Applying e2 = D2,3(0) moves the black cell at (−2, 1, 0)
to (−3, 1, 0), while subsequently applying e0 = D−1,2(1) moves the black cell at (1, 1,−1) to (−2, 1, 0).
Since e4 = D3,−4(0), applying it afterwards erases a pair of black cells at (−3, 2, 0) and (−4,−2, 0). Af-
ter successive action of these three operators we bring the diagram M to Y, which means up to a scalar
we have e4e0e2.v = v(Y). The change of weight writes α0 + α2 + α4 = (−1, 0, 0, 1) + δ, corresponding
to the difference

((
7
2 ,

5
2 ,

5
2 ,

3
2

)
, (3, 1, 0);−7

2

)
−
((

9
2 ,

5
2 ,

5
2 ,

1
2

)
, (3, 1, 0);−9

2

)
= ((−1, 0, 0, 1) , 0; 1).

Finally we return to the (A(1), A(1)) case, in which W̄ = (W+
2l⊗W+

2r)⊕ (W−
2l⊗W−

2r). Embedding
this space into W2l ⊗W2r, we can draw the board corresponding to W̄ by removing cells (i, p) with
ip < 0. Then we are able to routinely draw Maya diagrams as well as reading the weights in other
cases, with the convention L0̄ = l, R0̄ = r in the weight formula. In this case, for the diagram Y
corresponding to Y ∈P l

r, the weights are as follows:

(λY, λ̇Y) =

{
(Y c − r

21, [Y
†]), h = 0;

(Y, [Y t]), h = 1
2 .

(4.1.2)
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As an example, for (ĝ, ˆ̇g) = (ĝl(4), ŝl(3)) and h = 1
2 , the action of e0 = E41(1) ∈ ĝl(4) on ψ1,1(−3

2)
displaying on the horizontal board Fhor is of the form:

1 2 3 4 −4 −3 −2 −1

1

2

3

−1

−2

−3

F(−1
2)

1 2 3 4 −4 −3 −2 −1

F(−3
2)

4.2 Abacus and Uglov map

From now on we fix a dual pair (ĝ, ˆ̇g) and h ∈ {0, 12}, and assume that L1̄, R1̄ ⩽ 1, l = ⌊L0̄
2 ⌋, r = ⌊

R0̄
2 ⌋.

Starting from a horizontal Maya diagram M, the corresponding row abacus B(M) is the graph after
applying the following successive operations on M:
(1) Rotate the rows with negative labels −p = −1, . . . ,−r toward left, line up and piece together

the −p one with the row labelled by p;
(2) Reverse the color of all cells coming from negative rows;
(3) Replace all black cells by beads and all white cells by empty positions.

0∗ 1 2 3 0 −3−2−1 0∗ 1 2 3 0 −3−2−1

0∗

1

2

0

−2

−1

· · ·M

B(M)

0∗ 1 2 3 0 −3−2−1

1 2 3 0 −3−2−1

0∗ 1 2 3 0 −3−2−1

0∗

1

2

0

· · ·
1 2 3 0 −3−2−1 0∗

· · ·

Remark 4.3. For the completeness of the discussion, we briefly recall the original definition of β-sets
and level-1 abacus, see, for instance, [18] for details. A β-set B is a subset of Z such that both max(B)
and min(Z\B) exist. Its charge s(B) is defined as s(B) := |B∩Z⩾0|− |Z<0 \B|. Given a horizontal line
with positions labelled by Z in an ascending order going from left to right, we can obtain the abacus
display of a β-set by putting a bead at the position x for each x ∈ B. There is a bijection between
β-sets and charged partitions, sending B to a partition with charge s(B).

Note that moving the beads left or right on an abacus does not change its charge. In particular,
given an abacus with charge s, we can push all the beads as left as possible, so that all the beads are
arranged adjacently in order, and get the abacus corresponding to B = Z<s, which we call the vacuum
abacus. Under the correspondence between abacus and charged partitions, such an vacuum abacus
always corresponds to the empty partition.
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We say a row in an abacus is a full row if it goes infinitely in both directions, and a half row if it
is bounded on the left. In this way we get an abacus with r full rows labelled by 1, 2, . . . , r from top
to bottom, with possibly a half row labelled by 0 at bottom as well as a half row labelled by 0∗ on the
top, depending on the type of ˆ̇g.

Graphically, each full row in the abacus corresponds to a β-set in an obvious way. In the cases
X(r) = A(1) or R0̄ even, there is no half row in B(M) for any Maya diagram M. The abacus can be
interpreted to a charged r-multipartition. In particular, in case that (ĝ, ˆ̇g) is of type (A(1), A(1)), the
abacus defined in this way coincides with the classical one.

The charge of a β-set can be read by counting certain beads on an abacus. Here we similarly define
the charge of the p-th row, p = 1, 2, . . . , r, to be ḃp − ḃ−p, see the notations given above the formulae
(4.1.1). Compare with the formulae of λ̇M we note that here the charge sequence of an abacus is its

weight with respect to ˚̇h∗ up to a shift by some fixed 1. In particular, we do not define the charge of
the half rows 0 or 0∗, which is consistent with the fact that the corresponding weight component is
always zero.

Through the one-to-one correspondence between B(M) and M, we can interpret the Lie-actions on
Maya diagrams into operations on abaci. Since the two opposite half rows ±p in a Maya diagram
are merged into a same full row p > 0 in an abacus, on each full row of B(M), the action of ĝ can
be directly understood as left or right moves of beads. Therefore, when studying the action of ĝ,
the row abacus model is more intuitive and concise than the Maya diagram model, while in contrast,
considering the action of ˆ̇g on the row abacus B(M) becomes more complicated.

Back to Fock space, the correspondence between several combinatorial objects also induces an
isomorphism between F , the “finite” wedge space, and certain semi-infinite wedge construction of
Fock space, as given in [28].

Remark 4.4. The graphical operations obtaining the abacus from a Maya diagram can be understood
in a more conceptual way, which is related to the particle and anti-particle picture of the uncut board
Fhor. Put the Maya diagram M back into Fhor without removing any cells. For each cell (i, p, γ)
such that ψi,p(γ) ∈Wh,−, p = 0,−1, . . . ,−r, 0∗, we consider the cell (−i,−p,−γ) in Wh,+, which is
paired with it with respect to the bilinear form on Wh, and color it with the opposite color of (i, p, γ).
Assigning each neutral particle with any color, we get the colored board Fhor. It is remarkable that
any choices of coloring for the neutral particles give the same weight data, thereby do not change any
of the results in the subsequent sections.

Then we cut the colored board Fhor again as follows. We keep all the rows with positive labels
p > 0, as well as the cells lying in Wh,− in the rows 0 and 0∗. Removing all other cells, the resulting
board is exactly the row abacus B(M).

On the other hand, we can also “duplicate” the half rows in the abacus to make them into full
rows. That is, we keep all full rows labelled by p = 0, 1, . . . , r, 0∗ in the colored board Fhor. Denote
the resulting abacus by DB(M). In some sense, this duplicated abacus DB(M) with all rows full can
be regarded as a weighted abacus with weight 1

2 assigned to rows 0 and 0∗.
The advantage of this viewpoint is that all the actions of ĝ on the weighted abacus are given by

left or right moves of beads, which is consistent with the original abacus model in type A(1). It is
remarkable that when considering the ĝ-action on DB(M), each operator acts simultaneously on the
positive and negative parts of the rows labelled by 0 and 0∗, certifying the duplicating construction.

The weighted abacus model allows us to treat half rows and full rows in a uniform way, which
helps understanding the action of the diagram automorphism group Σ on the abacus, as well as the
“half moves” which appear when considering the moving vectors, see Remark 6.2 below.

Remark 4.5. Here the terms in our context are slightly different from the ones in physics literature. In
physics, when considering A(1)-type Lie algebras, the abacus defined here is called a “Maya diagram”,
see [27] for instance. However, when considering orthogonal types with neutral particles, there is no
corresponding “Maya diagram” in physics, i.e., the abacus with half rows as defined here. Therefore,
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we “flip back” the anti-particles occupying positions in the half rows, resulting in the Maya diagram
defined in this paper.

From a vertical Maya diagram Ṁ, one can define a column abacus Ḃ(Ṁ) similarly. Based on
parallel discussions, on a column abacus, the action of ˆ̇g corresponds to vertical moves of beads, which
is deeply related to the concept of moving vectors, see Section 6.1 below.

Ṁ Ḃ(Ṁ)

0∗

1

2

0

−2

−1

0∗

1

2

0

−2

−1

0∗ 1 2 3 0 −3−2−1
...

0∗

1

2

0

−2

−1

1

2

0

−2

−1

0∗

1

2

0

−2

−1

0∗ 1 2 3 0...

1

2

0

−2

−1

0∗

...

Now through the above two graphical operations, a Maya diagram corresponds to a row abacus as
well as a column abacus, respectively. In this way, the Maya diagram serves as a bridge connecting
the row and column abaci, which are respectively related to ĝ and ˆ̇g. As a conclusion, there are 1− 1
correspondences:

v(M): monomial basis of F

M↔ Ṁ: Maya diagrams

B(M): row abacus Ḃ(Ṁ): column abacus
Uglov map

In type (A(1), A(1)), the dashed arrow gives a correspondence between charged r-multipartitions with
charged l-multipartitions, which is precisely the Uglov bijection [28]. Therefore, by flipping negative
rows and columns on Maya diagrams, we generalize the Uglov bijection to all types of classical affine
algebras.
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Remark 4.6. With specific choice of crystal action rules, one can endow an (abstract) (ĝ, ˆ̇g) bi-crystal
structure on the set of all Maya diagrams (or all abaci). In fact, after quantization, the set of all abaci
can be made to a (Uq(ĝ), U−q−1(ˆ̇g))-crystal, as in [28] for type A(1). Details of these will be given in
subsequent on-going works.

It is also worth mentioning that the crystal graphs of various classical affine Lie algebras have been
given in [13] in the form of Young walls. In type A(1), these crystals are essentially a generalization
of charged multipartitions. Therefore, the crystal graphs given by the abacus configurations will be
equivalent to the Young walls, but at the same time reflecting more dual information.

4.3 Action of reflection group revisit

Here we recall the action of Σ, the group of diagram automorphism, on the Fock space, viewed via
Maya diagrams or abaci.

For the types whose Dynkin diagram has branching nodes, the group Σ is generated by reflections.
Interpreting the assignments of σl−1,l on monomial basis elements given in §3.4 to abacus configura-
tions, we have the following graphical explanations for the action. The reflection σl−1,l acts on a row
abacus by:

• permuting each pair of adjacent columns labelled by ±l;
• if there is a half row starting with −l, reverse the color of this starting bead.

When considering on a duplicated abacus, the second operation is again permuting a pair of adjacent
columns and can be described uniformly as the first operation.

Similar action can be given for σ0,1, with ±l replaced by ±1. In fact, one can give on row abaci
the action of every simple reflections s1, s2 . . . , sl−1 of the Weyl group in the same fashion: the simple
reflection si acts by permuting each pair of adjacent columns labelled by i and i+ 1, as well as each
pair −i and −i− 1. Analogous interpretation of the action of Σ̇ can be observe on column abaci.

Example 4.7. Take (ĝ, ˆ̇g) = (ŝo(2l), ŝo(2r)) and h = 1
2 . Given Y = (y1, y2, . . . , yl) ∈ P l

r, consider
the action of Σ = ⟨σ0,1, σl−1,l⟩ on Y. If y1 < r or yl > 0, the action of Σ on Y is non-trivial and can
be present by the following Maya diagrams:

1 ··· l −l ··· −1

yl

y1

Y

Y

1 ··· l −l ··· −1

yl

σl−1,l(Y)

1 ··· l −l ··· −1

y1

−y1

σ0,1(Y)

1 ··· l −l ··· −1

y1

−y1

yl

σl−1,lσ0,1(Y)

It is routine to check that each of these Maya diagrams M corresponds to a joint highest weight
vector respectively. Also note that each M above is of the same vertical weight λ̇M = Y t. That is, in
the Fock space, we may have at most 4 non-isomorphic irreducible summands Vĝ(σ(λY))⊗ Vˆ̇g(λ̇Y) as
(ĝ, ˆ̇g)-module. Piecing together these components, we get VΣ⋉ĝ(λY)⊗Vˆ̇g(λ̇Y), an irreducible (Σ⋉ ĝ, ˆ̇g)-

submodule of F . In this way we can deal with those (ĝ, ˆ̇g)-module which are not in 1-1 correspondence.
See also Example 5.3 below as a comparison versus the classical dual theory involving algebraic groups.

For type A(1), we define the action of σ#cyc on row abacus by shifting all beads to the right by one

step. For example, if h = 1
2 , letM be a Maya diagram of weight (λM, λ̇M;−dM) =

(
l∑

i=1
yiϵi,

r∑
p=1

ẏpϵ̇p;−dM

)
,
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then under this action, the weight of the resulting Maya diagram σ#cyc(M) is given by(yl + r)ϵ1 +
l∑

i=2

yi−1ϵi,
r∑

p=1

ẏpϵ̇p + 1; −dM − yl −
r

2

 .

From the abacus viewpoint, this operation increases the charge of each row by 1. Therefore, when
we discuss the vacuum abacus corresponding to the joint highest weight vector, up to a diagram
automorphism, we can always assume that its minimal charge is 0, i.e., its corresponding Young
diagram is taken from P l

r−1.

On the other hand, if we consider the pair (ŝl(l), ĝl(r)) with diagram automorphism σ̇#cyc acting on
column abacus, we have a similar operation by shifting all beads down by one step. As an operation
on row abacus, the action of σ̇#cyc on the charge set of the rows increases one element by l. In this
way, up to a vertical diagram automorphism, we may assume that the charge set of the rows lies in
{0, 1, . . . , l − 1}, as considered in [18].

5 Level-rank duality

This section is devoted to proving Theorem 1.1. We given a remark for the duality data given in Table
1 before going into the proof.

Remark 5.1. For type (O(r), O(r)), recall the parity decomposition of P̃+
Σ (R) in section 2.5. Com-

paring with the formulae (4.1.1), we can see:
• Each λY ∈ P+

Σ (R)0̄,0̄ shows up precisely in the case ˆ̇g = ŝo(2r);

• Each λY ∈ P+
Σ (R)1̄,0̄ shows up precisely in the case ˆ̇g = ŝo(2r + 1), h = 1

2 ;

• Each λY ∈ P+
Σ (R)0̄,1̄ shows up precisely in the case ˆ̇g = ŝo(2r + 1), h = 0;

• Each λY ∈ P+
Σ (R)1̄,1̄ shows up precisely in the case ˆ̇g = ŝo(2r + 1, 1).

And vice versa for λ̇(Y ) and ĝ. Thus, we exhaust all irreducible integrable highest weight modules of
orthogonal algebras in various spaces F , completing the result of [12, Remark 4.2(i)]. In particular,
in any non-A(1) cases, all the dominant weights of g̃ appearing in F lie in the same parity set.

For the dual pairs of other three types, it is remarkable that in either case of h = 0 or h = 1
2 ,

all possible dominant weights of given level appear in the dual space. Thus for type (A(1), A(1)) and
(C(1), C(1)), we can focus on the case h = 1

2 , in which there is a better model to consider.

We briefly explain the idea of the proof. The key point is to find all joint highest weight vectors in
the Fock space. To do this, we shall first consider another dual pair on the same space, which consists
of a finite dimensional subalgebra g̊ of ĝ and an infinite matrix algebra ˆ̇g∞ containing ˆ̇g:

ĝ ⊕ ˆ̇g ↷ F

⊂ ⊃ =

g̊ ⊕ ˆ̇g∞ ↷ F

According to the general duality theory of finite dimensional Lie algebras (cf.[6, §5.1]), we can easily
find all joint highest weight vectors v for the pair (̊g, ˆ̇g∞) in the Fock space (see also [29]). Then the
joint highest weight vectors we want must be of the form ˆ̇g∞,−.v. With the help of the identity in
Proposition 3.7, we shall check the eigenvalue of DCl on these vectors and determine all possible ones.

5.1 Finite-infinite dual pairs

We refer the readers to [29] and [6, §5] for more detailed theory of this section. Keep the notations in
Theorem 1.1. Fix a pair (ĝ, ˆ̇g) and h, recall that g̊ is the subalgebra of ĝ spanned by Xij(0), where
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X = E,C,D or A for types A(1), C(1), O(r), or A(2) respectively. Via restriction, the Fock space F
becomes a g̊-module which is isomorphic to an infinite tensor space of spin or vector representations.
This action lifts to a suitable classical linear group G whose type depending on the Fock space,
satisfying that each irreducible G-module is also irreducible as a Σ̊ ⋉ g̊-module. Specific data of G
will be given later in Table 5.

We recall from [6, §5.1.4] a general duality theory. Let G be a classical Lie group, and let V be a
rational representation of G of countable dimension. Assume that R is an associative subalgebra of
End(V ) such that

• V is an irreducible R-module.

• R is closed under the conjugation by G, that is, R is a G-module by conjugation.

• As a G-module, R is a direct sum of finite dimensional irreducible modules.
Then there is a (G,RG)-bimodule decomposition

V =
⊕
λ

L(λ)⊗Mλ

such that L(λ)’s and Mλ’s are respectively pairwise non-isomorphic irreducible G-modules and RG-
modules.

Now taking V to be the space
∧
(Wh,−), G to be the group corresponding to g̊, and R to be

the Clifford algebra Cl = Cl(Wh), we have a pairwise non-isomorphic irreducible (G,ClG)-bimodule
decomposition of

∧
(Wh,−). Except for two special cases, the Fock space F =

∧
(Wh,−) and the

above decomposition can be directly applied to F .
• For type A(1), it is routine to replace W by W̄ in Cl(Wh) and

∧
(Wh,−) to recover the Fock

space.

• For type D(2), F =
∧
(Wh,−)even is not a Cl(Wh)-module. Since the generating relations of

Cl(Wh) are of even degree, we can consider its subalgebra Cl(Wh)even, which is the quotient
of T (Wh)even given by the same relations. It is easy to check that F =

∧
(Wh,−)even is an

irreducible representation of Cl(Wh)even, and since the action of ĝ on F is generated by degree-
2 operators, we have g̊ ⊂ Cl(Wh)even. Hence, we can give a conjugation action of G on R =
Cl(Wh)even.

Therefore, in all cases we have a pairwise non-isomorphic irreducible (G,RG)-bimodule decomposition
of F .

F =
⊕
λ

VG(λ)⊗Mλ.

We briefly sketch the theory of determining RG. The following lemma summaries results from [14,
§3 and §4] needed in our proofs.

Lemma 5.2. Let U, V be C-vector spaces with dimU finite and dimV countable. The non-degenerate
bilinear form on each space determines a (quasi-)isotropic decomposition, respectively. Denote by
gl(V )f the matrix algebra with finitely many non-zero entries, and sp(V )f , so(V )f its subalgebras.
Consider the conjugation action of the classical group of U on Cl(U ⊗ V ).
(1) The algebra of invariants of GL(U) in End(

∧
(U ⊗ V )) is generated by gl(V )f .

(2) If dimU is even and V admits an isotropic decomposition V = V + ⊕ V −, then the algebra of
invariants of Sp(U) in Cl(U ⊗ V −) is generated by sp(V )f .

(3) The algebra of invariants of O(U) in Cl(U ⊗ V ) is generated by so(V )f . In particular, if the
decomposition of V is quasi-isotropic, then

• when dimU is even, so(V )f generates all commutants of Pin(U);

• when dimU is odd, so(V )f generates all commutants of Spin(U).

We use the preceding lemma to identify in each type the group G and its commutant ClG, generated
by an infinite matrix algebra ġ∞

f . The commutant pair (G, ġ∞
f ) is within the framework of the

uncompleted Clifford algebra Cl(U ⊗ V ).

29



Recall the construction of Wh. For type A(1), write L0̄ = 2l. Then

W̄h = W+
2l ⊗

(
W+

2r ⊗ t
hC[t±1]

)
⊕W−

2l ⊗
(
W−

2r ⊗ t
hC[t±1]

)
.

Taking U0̄ = W+
2l and V0̄ = W+

2r ⊗ thC[t±1], we have gr Cl(W̄h) ∼=
∧
((U0̄ ⊗ V0̄)⊕ (U0̄ ⊗ V0̄)∗), which

is isomorphic to End(
∧
(U0̄ ⊗ V0̄)). Hence in this case we may take G = GL(l), and its commutant is

generated by the Lie algebra gl(V0̄)f .
For the other types,

Wh = WL0̄
⊗
(
WR0̄

⊗ thC[t±1]⊕WR1̄
⊗ th′

C[t±1]
)

⊕WL1̄
⊗
(
WR1̄

⊗ thC[t±1]⊕WR0̄
⊗ th′

C[t±1]
)
.

We treat the WL0̄
and WL1̄

components separately. Let {ā, b̄} = Z2, and take Uā = WLā and

Vā = WRā ⊗ thC[t±1] ⊕WRb̄
⊗ th′C[t±1]. For type C(1), we take G = Sp(L0̄), and its commutant is

generated by the affine Lie algebra sp(V0̄)f . For types O(r) or A(2), the commutant is generated by
the Lie algebra so(Vā)f . To determine Gā, consider the (quasi-)isomorphic decomposition of Vā. Note
that the degree-0 polynomial part of V corresponds to WRā+2h

. Thus:

• If Rā+2h is even, then (Uā⊗ Vā)− decomposes as a direct sum of natural so(L0̄)-modules, so the
action lifts to Gā = O(L0̄).

• If Rā+2h is odd, then (Uā ⊗ Vā)
− contains spinor modules as an so(L0̄)-module, and the de-

composition of Vā is quasi-isotropic. Discuss the parity of Lā. If Lā is even the action lifts to
Gā = Pin(Lā), and if Lā is odd it lifts to Gā = Spin(Lā).

It is remarkable that since there are sign twists in the constructions for types A(2) comparing with
type O(r), the resulting commutant Lie algebras differ by subtle conventions. For simplicity here we
denote both the algebras by so(Vā)f . For the precise differences arising from choice of sign conventions
in infinite matrix algebras, see [29, §1.3].

Piecing two components together, we set G = G0̄×G1̄ acting respectively on WL0̄
and WL1̄

. The
Lie algebra generating the commutant is then the direct sum ġ∞

f = (ġ∞
f )0̄ ⊕ (ġ∞

f )1̄ with (ġ∞
f )ā =

so(Vā)f .
Summarizing the above discussion, the finite-infinite commutant pairs (G, ġ∞

f ) inside Cl for each
type are chosen as shown in the following table.

Type G ġ∞
f

A(1) GL(l) gl(V0̄)f , V0̄ = W+
2r ⊗ thC[t±1]

C(1) Sp(2l) sp(V0̄)f , V0̄ = WR0̄
⊗ thC[t±1]

O(r) or A(2)

G = G0̄ ×G1̄,
for ā = 0̄, 1̄,

Gā =


O(Lā), R2h even;

Pin(Lā), R2h odd, Lā even;

Spin(Lā), R2h odd, Lā odd.

so(V0̄)f ⊕ so(V1̄)f ,
for {ā, b̄} = Z2,

Vā = WRā ⊗ thC[t±1]⊕WRb̄
⊗ th′C[t±1].

Table 5: Finite-infinite commutant pairs (G, ġ∞
f ) in Cl

In particular, since we always assume L1̄ ⩽ 1, the low-dimensional orthogonal groups are inter-
preted as O(0) = Pin(0) = 1 trivial and O(1) = Spin(1) = ±1. When L1̄ = 0, we use the convention
that V1̄ = 0 since the component is zero.

To give a realization of the affine algebra ˆ̇g inside the infinite matrix algebra, we need to introduce
the central extension ˆ̇g∞

f as well as its completed version ˆ̇g∞. The algebra gl(Vā)f admits a central

extension ĝl(Vā)f = gl(Vā)f ⊕ CKā defined by the 2-cocycle

τ(x, y) = Tr([J∞, x]y), where J∞ =
∑

γ<0, or γ=0,p>0

E(p,γ)(p,γ).
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Denote by gl(Vā) the completed Lie algebra of matrices with finitely many non-zero diagonals. Using
the same τ one can also construct the (unique) non-trivial central extension ĝl(Vā) = gl(Vā)⊕ CKā.

In this way, we extend in each case the algebra ġ∞
f to ˆ̇g∞

f and ˆ̇g∞ as direct sums of subalgebras of

ĝl(Vā)f and ĝl(Vā), respectively. In the presence of a normal-ordering renormalization, the commutant

pair (G, ġ∞
f ) in Cl is naturally lifted to the dual pair (G, ˆ̇g∞

f ) on the Fock space. The action can be

written as π̇∞ : ˆ̇g∞
f → Cl, with the central element K0̄ mapping to the scalar l for type A(1), or Kā

mapping to Lā for other types.
Note that the action of ˆ̇g∞

f on F is locally finite, that is, given v ∈ F , for each diagonal all but

finitely many entries send v to 0. Abusing notations, the extended morphism π̇∞ : ˆ̇g∞ −→ C̃l gives a
well-defined representation of ˆ̇g∞ on F . Since each locally finite ˆ̇g∞

f -module can be identically viewed

as a ˆ̇g∞-module, Mλ’s are still pairwise non-isomorphic irreducible as ˆ̇g∞-module. Via the process

ġ∞
f

Normal Ordering−−−−−−−−−−→ ˆ̇g∞
f

Completion−−−−−−−→ ˆ̇g∞,

eventually we have a pairwise non-isomorphic irreducible (G, ˆ̇g∞)-bimodule decomposition:

F =
⊕
λ

VG(λ)⊗Mλ.

To complete the duality it suffices to determine the highest weight vectors and the weights in
each component. For this we briefly introduce some notations for the weights of ˆ̇g∞

f . Let I(Vā) be

the index set of the space Vā for a = 0, 1 with subsets I(Vā)
± corresponding to the (quasi)-isotropic

decomposition. Write X(p,γ)(q,η) the basis element of ġ∞, with X = E,C or D depending on types.

The Cartan subalgebra ˆ̇h∞
f has basis X(p,γ)(p,γ),K0̄,K1̄, where (p, γ) ranges over I(V0̄)

− ⊔ I(V1̄)
−.

Denote by ϵ̇(p,γ),Λ0̄,Λ1̄ the dual elements in the dual space. Since we only consider locally finite

modules, we can restrict our discuss to the dual subspace (ˆ̇h∞)∗f =
⊕

Cϵ̇(p,γ)⊕CΛ0̄⊕CΛ1̄. Obviously

each monomial basis vector in F is a weight vector of ˆ̇g∞
f . Similarly as in §4.1, we can read the weight

λ̇∞M of a Maya diagram by:

ḃ(p,γ) = #{i | The cell (i, p, γ) in M is black},

λ̇∞M =
∑
(p,γ)

(
ḃ(p,γ) − ḃ(−p,−γ) +

(
L2h

2
− ⌊

L2h

2
⌋
)
δγ,0

)
ϵ̇(p,γ).

In particular, for each γ < 0, the coefficient of ϵ̇(p,γ) is precisely ḃ(p,γ), which is a non-negative integer.

Regarded through representation in C̃l, the affine algebra ˆ̇g can be viewed as a subalgebra of ˆ̇g∞

with the embedding written as Epq(n) 7→
∑

γ E(p,γ),(q,n+γ). Note that through this embedding, the

diagram automorphisms of ˆ̇g can also act on ˆ̇g∞. Reading the weights of Maya diagrams gives a
projection on weight spaces:

pr : (ˆ̇h∞)∗f →
˜̇h ∗,

ϵ̇(±|p|,γ) 7→ ±ϵ̇|p| + γδ̇; ϵ̇(0,γ), ϵ̇(0∗,γ) 7→ 0

Λ0̄,Λ1̄ 7→ Λ̇0.

Note that under the projection pr, the signed root lattice is not always preserved especially when the
Dynkin diagram of ˆ̇g has branching point. However, if we take ˆ̇gex = ŝo(2r+1, 1), one can check that

we always have pr((Q̇∞)±) = ˜̇Q±
ex. This observation will be used in later proofs.

For types O(r) and A(2), the infinite matrix algebra ˆ̇g∞ also admits non-trivial diagram automor-
phisms in the cases R2h even. To simplify the discussion we assume L1̄ = 0, while the L1̄ = 1 case can
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be given analogously. Let (p1, γ1) = (1,−1
2) for h = 1

2 or (−l, 0) for h = 0 the label of the “highest”
row in I(V0̄)

−. Then in case R2h is even, the rows ±(p1, γ1) are adjacent in Fver. Denote by σ̇±(p1,γ1)

the diagram automorphism switching the branching end points of the Dynkin diagram of ˆ̇g∞, and let
Σ̇∞ = ⟨σ̇±(p1,γ1)⟩. It acts on Ḃ(Ṁ) by permuting the rows ±(p1, γ1) (see also §4.3). In this way we can

also make F a (Σ̊⋉ g̊, Σ̇∞ ⋉ ˆ̇g∞)-module.
As remarked in Example 4.7, we shall compare the decompositions of F as a (Σ̊⋉ g̊, Σ̇∞ ⋉ ˆ̇g∞)-

module and as a (G, ˆ̇g∞)-module. In case that Σ̊ is non-trial, Σ̊ = ⟨σ⟩ and σ acts on Maya diagrams by
interchanging the columns indexed by l and−l. With the help of diagram automorphisms, we are ready
to describe all joint highest weight vectors in F . For Y = (yi)

l
i=1 ∈P l

∞, let Y+ = (max{yi− r, 0})li=1

and Y− = Y − Y+ ∈P l
r. Define Maya diagrams Mh

Y for h = 0, 12 as follows.

1 ··· l

M
1
2
Y = M+(Y )

Y
F(−1

2)

F(−3
2)

Y+

Y−

Y−

1 ··· l −l ··· −1

M0
Y = M+(Y+) ∪M−(Y c

−)

F(0)

F(−1)

One can routinely check that when Y runs over P l
∞, the above Maya diagrams give joint highest

weight vectors with weights λMh(Y ) exhausting all possible weights in P+
Σ .

Taking into account the correspondence between Maya diagrams and column abaci, one can
straightforwardly check that for v = v(Mh

Y ), the conditions σ(v) ̸= v and σ̇(v) ̸= v cannot both
hold. Moreover, it is easy to see that v = v(Mh

Y ), σ(v), and σ̇(v) are all highest weight vectors over

(̊g, ˆ̇g∞). On the one hand, if σ(v) ̸= v, then the two g̊-modules generated by v and σ(v) sum up to a
G-module. Since σ̇ acts trivially, this makes a (G, ˆ̇g∞)-module into a (Σ̊⋉ g̊, Σ̇∞ ⋉ ˆ̇g∞)-module. On
the other hand, if σ̇(v) ̸= v, then according to the choice of G one can check that these two vectors
generate a pair of non-isomorphic G-modules. In this way, the two non-isomorphic (G, ˆ̇g∞)-modules
generated by v and σ(v) sum up to a (Σ̊⋉ g̊, Σ̇∞ ⋉ ˆ̇g∞)-module.

For simplicity we consider the following case as an example, while other cases can be done in a
similar way.

Example 5.3. Take (ĝ, ˆ̇g) = (ŝo(2l), ŝo(2r)) and h = 1
2 . Write σ = σl,l−1 ∈ Σ̊ and σ̇ = σ̇±(1, 1

2
) ∈ Σ̇∞.

The irreducible modules of G = O(2l) and g̊ = so(2l) fail to coincide in the following situations:
(notations for G-modules are as in [29])

• Let v(M), v(M′) be two (̊g, ˆ̇g∞)-highest weight vectors given by the following Maya diagrams
respectively with yl > 0:

l −l

yl Y

M = Y

l −l

yl

M′ = σ(Y)
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The weights satisfy λM′ = σ(λM) and λ̇∞M′ = λ̇∞M . The irreducible G-module VG(|λM|) splits into
two non-isomorphic g̊-module generated by v(M), v(M′). Then there is an identification between
the components given by

VG(|λM|)⊗MλM =
(
V̊g(λM)⊕ V̊g(σ(λM))

)
⊗ Vˆ̇g∞(λ̇∞M ) = VΣ̊⋉̊g(λM)⊗ Vˆ̇g∞(λ̇∞M ).

• Let v(M), v(M′) be two (̊g, ˆ̇g∞)-highest weight vectors given by the following Maya diagrams
respectively with yt1 < l:

yt1 −yt1

1

Y

M = Y

yt1 −yt1

1

M′ = σ̇(Y)

Then the weights λM′ = λM and λ̇∞M′ = σ̇(λ̇∞M ). The G-modules generated by v(M), v(M′)
are VG(λM), VG(λM ⊗ det) respectively. These isomorphic irreducible g̊-modules fail to retain
isomorphic as G-module. Then there is an identification between the components given by(

VG(λM)⊗MλM

)
⊕
(
VG(λM ⊗ det)⊗MλM⊗det

)
=
(
V̊g(λM)⊗ Vˆ̇g∞(λ̇∞M )

)
⊕
(
V̊g(λM)⊗ Vˆ̇g∞(σ̇(λ̇∞M ))

)
= V̊g(λM)⊗ V

Σ̇∞⋉ˆ̇g∞(λ̇∞M ).

We state the duality theorem between finite dimensional algebras and infinite matrix algebras:

Theorem 5.4 (cf.[29]). As a (Σ̊⋉ g̊, Σ̇∞ ⋉ ˆ̇g∞)-module, F decomposes as:

F =
⊕

Y ∈Pl
∞

VΣ̊⋉̊g(λMh(Y ))⊗ VΣ̇∞⋉ˆ̇g∞(λ̇∞Mh(Y );L)

with joint highest weight vectors vhY given by Maya diagrams Mh(Y ) associate to Y defined above.

Proof. This theorem is nothing but a higher-level analogue of [29]. We only give a sketch. The key
point is that up to diagram automorphism the choice of λMh(Y ) exhausts all possible highest weight
which can show up in certain direct summands of F . By general duality theory, the decomposition of
F has to be strongly multiplicity free, and therefore the above decomposition exhausts all irreducible
summands and the proof is finished.

Remark 5.5. We cannot directly carry the general duality theory to affine-affine case, since in the
former case a variant form of Jacobson density theorem is needed and therefore the finite dimensional
condition is crucial. Alternatively, we can combine finite-dimensional duality theory and the identities
on anomalies to deduce the affine duality.

5.2 From (fin, inf) to (aff, aff)

We are now in the position to prove the main duality theorem.

Proof of Theorem 1.1. By definition of g̊, ˆ̇g∞, we have the following diagram.

ĝ ⊕ ˆ̇g ↷ F

⊂ ⊃ =

g̊ ⊕ ˆ̇g∞ ↷ F
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The second row is a dual pair we obtained in the previous subsection. We need to find all joint highest
weight vectors in F with respect to ĝ and ˆ̇g.

By Theorem 5.4, for each Y = (y1, y2, . . . , yl) ∈ P l
∞ a partition with at most l parts, there is a

joint highest weight vector

vhY ∈ VΣ̊⋉̊g(λMh(Y ))⊗ VΣ̇∞⋉ˆ̇g∞(λ̇∞Mh(Y );L).

Consider the weight (λMh(Y ), λ̇Mh(Y ); dMh(Y )). Up to Σ, the weight λMh(Y ) lies in P+
Σ (R) if and only

if (λMh(Y )|θ) ⩽ R, or equivalently, y1 ⩽ r. Therefore the weights λMh(Y ), Y ∈P l
r exhaust all possible

classical parts of affine weights appearing in F . In these cases we can abbreviate Y for Mh(Y ). It
is routine to check that for Y ∈ P l

r, each v
h
Y is clearly a joint highest weight vector with respect to

(ĝ, ˆ̇g) of classical weight (λY, λ̇Y). In particular, λ̇Y ∈ Ṗ+
Σ̇
(L). By Proposition 3.7 we have an identity

for anomalies:

dĝλY;R + d
ˆ̇g

λ̇Y;L
=

{
1
2dY + LR

32 , for type (A(2), A(2));

dY, for other types.
(5.2.1)

Let v ∈ F be a (ĝ, ˆ̇g)-highest weight vector of classical weight (λ, µ̇). We shall prove that v is equal
to some vhY for some Y ∈ P l

r up to scalar and the actions of (Σ, Σ̇). Up to diagram automorphisms
we may assume λ ∈ P+

Σ (R) and µ̇ ∈ Ṗ+
Σ̇
(L). Restricting to g̊, v is clearly a g̊-highest weight vector

of weight λ. We may assume λ = λY for some Y ∈ P l
r. Then according to Theorem 5.4, v must

lie in the space V̊g(λY) ⊗ VΣ̇∞⋉ˆ̇g∞(λ̇∞Y ), or equivalently, v = g.σ̇∞(vhY ) for some g ∈ ˆ̇g∞, σ̇∞ ∈ Σ̇∞.

Since Y ∈ P l
r, an easy observation on abacus shows that σ̇∞(vhY ) = σ̇(vhY ) for some σ̇ ∈ Σ̇. Then

σ̇(v) = σ̇gσ̇(vhY ) = σ̇(g).(vhY ) is again a (ĝ, ˆ̇g)-highest weight vector. Up to diagram automorphisms

we can reduce our discussion to the case v = g.vhY for some g ∈ (ˆ̇g∞)−. Again by Proposition 3.7 we
have

d
ĝ
λY;R + d

ˆ̇g
µ̇;L =

{
1
2dv +

LR
32 , for type (A(2), A(2));

dv, for other types.
(5.2.2)

We claim that µ̇ = λ̇Y. Canceling out d
ĝ
λ(Y );R from (5.2.2) and (5.2.1) and taking formula (2.2.2)

into account, in both cases we get

(µ̇|µ̇+ 2ρ̇)− (λ̇Y|λ̇Y + 2ρ̇)

2(L+ ḣ∨)
= dv − dY. (5.2.3)

We discuss how the action of (ˆ̇g∞)− on vhY affects the eigenvalues of DCl(0). Let v =
∑
vi be a

decomposition such that each vi is non-zero of weight µ̇∞i with respect to ˆ̇g∞. Then each vi is of the

form giv
h
Y with gi ∈ U(ˆ̇g∞)− of weight ζ̇i = µ̇∞i − λ̇∞Y ∈ (Q̇∞)−. Since with respect to ˜̇g, the weight

vectors vi sum up to a weight vector v, we deduce that through pr each ζ̇i maps to the same element
in affine root lattice, say,

pr(ζ̇i) = (µ̇− λ̇Y) + (dY − dv)δ̇ ∈ ˜̇Q−
ex.

In other words, writing ḃ = dY−dv and
¯̇
β = µ̇− λ̇Y, together with the decomposition δ̇ = θ̇ex+ ȧ0α̇0,ex,

we have ḃ ⩽ 0 and
¯̇
β+ ḃθ̇ex ⩽ 0 with respect to Q̇−

ex. By the inequality (2.5.1), since µ̇, λ̇Y, ρ̇ ∈ Ṗ+
Σ̇
, we

have
(
¯̇
β + ḃθ̇ex | µ̇) + (

¯̇
β + ḃθ̇ex | λ̇Y) + (

¯̇
β + ḃθ̇ex | 2ρ̇) ⩽ 0.

Assume the equality holds, then all summands are zero since they are all non-positive. If r = 1, then

either
¯̇
β + ḃθ̇ex = 0 or µ̇ = 0 = λ̇Y. Now assume that r > 1. For non-branching types, we can directly

deduce that
¯̇
β + ḃθ̇ex = 0 according to the fact that (Q̇+|ρ̇) > 0. For branching types recall that

θ̇ex = 2ϵ̇1, and the assumption implies that
¯̇
β + ḃθ̇ex = kϵ̇r for some k ⩽ 0. Write µ̇− λ̇Y = kϵ̇r − ḃθ̇ex,
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then 0 = (kϵ̇r|µ̇)− (kϵ̇r|λ̇Y) = (kϵ̇r|kϵ̇r − ḃθ̇ex) = k2, whence
¯̇
β+ ḃθ̇ex = 0. As a conclusion, in all cases

the above equality holds implies that either
¯̇
β+ ḃθ̇ex = 0, or µ̇ = λ̇Y = 0 and there is nothing to prove.

Moreover, from µ̇, λ̇Y ∈ Ṗ+
Σ̇
(L) we deduce that (µ̇|θ̇ex), (λ̇Y|θ̇ex) ⩽ L, and if both equalities hold,

then (
¯̇
β|θ̇ex) = 0. Revisiting the equality (5.2.3) we have:

LHS =
1

2r(L+ ḣ∨)
(µ̇− λ̇Y|µ̇+ λ̇Y + 2ρ̇)

=
1

2r(L+ ḣ∨)

(
(
¯̇
β + ḃθ̇ex|µ̇+ λ̇Y + 2ρ̇)− (ḃθ̇ex|µ̇+ λ̇Y + 2ρ̇)

)
⩽

−ḃ
2(L+ ḣ∨)

(θ̇ex|µ̇+ λ̇Y + 2ρ̇) ⩽
−ḃ

2(L+ ḣ∨)
(L+ L+ 2ḣ∨) = −ḃ = RHS.

According to above discussion, the equality (5.2.3) implies that
¯̇
β + ḃθ̇ex = 0, and either ḃ = 0

or (
¯̇
β|θ̇ex) = 0, whence (

¯̇
β|θ̇ex) = 0 can again imply ḃ = 0 together with the former condition.

Consequently we have
¯̇
β = 0 and ḃ = 0. That is, µ̇ = λ̇Y and dv = dY. In other words, up to diagram

automorphisms every (ĝ, ˆ̇g)-highest weight vector must have weight (λY, λ̇Y; dY) for some Y ∈P l
r.

Finally we consider the multiplicity. Based on the above discussion that pr(ζ̇i) = 0, we claim that
ζ̇i = 0 for each i. Write ζ̇i = µ̇∞i − λ̇∞Y =

∑
(p,γ)

c(p,γ)ϵ̇(p,γ). From pr(ζ̇i) = 0 we have the equations:


−c(−p,0) +

∑
γ<0

(
c(p,γ) − c(−p,γ)

)
= 0, for all p > 0;

∑
γ<0

γ

(∑
p>0

(c(p,γ) + c(−p,γ)) + c(0,γ)

)
= 0.

If h = 0, the choice of Y ∈P l
r implies that the weight λ̇∞Y concentrates in (p, 0) with p < 0. That is,

c(p,γ) ⩾ 0 for γ < 0. Then the above equations force ζ̇i = 0. If h = 1
2 , analogously we have that λ̇∞Y

concentrates in (p,−1
2) with p > 0. That is, c(p,γ) ⩾ 0 for γ ̸= −1

2 or γ = −1
2 , p ⩽ 0. Again from the

above equations we have ζ̇i = 0.
As a conclusion µ̇∞i = λ̇∞Y for each i. That is, v and vhY lie in the same (̊g, ˆ̇g∞)-weight space of the

module generated by vhY , forcing v = vhY up to a scalar. This completes the proof of our main duality
theorem.

6 Moving vectors and defects of weights

Recall the classical theory of representation of type ŝl(l), which categorifies the Ariki-Koike algebras.
For Λ ∈ P̃+(R), β ∈ Q+ such that Λ− β ∈ P (Λ), the defect of the block HΛ

β ,

Def(Λ, β) =
1

2

(
(Λ|Λ)− (Λ− β | Λ− β)

)
= (Λ|β)− 1

2
(β|β),

has a nice combinatorial interpretation, see [15, 18, 19, 20] for details. Consider an abacus correspond-
ing to (Λ, β). Drawing it vertically, one can operate a move on the abacus by pushing a bead upwards
one slot. The total amount of such available moves equals precisely the defect of the block. Inspired
by this, we shall next define the vertical moves on abacus of arbitrary types.

In this section we shall fix a dual pair (ĝ, ˆ̇g) and h ∈ {0, 12}. Thus Lā, Rā, a = 0, 1 are accordingly

fixed. For type A(1), the main result Theorem 6.11 below in this section was proved [15] (see also [18,
Lemma 4.1.15]) combinatorially. For the sake of brevity, we only consider non-A(1) types. However,
the method in this section can also be applied to type A(1).
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6.1 Move and moving vector

Definition 6.1. For v(M) ∈ F a monomial basis element given by a Maya diagram M, we say that
a (vertical) move on v(M) is one of the following operations on Ḃ(Ṁ):
(1) pushing up a bead upwards one slot to an empty position;
(2) on a half column, removing a bead at the most top position.

Record each move in the following ways:
(i) if a move of type (1) sends a bead into a row indexed by p > 0, or pushes a bead out of a row

indexed by −p < 0, we record the move by the symbol e⃗p;
(ii) if a move of type (1) sends a bead into a row indexed by −1, or pushes a bead out of a row

indexed by 1, we record the move by the symbol e⃗0;
(iii) if a move of type (2) removes a bead at a row indexed by −r(resp. 1), and in the column abacus,

• there is a row indexed by 0 (resp. 0∗), we record the move by the symbol e⃗r (resp. e⃗0);

• there is no row indexed by 0 (resp. 0∗), we record the move by the symbol 1
2 e⃗r (resp. 1

2 e⃗0).

For a series of moves w1e⃗p1 , . . . , wne⃗pn, where each wk ∈ {1, 12}, we record the total move as the
formal sum

∑n
k=1wke⃗pk ∈ Span 1

2
Z{e⃗p | p = 0, 1, . . . , r}.

Remark 6.2. (1) Flipping back to row abacus via the Uglov map §4.2, the symbol e⃗p records the row
on which the move happens. That is, as an operation on the row abacus, each move e⃗p, p = 1, 2, . . . , r
brings beads into the p-th row, while the move e⃗0 carries beads out of the 1-th row.

(2) In the sense of Remark 4.4, the symbols 1
2 e⃗p, p = 0, r are reasonable when we duplicate the

half columns and consider on DḂ(M). In these cases, the given operation corresponding to only one
move on a full column. Since the duplicated half column is 1

2 -weighted, a single move on this column
is recorded as 1

2 e⃗p. Note that the move 1
2 e⃗r exists only if R0̄ even, and 1

2 e⃗0 exists only if R1̄ = 0.

Example 6.3. Consider the dual pair (ŝo(7, 1), ŝo(5)) with h = 1
2 . On the following column abacus,

we can perform a move on each column as indicated by the arrows:

1

2

0

−2

−1

0∗ 1 2 3 0...

1

2

0

−2

−1

...

−→
1

2

0

−2

−1

0∗ 1 2 3 0...

1

2

0

−2

−1

...

Among the five moves, the first three moves on the columns 1, 2, 3 are of type (1) and recorded as
e⃗0, e⃗1, e⃗2 respectively. The other two moves on the half columns 0, 0∗ are of type (2). For the move
on the half column 0, since there is a row indexed by 0 in the column abacus, we record the move
as e⃗2; while for the move on the half column 0∗, since there is no row indexed by 0∗ in the column
abacus, we record the move as 1

2 e⃗0. Conclusively, the total move on the given abacus is recorded as
3
2 e⃗0 + e⃗1 + 2e⃗2.

Note that vertical moves on the abacus leave the horizontal g̊-weight unchanged, but do change the
˜̇g-weight. Therefore, we can also study the moves by considering the change of weights they produce.
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Define a linear map Ψ : Span 1
2
Z{e⃗p | p = 0, 1, . . . , r} → ˜̇h∗,

e⃗p 7→ β̇p = ϵ̇p − ϵ̇p+1, 1 ⩽ p < r;

e⃗r 7→ β̇r =

{
2ϵ̇r, R0̄ = 2r;

ϵ̇r, R0̄ = 2r + 1;

e⃗0 7→ β̇0 =


−ϵ̇1 + ϵ̇r + δ̇, ˆ̇g = ŝl(r);

−2ϵ̇1 + δ̇, R1̄ = 0;

−ϵ̇1 + δ̇, R1̄ = 1.

Since Ψ(12 e⃗p) =
1
2 β̇p for p = 0, r, the map Ψ is well-defined. It is easy to verify that Ψ is injective in

each case. Therefore, through this embedding Ψ, we can regard a move as an element in ˜̇h∗.
Observe that in the cases that ˜̇g is not of branching type, these β̇p’s are precisely the simple roots

of ˜̇g, and therefore a move can be regarded as an operation via the Chevalley generator ėp. Otherwise,

if p = 0 or r is a branching point on the Dynkin diagram, then β̇p /∈ ˜̇Q+ and the move cannot be

directly interpreted as Lie action. For these cases, we extend ˜̇Q+ to a larger lattice of other types,
such that all moves e⃗p as well as 1

2 e⃗p are simple roots of ˜̇gex.

As mentioned in §2.5, the process of taking ˜̇gex is given by replacing each pair of branching points
at the head or tail of the Dynkin diagram of ˜̇g by a double arrow. The direction depends on whether
there is a half row in the abacus as well as whether there is a move of type 1

2 e⃗p, as shown in Table 6.

Note that although the first row and the last row of the table correspond to the same ˆ̇gex, only in the
last row the moves 1

2 e⃗p can happen. In these cases, we may also think that the roots ϵ̇r and −ϵ̇1 + 1
2 δ̇

are 1
2 -weighted.

head tail

R1̄ odd
outward

10
R0̄ odd

outward

l−1 l

R1̄ even, L2h′ even
inward

0 1
R0̄ even, L2h even

inward

ll−1

R1̄ even, L2h′ odd
outward

10
R0̄ even, L2h odd

outward

l−1 l

Table 6: The replacement rule of the branching point on the Dynkin diagram of ˆ̇g

Detailed choices of ˆ̇gex for each dual pair are given in Table 7. In each case the assignment ϵ̇p 7→ ϵ̇p

induces an embedding ˜̇Q+ ↪→ ˜̇Q+
ex. In particular, one can routinely check that ˜̇P+

ex(R) ⊂
˜̇P+
Σ̇
(R).

Taking ˜̇Q+
ex := ˜̇Q+ in non-braching cases, we can uniformly conclude that the moves corresponding to

the simple roots in ˜̇Q+
ex.

Dual pair (ĝ, ˆ̇g) ˆ̇gex Dual pair (ĝ, ˆ̇g) ˆ̇gex

(ŝo(2l), ŝo(2r)) ŝp(2r) (ŝo(2l), ŝo(2r + 1)) ŝl (2)(2r + 1)

(ŝo(2l + 1), ŝo(2r)), h = 0 ŝl (2)(2r + 1) (ŝo(2l + 1), ŝo(2r)), h = 1
2

tŝl (2)(2r + 1)

(ŝo(2l + 1), ŝo(2r + 1)), h = 0 ŝl (2)(2r + 1) (ŝo(2l + 1), ŝo(2r + 1)), h = 1
2 ŝo(2r + 1, 1)

(ŝo(2l + 1, 1), ŝo(R0̄)) ŝo(2r + 1, 1) (ĝl (2)(2l), ŝl (2)(2r)) ŝp(2r)

(ĝl (2)(2l + 1), ŝl (2)(2r)) ŝl (2)(2r + 1)

Table 7: The choice of ˆ̇gex for each dual pair
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Next we give the definition of moving vector, which records the total move from one monomial
basis element to another.

Definition 6.4. Suppose v, v′ are two monomial basis elements that v′ can be obtained by v via
successive moves w1e⃗p1 , . . . , wne⃗pn with wk ∈ {1, 12}, k = 1, 2, . . . , n. We define the moving vector
mv(v, v′) from v to v′ to be the coefficient vector of the formal sum

∑n
k=1wke⃗pk . That is, mv(v, v′) =

(m0, . . . ,mr) ∈ (12N)
r+1 with

∑n
k=1wke⃗pk = (m0, . . . ,mr) · (e⃗0, . . . , e⃗r)T .

In particular, if there is no more available move on v′, we write vmax := v′ the highest state that
v can move to. In this case we abbreviate mv(v) := mv(v, vmax) and call it the moving vector of v.
This array of components records the process pushing all beads upwards as high as possible.

Under this definition mv(v, v′) is determined only by the vertical weights viewed on column abaci
of v and v′, independent of the order or route of the moves. Note that the sum mv(v, v′) ·1 =

∑n
k=1wk

records the number of moves we need to reach v′ from v. This is also a weighted height of
∑n

k=1wkβ̇pk

in ˜̇Q+
ex, denoted by htex(

∑n
k=1wkβ̇pk) =

∑n
k=1wk.

By the definition of column abacus we know that all possible moves on any abacus will terminate
in finite steps. We study the properties of such terminal abacus via the combinatorial model. As
mentioned above, it is easy to verify that during each move, the horizontal weight of the abacus, as
well as the charge sequence of each column remains unchanged. Suppose v is a monomial basis element
in F of weight (λ, µ̇;−k), it is easy to see that its terminal abacus vmax is precisely the vacuum abacus

with the same charge sequence
∑l

i=1(bi − b−i)ϵi = λ− R2h
2 1 as v (see Remark 4.3). Note that vmax is

independent of µ̇,−k. That is, for any abacus of horizontal weight λ, its terminal abacus is the same

vacuum abacus defined by the charge sequence λ− R2h
2 1.

The above combinatorial discussion provides us a way to characterize vmax. Suppose v ∈ F(λ,µ̇;−k)

is a monomial basis element, then vmax has the unique maximal vertical ˜̇gex-weight among the vectors
with the same horizontal g̊-weight as v. In fact, Lemma 6.9 below also proves this through the Lie
theoretic perspective. To state this characterization precisely, for λ′ ∈ P, µ̇′ ∈ Ṗ , we define the sections

P(λ′,−) :={ν̇ − kδ̇ ∈
˜̇P | F(λ′,ν̇;−k) ̸= 0},

P(−,µ̇′) :={ν − kδ ∈ P̃ | F(ν,µ̇′;−k) ̸= 0}.

Then vmax is of weight (λ, µ̇max;−kmax) with µ̇max− kmaxδ̇ = maxQ̇ex
P(λ,−), and therefore the moving

vector corresponds to Ψ(mv(v)) = (µ̇max−kmaxδ̇)−(µ̇−kδ̇). This observation shows that all monomial
basis elements lying in the same weight space F(λ,µ̇;−k) have the same moving vector.

Take Λ ∈ P̃+(R), β = β̄ + bδ ∈ Q̃+ such that Λ − β ∈ P (Λ). Suppose the dual weight pair

corresponding to Λ is (Λ̄, ˙̄Λ) with ˙̄Λ ∈ P+
Σ̇
(L), so that the joint highest weight vector vΛ is in F

(Λ̄, ˙̄Λ;−dΛ)
.

Starting from vΛ, after applying a series of ĝ operators we can get v0 ∈ F
(Λ̄−β̄, ˙̄Λ;−dΛ−b)

. Let v be any

monomial summand of v0. Then we call the abacus corresponding to v a reduced ĝ-abacus of weight

Λ− β. In other words, a reduced abacus of weight Λ− β is any abacus of weight (Λ̄− β̄, ˙̄Λ;−dΛ − b).
It is remarkable here that for type A(1), the condition added on vertical weight to be ˙̄Λ is equivalent
to requiring the charge sequence lying in Ar

e (see [18, pp.16], for example). The moving vector mv(v)
remains unchanged for a different choice of v, and depends only on Λ, β. This means the moving
vector is a block invariant.

Definition 6.5. We define the moving vector mv(Λ, β) associate to the weight Λ−β to be the moving
vector of any reduced ĝ-abacus of weight Λ− β.

Moreover, Since F(λ,µ,−k)
∼= Fw(λ,µ,−k) for w in the affine Weyl group, we see that all weights

lying in a Weyl group orbit have the same moving vector.
Concluding the process, the relations between Λ, β and mv(Λ, β) can be roughly interpreted by

the following diagram:
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(Λ̄− β̄, µ̇max;−kmax)

(Λ̄, ˙̄Λ;−dΛ)
−β=−β̄−bδ

ĝ -action
// (Λ̄− β̄, ˙̄Λ;−dΛ − b)

mv(Λ,β) move

OO

6.2 Orders of partitions and weights

According to the discussion above, the weight of the terminal abacus is the unique maximal weight
in the section P(λ,−) with respect to the order Q̇+

ex. In order to study the moving vector through the
weights, first we need some lemmas analysing the order of weights. Recall from Theorem 1.1 that, up
to graph automorphisms, the dominant weights we concern are given by the partitions and their Young
diagrams, thus the order of weights is closely related to the (weak) dominance order of partitions.

We make the following convention. When the root lattice is clear and the order is with respect

to Q+, Q̇+, Q̃+ or ˜̇Q+, we simply write > and omit the specification; for example, if λ, µ ∈ h̊∗, then

λ > µ ⇔ λ − µ ∈ Q+. On the other hand, when the order is with respect to Q̇+
ex or ˜̇Q+

ex, we will
explicitly write >ex.

Recall the definition of the dominance order of partitions: for two partitions Y = (y1, y2, . . .) and
Z = (z1, z2, . . .), we say Y dominates Z, denoted by Y Q Z, if for all k ⩾ 1, the k-th prefix sum∑k

i=1 yi ⩾
∑k

i=1 zi; and we say Y strictly dominates Z, denoted by Y ▷ Z, if Y Q Z and Y ̸= Z.
Recall from the formulae (4.1.1) and (4.1.2) the relations between the partitions and the weights

of Maya diagrams, we have the following results.

Lemma 6.6. Let Y,Z ∈ P l
r be two partitions, whose corresponding Maya diagrams of the Young

diagrams are of weights (λY, λ̇Y) and (λZ, λ̇Z), respectively.
(1) For h = 0, λY > λZ implies Y c ▷ Zc; for h = 1

2 , λY > λZ implies Y ▷ Z.

(2) Suppose λ̇Y − λ̇Z ∈ Q̇. Then λ̇Y >ex λ̇Z if and only if Y t ▷ Zt.

Proof. We first consider the prefix sum
k∑

i=1
ci for a simple root αj =

l∑
i=1

ciϵi in a root system of finite

classical type of rank l. It is straightforward to check that the prefix sums are all non-negative.

Moreover, if j is not a branching point on the Dynkin diagram, then
k∑

i=1
ci is non-zero only for k = j.

(1) For h = 0, by formula (4.1.1), λY − λZ = Y c −Zc belongs to Q+. Therefore, all prefix sums of
Y c − Zc is non-negative. Hence Y c ▷ Zc. The case h = 1

2 is similar.
(2) The necessity is similar to (1). For the sufficiency, suppose Y t ▷ Zt. It follows from formula

(4.1.1) that β̇ = λ̇Y − λ̇Z = Y t − Zt ∈ Q̇. Writing it as linear combinations of simple roots in Q̇ex or

the standard basis ϵ̇p respectively, we have β̇ =
r∑

p=1
npβ̇p =

r∑
p=1

bpϵ̇p. Since the Dynkin diagram of Q̇ex

contains no branching points, each β̇p has only its pth prefix sum non-zero. Thus, for all p = 1, 2, . . . , r,
the pth prefix sum of β̇ is np times the pth prefix sum of β̇p. Since β̇ ▷ 0, we deduce that np’s are all
non-negative and not all 0, forcing β̇ ∈ Q̇+

ex.

In the following discussion, we shall consider the pair of dual weights (λ, λ̇) ∈ P+(R) × Ṗ+(L)
such that Vĝ(λ;R) ⊗ Vˆ̇g(λ̇;L) is a summand of F . That is, there exists a partition Yλ ∈ P l

r such

that λ ∈ Σ(λYλ
) and λ̇ ∈ Σ̇(λ̇Yλ

). In particular, if we make the further assumption that (λ, λ̇) ∈
P+
Σ (R)× Ṗ+

Σ̇
(L), then we have λ = λYλ

, λ̇ = λ̇Yλ
, and the joint highest weight vector of the summand

is v(Yλ). In this case, the pair (λ, λ̇) is in 1−1 correspondence, with the corresponding Young diagrams
in conjugation or complement with each other.

The following lemma reveals how the dominance order of partitions behaves under taking conju-
gates or conjugate complements (see §2.5).
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Lemma 6.7. Let Y, Z ∈P l
r be two partitions and let n ∈ N.

(1) If n ⩾ size(Y ), and Y + (n− size(Y ))ϵ1 Q Z, then n ⩾ size(Z), and Zt + (n− size(Z))ϵ̇1 Q Y t.
In particular, if size(Y ) = size(Z), then Y Q Z if and only if Zt Q Y t.

(2) If Y + nϵ1 Q Z, then Z† + nϵ̇1 Q Y †. In particular, Y Q Z if and only if Z† Q Y †.

Proof. We only prove (1) since (2) can be proved similarly.
From Y + (n − size(Y ))ϵ1 Q Z, taking sizes on both sides gives n ⩾ size(Z). Consider the sth

prefix sum of Y t and Zt + (n− size(Z))ϵ̇1 for s = 1, . . . , r,

s∑
p=1

ytp = size(Y )−
l∑

i=1

max{0, yi − s},
s∑

p=1

(ztp + δp1(n− size(Z)) = n−
l∑

i=1

max{0, zi − s}.

Define for each integer s the non-decreasing convex function ϕs(t) = max{0, t − s}. By Karamata’s
inequality [25, Theorem 1.5.2], if partition (a1, a2, . . . , al) dominates partition (b1, b2, . . . , bl), then∑l

i=1 ϕs(ai) ⩾
∑l

i=1 ϕs(bi). Applying this to Y + (n− size(Y ))ϵ1 Q Z gives

l∑
i=1

max{0, yi + δi1(n− size(Y ))− s} ⩾
l∑

i=1

max{0, zi − s}.

Since n−size(Y ) ⩾ 0, we have max{0, y1−s}+n−size(Y ) ⩾ max{0, y1+n−size(Y )−s}. Rearranging
the terms gives

size(Y )−
l∑

i=1

max{0, yi − s} ⩽ n−
l∑

i=1

max{0, zi − s},

that is, Zt + (n− size(Z))ϵ̇1 Q Y t.

With the above order-reversing conclusion, we obtain some basic properties of dual weight pairs.

Lemma 6.8. Let (λ, λ̇), (µ, µ̇) ∈ P+
Σ (R)× Ṗ+

Σ̇
(L) be dual weight pairs.

(1) When h = 0, λ > µ implies λ̇ ≯ µ̇.
(2) When h = 1

2 , if size(Yλ) = size(Yµ), then λ > µ implies λ̇ ≯ µ̇.

(3) If λ̇− µ̇ ∈ Q̇ex, then there exists σ ∈ Σ such that σ(λ)− µ ∈ Q.

Proof. Combining Lemmas 6.6 and 6.7 directly gives (1) and (2).
Now we prove (3). The choice of the weights together with Remark 5.1 implies that RΛ0 + λ and

RΛ0+µ are lying in the same parity set. Recall the root sieving class decomposition in each case from
Lemma 2.4. For ĝ = ŝo(2l + 1), ŝo(2l + 1, 1) or ĝl (2)(2l + 1), the whole parity set forms a single root
sieving equivalent class, so λ − µ ∈ Q by the definition of sieving equivalence. Otherwise ĝ = ŝo(2l),
ĝl (2)(2l) or ŝp(2l), and Q is generated by ±ϵi± ϵj and contains all integer vectors for which the sum of

all components is even. According to Table 4, there are three possibilities for ˆ̇gex, that is,
ˆ̇gex = ŝp(2r),

ŝl (2)(2r + 1) or ŝo(2r + 1, 1).
If ˆ̇gex = ŝp(2r), then λ̇ − µ̇ ∈ Q̇ex implies size(Yλ) − size(Yµ) ≡ 0 (mod 2). This induces that

λ− µ ∈ Q.
If ˆ̇gex = ŝl (2)(2r+1), the corresponding dual pair is (ŝo(2l), ŝo(2r+1)) or (ĝl (2)(2l), ŝl (2)(2r+1)).

The parity set is P̃+(R)0,1 for h = 0 and P̃+(R)1,0 for h = 1
2 . By Lemma 2.4 we observe that the two

equivalent classes are permuted by σ0,1 for h = 0 and by σl−1,l for h = 1
2 . That is, we always have a

Σ-conjugation of λ which lies in the same Q-lattice with µ.
If ˆ̇gex = ŝo(2r + 1, 1), the corresponding dual pair is (ŝo(2l), ŝo(2r + 1, 1)). The parity set is

P̃+(R)1,1, whence again by Lemma 2.4 the two equivalent classes are permuted by Σ, that is, σ(λ)−µ ∈
Q for some σ ∈ Σ.

Proposition 6.9. Let (µ, µ̇) ∈ P+(R)× Ṗ+(L) be a pair of dual weights in F .

40



(1) The weight µ− dµδ is maximal in P(−,µ̇) with respect to Q̃+.

(2) If µ̇ ∈ Ṗ+
Σ̇
(L), then µ̇− dµδ̇ is the unique maximal element in P(µ,−) with respect to ˜̇Q+

ex.

Proof. (1) Recall from Section 2.3 that each σ̇ ∈ Σ̇ induces an isomorphism of weight spaces. This
implies that P(−,µ̇) = P(−,σ̇(µ̇)). Meanwhile, Σ preserves the order with respect to Q̃+. Therefore we

may assume (µ, µ̇) ∈ P+
Σ (R)× Ṗ+

Σ̇
(L).

It is clear from v(Yµ) ∈ F(µ,µ̇;−dµ) that µ − dµδ ∈ P(−,µ̇). Suppose, for contradiction, that there
exists λ−mδ > µ− dµδ such that F(λ,µ̇;−m) ̸= 0. Take non-zero v ∈ F(λ,µ̇;−m) ∩ (Vĝ(ν;R)⊗Vˆ̇g(ν̇;L))
for some pair (ν, ν̇) of dual weights. Again we may assume (ν, ν̇) ∈ P+

Σ (R)× Ṗ+
Σ̇
(L). Then we can go

down from the joint highest weight vector v(Yν) to v via g ∈ U(ĝ)− and g′ ∈ U(ˆ̇g)− successively, that
is, v = gg′v(Yν), thanks to the commutativity of the actions of (ĝ, ˆ̇g). We have g′v(Yν) ∈ F(ν,µ̇;−k).

It follows that ν̇ − dν δ̇ ⩾ µ̇− kδ̇, and ν − kδ ⩾ λ−mδ > µ− dµδ, as shown in the following diagram
of weights.

(ν, ν̇;−dν)

��
(ν, µ̇;−k) // (λ, µ̇;−m) // (µ, µ̇;−dµ).

Now write β = ν − µ + (−k + dµ)δ and β̇ = ν̇ − µ̇ + (−dν + k)δ̇. Since β > 0, β̇ ⩾ 0, we have
dµ ⩾ k ⩾ dν . The 1− 1 correspondence given by P+

Σ (R)× Ṗ+
Σ̇
(L) implies that ν̇ ̸= µ̇.

Next we compare µ and ν using Lemma 6.8 and formula (3.3.1). If h = 0, then dµ = 1
16 dimWh(0) =

dν and dµ = k = dν , thus ν > µ and ν̇ > µ̇, contradicting to Lemma 6.8 (2).
If h = 1

2 , then, by formula (3.3.1), we have dν − dµ = 1
2(size(Yν) − size(Yµ)). Decomposing

δ = a0α0 + θ as well as δ̇ = a0α̇0 + θ̇ in β and β̇, removing the α0, α̇0 parts and multiplying with 1,
together with the fact that θ · 1 = 2 = θ̇ · 1, we obtain

size(Yν)− size(Yµ) + 2(−k + dµ) ⩾ 0 and size(Yν)− size(Yµ) + 2(−dν + k) ⩾ 0.

It follows that dν ⩾ k ⩾ dµ, forcing dµ = dν since we already have dµ ⩾ k ⩾ dν . Then similarly we
have ν > µ as well as ν̇ > µ̇, which again cause a contradiction.

In summary, it is impossible for λ −mδ > µ − dµδ to appear in P(−,µ̇), which means µ − dµδ is
maximal in P(−,µ̇).

(2) Let λ̇, m be such that F(µ,λ̇;−m) ̸= 0. Now we prove µ̇ − dµδ̇ ⩾ex λ̇ − mδ̇. Without loss of

generality, assume λ̇ ∈ Ṗ+
Σ̇
(L). From (1) we know that λ−dλδ ⩾ µ−mδ in P(−,λ̇). Since δ = a0α0+θ,

we have
λ− µ+ (−dλ +m)(θ + a0α0) ⩾ 0.

This implies a0(−dλ +m) ∈ N. Scaling with 2ϵ1 ⩾ θ we get λ− µ+2(−dλ +m)ϵ1 ⩾ 0. Using Lemma
6.6 to compare the orders of weights and partitions, we get:

• If h = 0, then dλ = dµ ⩽ m, and Y c
λ + 2(−dλ +m)ϵ1 Q Y c

µ . From Lemma 6.7(2), Y t
µ + 2(−dµ +

m)ϵ1 Q Y t
λ , hence µ̇+ (−dµ +m)θ̇ex ⩾ex λ̇.

• If h = 1
2 , then Yλ + 2(−dλ +m)ϵ1 Q Yµ. From Lemma 6.7(1), Y t

µ + 2(−dµ +m)ϵ1 Q Y t
λ , and

m ⩾ dµ, hence similarly µ̇+ (−dµ +m)θ̇ex ⩾ex λ̇.
For both cases we have µ̇− dµδ̇ ⩾ex λ̇−mδ̇.

According to Lemma 6.9, the terminal weights (Λ̄−β̄, µmax;−kmax) of the move we want is precisely
of the form w(λ, λ̇;−dλ), with (λ, λ̇) ∈ P+(R)× Ṗ+

Σ̇
(L) a pair of dual weights and w is a Weyl group

element such that w(λ) = Λ̄− β̄. In other words, up to an action of the affine Weyl group, the terminal
vmax of the move is another joint highest weight vector.
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The following corollary of Lemma 6.9 ensures that the weight spaces we are going to discuss in our
reduction process is always non-zero.

Corollary 6.10. Let (µ, µ̇) ∈ P+(R)× Ṗ+(L) be a pair of dual weights in F .
(1) Let λ, k satisfy µ− λ ∈ Q and F(λ,µ̇;−k) ̸= 0, then there exists non-zero v ∈ F(λ,µ̇;−k) such that

v ∈ ĝ− .v(Yµ).
(2) If µ̇ ∈ Ṗ+

Σ̇
(L), then the section P(µ,−) coincides with the weight set Ṗex(µ̇+ LΛ̇0 − dµδ̇).

Proof. (1) By Lemma 6.9(1), µ− dµδ > λ− kδ. If λ ∈ P+(R), then Vg̃(µ+RΛ0 − dµδ)λ+RΛ0−kδ ̸= 0
according to the convex-hull argument in [16, Proposition 12.5].

On the other hand, for a general λ, consider the corresponding dominant weights in the same
orbit under affine Weyl group. That is, take a Weyl group element w such that w(λ +RΛ0 − kδ) ∈
P̃+(R). Then again by Lemma 6.9 we can also get w(λ + RΛ0 − kδ) < µ + RΛ0 − dµδ, whence
Vg̃(µ+RΛ0 − dµδ)λ+RΛ0−kδ

∼= Vg̃(µ+RΛ0 − dµδ)w(λ+RΛ0−kδ) ̸= 0.
(2) According to Lemma 6.9(2) and [16, Proposition 12.5], it suffices to show that the section P(µ,−)

is convex with respect to ˜̇Qex and closed under the Weyl group Ẇex. For ˆ̇g being of non-branching
types, there is nothing to prove since ˆ̇g = ˆ̇gex. Let

ˆ̇g be of branching type.
Note that the action of σ̇r−1,r on weight lattice coincides with the action of the simple reflection

corresponding to β̇r, and similarly for σ̇0,1 if exists. With Σ̇ take the place of these simple reflections,
the section P(µ,−) is closed under the action of Ẇex.

It remains to show that each β̇p-string is unbroken in P(µ,−) for p = 0, r. Let λ̇ + mδ̇ ∈ P(µ,−)

corresponding to a Maya diagram M, with λ̇ = (λ̇1, λ̇2, . . . , λ̇r). Assume λ̇r > 0. Then either that
among uncut columns of M there are more black beads in the rth row than in the −rth row, or that
the −rth position at the top of the cut column on M is white. In either case we can construct a Maya
diagram of weight (µ, λ̇ − β̇r;m) by pulling a bead off the rth row or to the −rth row. This means
the β̇r-string through λ̇ +mδ̇ ∈ P(µ,−) is unbroken. A similar discussion holds for β̇0, which finishes
the convexity statement.

6.3 Defects of weights

This subsection is devoted to the following theorem, which is the main result of this section.

Theorem 6.11. For Λ ∈ P̃+(R), β ∈ Q+ such that Λ−β ∈ P (Λ), the defect of the algebra RΛ
β equals

to the sum of the components of its moving vector. In other words, Def(Λ, β) = mv(Λ, β) · 1.

First we list some basic properties of the defect Def(Λ, β).

Lemma 6.12. Let Λ ∈ P̃+(R), β ∈ Q̃+ such that Λ− β ∈ P (Λ).
(1) For any k ∈ C, Def(Λ + kδ, β) = Def(Λ, β).
(2) Suppose w is a Weyl group element and w(Λ−β) = Λ−β′ for some β′ ∈ Q̃+. Then Def(Λ, β) =

Def(Λ, β′). In other words, defect of weight is invariant under affine Weyl group.
(3) If Def(Λ, β) = 0, then there is a Weyl group element w such that w(Λ− β) = Λ.
(4) For any σ ∈ Σ, Def(Λ, β) = Def (σ(Λ), σ(β)).

Proof. The statement (1) can be given through straightforward calculations according to the definition
of defect, while (2) and (4) follow respectively from the facts that both w ∈ W and σ ∈ Σ keep the
bilinear form (−|−) invariant. The statement (3) follows from [16, Proposition 11.4a]

Since P(λ,−) = P(σ(λ),−) for σ ∈ Σ, we also have mv(Λ, β) = mv(σ(Λ), σ(β)), and therefore in the

following discussion we may assume Λ ∈ P̃+
Σ (R). The moving vector mv(Λ, β) under Ψ corresponds

to the difference between two dominant weights ˙̄Λ−(dΛ+b)δ̇ and λ̇−kmaxδ̇, which lies in ˜̇Q+
ex. Thanks

to a result of Stembridge [26, Corollary 2.7], we can give the following reduction:

42



Lemma 6.13. Let λ, µ ∈ P̃+ such that λ > µ with respect to Q̃+.
(1) If each of ν ∈ P̃ with λ > ν > µ satisfies ν /∈ P̃+, then λ− µ ∈ ∆ is a root.
(2) There exists a sequence of weights λ = λn > λn−1 > · · · > λ1 > λ0 = µ, such that λi ∈ P̃+ and

λi − λi−1 ∈ ∆ for each i = 1, . . . , n.

Given λ, µ ∈ P̃+, we say these two weights are adjacent in P̃+ if the condition in Lemma 6.13 (1)
holds, since there are no other weights in P̃+ between them. This adjacent relation of weights will
reflect deep connection between the corresponding blocks, as given in §7.2.

Proof of Theorem 6.11. Through moves we increases the weight from ˙̄Λ−(dΛ+b)δ̇ to λ̇−kmaxδ̇. With
the help of Lemma 6.13, we can divide this process into several steps. Set the following increasing

sequence of weights with respect to ˜̇Q+
ex:

˙̄Λ− (dΛ + b)δ̇ = µ̇0 − k0δ̇ < µ̇1 − k1δ̇ < · · · < µ̇n − knδ̇ = λ̇− kmaxδ̇,

such that each µ̇i lies in Ṗ+
ex, and the difference of each step ζ̇i := µ̇i − µ̇i−1 + (ki−1 − ki)δ̇ ∈ ∆̇+

ex is
a root. By Lemma 6.8(3), taking the pair of dual weights (µi, µ̇i) ∈ P+

Σ (R) × Ṗ+
Σ̇
(L), there exists

σi ∈ Σ such that Λ̄ − σi(µi) ∈ Q. According to Corollary 6.10, each weight space F(Λ̄−β̄,µ̇i;−ki)
is

non-zero, and we can get a non-zero vi ∈ F(Λ̄−β̄,µ̇i;−ki)
from the joint highest weight vector σi(v(Yµi))

via ĝ-action. In other words, for each i we locate a weight space σi(µi, µ̇i;−dµi) from which we are able
to go down into the weight space (Λ̄ − β̄, µ̇i;−ki). This reduction process can be shown graphically
as in Figure 1.

(Λ̄− β̄, µ̇n;−kn)

(Λ̄− β̄, µ̇i;−ki)

(Λ̄− β̄, µ̇i−1;−ki−1)

(Λ̄− β̄, ˙̄Λ;−dΛ − b)

σn(µn, µ̇n;−dµn)

σi(µi, µ̇i;−dµi)

σi−1(µi−1, µ̇i−1;−dµi−1)

(Λ̄, ˙̄Λ;−dΛ)

w

−βi

−βi−1

−β = −β̄ − bδ

ζ̇i+1 + · · ·+ ζ̇n

ζ̇i

ζ̇1 + · · ·+ ζ̇i−1

Figure 1: Step-by-step reduction of the moving process

With this reduction, we discuss how the defect changes in each step. Set Λ(i) := σi(µi+RΛ0−dµiδ)

and βi := Λ(i) − (Λ̄− β̄ +RΛ0 − kiδ) ∈ Q̃, the defect of the weight space Vĝ(Λ(i))Λ(i)−βi
is

Def
(
Λ(i), βi

)
=

1

2

(
|σi(µi +RΛ0 − dµiδ)|2 −

∣∣Λ̄− β̄ +RΛ0 − kiδ
∣∣2)

=
1

2

(
|µi|2 −

∣∣Λ̄− β̄∣∣2)−R(dµi − ki).

The difference of defects in each step is

Def(Λ(i−1), βi−1)−Def(Λ(i), βi) =
1

2
(|µi−1|2 − |µi|2) +R(−dµi−1 + dµi + (ki−1 − ki)). (6.3.1)

Note that Def(Λ(0), β0) = Def(Λ, β), and Def(Λ(n), βn) = 0 since the weights are in the same Weyl
group orbit. Thus we have Def(Λ, β) =

∑n
i=1

(
Def(Λ(i−1), βi−1)−Def(Λ(i), βi)

)
. On the other hand,

the moving vector maps under Ψ to the sum of the differences of weights ζ̇i in each step, that is,
Ψ(mv(Λ, β)) =

∑n
i=1 ζ̇i. It is sufficient for us to prove the following Claim.
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Claim. Def(Λ(i−1), βi−1)−Def(Λ(i), βi) = htexζ̇i for each i.

According to the construction, ζ̇i = µ̇i−µ̇i−1+(ki−1−ki)δ̇ ∈ ∆̇+
ex is a root. Following a case-by-case

discussion we consider all possible positive roots ζ̇i.
By examining the set of positive roots for each non-branching type from Appendix B, we can

conclude a unified characterization of ∆̇+
ex. Consider the set

S = {ϵ̇p − ϵ̇q | p < q} ∪ {ϵ̇p + ϵ̇q} ∪ {ϵ̇p,−ϵ̇p +
1

2
δ̇}.

Then any positive root can always be expressed as ζ̇i = α̇+nδ̇, where α̇ ∈ ±S∪{0} and nδ̇ ∈ (∆̇ex)
+
im.

We first prove that Claim holds for ζ̇i ∈ (∆̇ex)
+
im and ζ̇i ∈ S through a case-by-case discussion. After

that, we consider the case ζ̇i = α̇+ nδ̇, thereby providing a complete discussion for all positive roots.

We briefly state the idea. Since in each case µ̇j = Y t
µj
+

L2h mod 2

2 1 for j = i−1, i, we can interpret
the difference µ̇i − µ̇i−1 using Young diagrams and give the relations between µi, µi−1.

Case 1. ζ̇i = (ki−1−ki)δ̇. Then µ̇i = µ̇i−1 and |µi−1|2 = |µi|2. Since htexδ̇ = R for all types (recall
again the special convention for D(2) in §2.5),

htexζ̇i = R(ki−1 − ki) = Def(Λ(i−1), βi−1)−Def(Λ(i), βi).

Case 2. ζ̇i = ϵ̇p − ϵ̇q, 1 ⩽ p < q ⩽ r. Then htexζ̇i = q − p and µ̇i = µ̇i−1 + ϵ̇p − ϵ̇q, dµi−1 = dµi ,
ki−1 = ki. The operation getting Young diagram Yµi from Yµi−1 is given in Figure (Case 2).

If h = 1
2 , then µj = Yµj +

R1̄
2 1. That is, for some 1 ⩽ m < n ⩽ l,

µi−1 = (. . . ,
m
q , . . . ,

n
p− 1, . . .) +

R1̄

2
1; µi = (. . . ,

m
q − 1, . . . ,

n
p, . . .) +

R1̄

2
1.

Then the equality becomes LHS = 1
2(|µi−1|2 − |µi|2) = q − p = htexζ̇i.

If h = 0, then µj = Y c
µj

+ R0̄ (mod 2)
2 1. That is, for some 1 ⩽ n < m ⩽ l,

µi−1 = (. . . ,
n

−p+ 1, . . . ,
m
−q, . . .) + R0̄

2
1; µi = (. . . ,

n
−p, . . . ,

m
−q + 1, . . .) +

R0̄

2
1.

Then the equality becomes LHS = 1
2(|µi−1|2 − |µi|2) = q − p = htexζ̇i.

The remaining cases are similar, and we only give a sketch.
Case 3. ζ̇i = ϵ̇p + ϵ̇q, 1 ⩽ p, q ⩽ r. Then htexζ̇i = R0̄ + 1 − q − p and µ̇i = µ̇i−1 + ϵ̇p + ϵ̇q,

dµi − dµi−1 = 2h. The operation getting Young diagram Yµi from Yµi−1 is given in Figure (Case 3).

Case 4. ζ̇i = ϵ̇p, 1 ⩽ p ⩽ r. Then htexζ̇i =
R0̄+1

2 − p and µ̇i = µ̇i−1 + ϵ̇p, dµi − dµi−1 = h. The
operation getting Young diagram Yµi from Yµi−1 is given in Figure (Case 4).

Case 5. ζ̇i = −ϵ̇p + 1
2 δ̇, 1 ⩽ p ⩽ r. Then htexζ̇i = p+ R1̄−1

2 and µ̇i = µ̇i−1 − ϵ̇p, dµi − dµi−1 = −h,
ki−1 − ki = 1

2 . The operation getting Young diagram Yµi from Yµi−1 is given in Figure (Case 5).

−

+Row p

Row q

Col m Col n

(Case 2) Y t
µi

= Y t
µi−1

+ ϵ̇p − ϵ̇q

+

+Row p

Row q

Col m Col n

(Case 3) Y t
µi

= Y t
µi−1

+ ϵ̇p + ϵ̇q
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+Row p

Col n

(Case 4) Y t
µi

= Y t
µi−1

+ ϵ̇p

−Row p

Col n

(Case 5) Y t
µi

= Y t
µi−1
− ϵ̇p

So far we have finished the discussions for ζ̇i ∈ (∆̇ex)
+
im or ζ̇i ∈ S. Finally we suppose ζ̇i = α̇+ nδ̇,

α̇ ∈ ±S ∪ {0}, nδ̇ ∈ (∆̇ex)
+
im. The idea is to check the desired equality using the additivity on both

sides. Take the weight space (Λ̄− β̄, µ̇i;−ki − n), which is non-zero since nδ̇ ∈ (∆̇ex)
+
im and therefore

Vĝ(Λ(i))Λ(i)−βi−nδ̇ ̸= 0. Consider the following weight diagram.

(µi, µ̇i;−dµi)
−βi // (Λ̄− β̄, µ̇i;−ki)

(µi−1, µ̇i−1;−dµi−1)
−βi−1 // (Λ̄− β̄, µ̇i−1;−ki−1)

ζ̇i

OO

(µi, µ̇i;−dµi)
−βi−nδ // (Λ̄− β̄, µ̇i;−ki − n)

−α̇

OO

The case −α̇ ∈ S has been discussed in the previous cases. If on the contrary −α̇ ∈ −S, then in the
above diagram, we goes down from the middle row to the bottom row via α̇, which can be discussed
analogously. Checking the changes of weights as well as defects, we have:(

Def(Λ(i), βi + nδ)−Def(Λ(i−1), βi−1)
)
+
(
Def(Λ(i−1), βi−1)−Def(Λ(i), βi)

)
= Def(Λ(i), βi + nδ)−Def(Λ(i), βi),

htex(−α̇) + htexζ̇i = htexnδ̇.

Then by Cases 1-5 above, the first term as well as the third term in two equations coincide respectively,
forcing Def(Λ(i−1), βi−1)−Def(Λ(i), βi) = htexζ̇i.

We have verified the equality for all possible positive roots, which finishes the proof.

7 Concluding comments

Finally, we briefly present some applications of the duality theorem, abacus models, and moving
vectors. We mainly focus on the following two points. On the one hand, based on the new realization
of duality, we refine the duality results regarding the counting of max+(Λ) in [17]. On the other
hand, using moving vectors, we provide a new and more concise description of the conditions on the
representation types of cyclotomic KLR algebras of types A(1) and C(1) in [2, 3, 18].

7.1 Counting of max+

Recall that in [17] the weight set max+(Λ) was characterized by defining root-sieving equivalence
classes of dominant weights, and formulae counting the sizes of these classes were provided. By
observing a certain symmetry between level and rank in the formula, several pairs of sets of equal size
under the interchange of level and rank are constructed, providing a level-rank duality at the counting
level. Based on the concrete realization of level-rank duality in this paper, we revisit the relations of
the max+ sets corresponding to these dual weights.
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Since the duality we consider is between Σ⋉ ĝ and Σ̇⋉ ˆ̇g, the correspondence between the dominant
weights of the affine algebras may not be one-to-one, as considered in Example 4.7. In other words, the
level-rank duality we constructed gives a one-to-one correspondence between the orbits of the dominant
weights of the affine Lie algebras on both sides under the action of the diagram automorphism groups.
Combining the root-sieving equivalence class decompositions given in Lemma 2.4 and Remark 5.1, we
can realize the counting equality of max+(Λ) sets to concrete correspondence of weights.

We use two examples to illustrate this correspondence between orbits and give the counting of
their max+ sets.

Example 7.1. (1) Let (ĝ, ˆ̇g) = (ŝo(2l), ŝo(2r+1, 1)) and h = 1
2 . By Lemma 2.4, the dominant weights

of ŝo(2l) in this case are divided into two root-sieving equivalence classes:

P̃+(2r + 2)1̄,1̄/∼ = {(2r + 2)Λ0 +ϖl−1} ⊔ {(2r + 2)Λ0 +ϖl}.

Note that both the diagram automorphisms σ01 and σl−1,l permute the two equivalence classes. For
Y ∈ P l

r, λY and σ01σl−1,l(λY) lie in the latter equivalence class, while σ01(λY) and σl−1,l(λY) lie in
the former. Under duality, all these four weights correspond to the same λ̇Y. In other words,

{λY, σ01σl−1,l(λY)}
2:1←→ {λ̇Y}; {σ01(λY), σl−1,l(λY)}

2:1←→ {λ̇Y}.

On the other hand, calculating the size of the equivalence classes according to the formulae in [17]
yields ∣∣∣∣max+

D
(1)
l

((2r + 1)Λ0 + Λi)

∣∣∣∣ = 2

(
l + r

r

)
, i = l, l − 1;

∣∣∣∣max+
D

(2)
r+1

(
2lΛ̇0

)∣∣∣∣ = (l + r

r

)
.

That is, the correspondence of the Σ-orbits of the root-sieving equivalence classes provides the corre-
spondence for the counting of the max+ sets.

(2) Let (ĝ, ˆ̇g) = (ŝo(2l + 1), ŝo(2r + 1)) and h = 0. In this case, all dominant weights with respect
to ĝ or ˆ̇g in F lie respectively in the same root-sieving equivalence class max+

B
(1)
l

(2rΛ0 + Λl) or

max+
B

(1)
r

(
2lΛ̇0 + Λ̇r

)
. Similar to the case in Example 5.3, the Young diagrams Y ∈P l

r corresponding

to the highest weight vectors are divided into the following two types based on their behavior under
the diagram automorphism groups Σ and Σ̇.

If yl = 0, then yc1 = r and yt1 < l. Thus σ01(λY) = λY and λ̇Y ̸= σ̇01(λ̇Y). There are
(
l+r−1
l−1

)
such

Y . In this case, we have the orbit set correspondence:

{λY | yl = 0} 1:2←→ {λ̇Y, σ̇01(λ̇Y) | yl = 0}.

If yl ̸= 0, then yc1 < r and yt1 = l. Thus σ01(λY) ̸= λY and λ̇Y = σ̇01(λ̇Y). There are
(
l+r−1
r−1

)
such

Y . The orbit set correspondence is as follows.

{λY, σ01(λY) | yl ̸= 0} 2:1←→ {λ̇Y | yl ̸= 0}.

Calculating the size of the equivalence classes according to the formulae in [17] yields∣∣∣∣max+
B

(1)
l

(2rΛ0 + Λl)

∣∣∣∣ = (l + r − 1

l − 1

)
+ 2

(
l + r − 1

l

)
;∣∣∣max+

B
(1)
r

(
2lΛ̇0 + Λ̇r

)∣∣∣ = 2

(
l + r − 1

r

)
+

(
l + r − 1

r − 1

)
.

That is, although the two max+ sets are of equal size in this case, this equality at the counting level
is actually not given by a one-to-one correspondence of roots, but happens to be pieced together by
two sets of orbit correspondences.
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7.2 Conditions for finite representation type

In this subsection, we reformulate the conditions on the representation types of cyclotomic KLR
algebras of types A(1) and C(1) in [2, 3, 18].

According to [18], for type A(1), the moving vectors on the abacus corresponding to a block can
be used to give criterion of finite representation type. In short, the sufficiency requires a detailed
discussion of the charge sequence of the abacus. However, by summarizing various cases, we can
deduce a more concise necessary condition. Namely, a block is of finite representation type only if the
image of its moving vector under Ψ is a root not exceeding δ̇. The idea of “splitting the move into
steps, each corresponding to a positive root” in §6.3 is closely related to the aforementioned condition.

On the other hand, also for type A(1), a quiver was constructed in [3], whose vertices are elements
in the root-sieving equivalence class of Λ. This quiver helps to classify various cases of Λ and β in
detail, and giving criteria for the block to be of finite, tame, or wild type, respectively. The criteria
for type C(1) was later given in [2].

By mapping each dominant weight on the quiver constructed in [3] to a Young diagram according
to formula (4.1.1) or (4.1.2) and considering its dual, we can routinely verify that two dominant weights
Λ and Λ′ are directly linked on the quiver if and only if their dual weights Λ̇ and Λ̇′ are adjacent in
the sense of Lemma 6.13(1), i.e., there are no other dominant weights between them.

Consider dual pairs of type A(1) or C(1). For Λ ∈ P̃+(R) and β ∈ Q+ such that Λ − β ∈ P (Λ),
and assume that there is a Weyl group element w, λ ∈ P+(R), and k ∈ Q such that Λ − β − dΛδ =

w(λ+RΛ0 − kδ). Let (λ, λ̇) and (Λ̄, ˙̄Λ) be dual pairs of weights. Then, by the methods in [3, 2], the

algebra RΛ
β is of finite representation type if and only if the two weights λ̇−dλδ̇ >

˙̄Λ−kδ̇ are adjacent
in the sense of Lemma 6.13(1). Particularly, we have the following proposition.

Proposition 7.2. For type A(1) or C(1), Λ ∈ P̃+(R) and β ∈ Q+ such that Λ − β ∈ P (Λ), if the
algebra RΛ

β has finite representation type, then the moving vector Ψ(mv(Λ, β)) ∈ ∆̇+ is a positive root

not exceeding δ̇, and the defect of the weight space satisfies Def(Λ, β) < R.

Appendix

A Datum of each type

For the affine Lie algebra ĝ of each classical type, we list the following data:
• the Dynkin diagram and the Dynkin indices ai, a

∨
i ;

• the finite dimensional Lie algebra g used to construct ĝ, and its dimension;

• the root data of its finite dimensional subalgebra g̊, writing as the coordinates under the standard
basis h̊∗ = Span{ϵi}, including simple roots αi, the highest root θ and the half sum of positive
roots ρ;

• the weight data of its finite dimensional subalgebra g̊, writing as the coordinates under the
standard basis h̊∗ = Span{ϵi}, including fundamental dominant weights ϖi;

• the group of diagram automorphisms Σ needed for duality and its action;

• For R ∈ Z>0, the set of orbit representatives of level-R dominant weights under Σ.

A.1 Type D
(1)
l , ĝ = ŝo(2l)

0

1

2 3
· · · · · ·

l−3 l−2

l−1

l

σ01 σl−1,l
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• (a0, . . . , al) = (1, 1, 2, . . . , 2, 1, 1); (a∨0 , . . . , a
∨
l ) = (1, 1, 2, . . . , 2, 1, 1); h∨ = 2l − 2.

• g = so(2l), dim g = l(2l − 1).

• αi = ϵi − ϵi+1 for 1 ⩽ i ⩽ l − 1; αl = ϵl−1 + ϵl; θ = ϵ1 + ϵ2; ρ =
l∑

i=1
(l − i)ϵi.

• (ϵi|ϵj) = δi,j ; D = diag(1, 1, . . . , 1, 1).

• ϖi = ϵ1 + · · ·+ ϵi for 1 ⩽ i ⩽ l − 2;
ϖl−1 =

1
2(ϵ1 + · · ·+ ϵl−1 − ϵl); ϖl =

1
2(ϵ1 + · · ·+ ϵl−1 + ϵl).

• Diagram automorphism: Σ = ⟨σ01, σl−1,l⟩,
σ01 switches the vertices 0 and 1; σl−1,l switches the vertices l − 1 and l.

• The group Σ acts on h̃∗ as follows.

σ01 : sδ +RΛ0 +
l∑

i=1

yiϵi 7→ (s− R

2
+ y1)δ +RΛ0 + (R− y1)ϵ1 +

l∑
i=2

yiϵi.

σl−1,l : sδ +RΛ0 +
l∑

i=1

yiϵi 7→ sδ +RΛ0 +
l−1∑
i=1

yiϵi − ylϵl.

• P̃+
Σ (R) =

{
l∑

i=0
ciΛi |

l∑
i=0

cia
∨
i = R, c0 ⩾ c1, cl ⩾ cl−1

}
.

A.2 Type B
(1)
l , ĝ = ŝo(2l + 1)

0

1

2 3
· · · · · ·

l−2 l−1 l
σ01

• (a0, . . . , al) = (1, 1, 2, . . . , 2, 2); (a∨0 , . . . , a
∨
l ) = (1, 1, 2, . . . , 2, 1); h∨ = 2l − 1.

• g = so(2l + 1), dim g = l(2l + 1).

• αi = ϵi − ϵi+1 for 1 ⩽ i ⩽ l − 1; αl = ϵl; θ = ϵ1 + ϵ2; ρ =
l∑

i=1
(l + 1

2 − i)ϵi.

• (ϵi|ϵj) = δi,j ; D = diag(1, 1, . . . , 1, 12).

• ϖi = ϵ1 + · · ·+ ϵi for 1 ⩽ i ⩽ l − 1; ϖl =
1
2(ϵ1 + · · · ϵl−1 + ϵl).

• Diagram automorphism: Σ = ⟨σ01⟩,
σ01 switches the vertices 0 and 1.

• The group Σ acts on h̃∗ as follows.

σ01 : sδ +RΛ0 +

l∑
i=1

yiϵi 7→ (s− R

2
+ y1)δ +RΛ0 + (R− y1)ϵ1 +

l∑
i=2

yiϵi.

• P̃+
Σ (R) =

{
l∑

i=0
ciΛi |

l∑
i=0

cia
∨
i = R, c0 ⩾ c1

}
.

A.3 Type D
(2)
l+1, ĝ = ŝo(2l + 1, 1)

10 2
· · · · · ·

l−2 l−1 l

• (a0, . . . , al) = (2, . . . , 2); (a∨0 , . . . , a
∨
l ) = (1, 2, . . . , 2, 1); h∨ = 2l.

• g = so(2l + 1, 1), dim g = (l + 1)(2l + 1).
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• αi = ϵi − ϵi+1 for 1 ⩽ i ⩽ l − 1; αl = ϵl; θ = ϵ1; ρ =
l∑

i=1
(l + 1

2 − i)ϵi.

• (ϵi|ϵj) = δi,j ; D = diag(12 , 1, . . . , 1,
1
2).

• ϖi = ϵ1 + · · ·+ ϵi for 1 ⩽ i ⩽ l − 1; ϖl =
1
2(ϵ1 + · · · ϵl−1 + ϵl).

• Diagram automorphism: Σ = {id}.

• P̃+
Σ (R) =

{
l∑

i=0
ciΛi |

l∑
i=0

cia
∨
i = R

}
.

A.4 Type A
(2)
2l−1, ĝ = ŝl (2)(2l)

0 1 2
· · · · · ·

l−3 l−2

l−1

l

σl−1,l

• (a0, . . . , al) = (1, 2, . . . , 2, 1, 1); (a∨0 , . . . , a
∨
l ) = (2, 2, . . . , 2, 1, 1); h∨ = 2l.

• g = sl(2l), dim g = (2l + 1)(2l − 1).

• αi = ϵi − ϵi+1 for 1 ⩽ i ⩽ l − 1; αl = ϵl−1 + ϵl; θ = 2ϵ1; ρ =
l∑

i=1
(l − i)ϵi.

• (ϵi|ϵj) = δi,j ; D = diag(2, 1, . . . , 1, 1).

• ϖi = ϵ1 + · · ·+ ϵi for 1 ⩽ i ⩽ l − 2;
ϖl−1 =

1
2(ϵ1 + · · ·+ ϵl−1 − ϵl); ϖl =

1
2(ϵ1 + · · ·+ ϵl−1 + ϵl).

• Diagram automorphism: Σ = ⟨σl−1,l⟩,
σl−1,l switches the vertices l − 1 and l.

• The group Σ acts on h̃∗ as follows.

σl−1,l : sδ +RΛ0 +

l∑
i=1

yiϵi 7→ sδ +RΛ0 +

l−1∑
i=1

yiϵi − ylϵl.

• P̃+
Σ (R) =

{
l∑

i=0
ciΛi |

l∑
i=0

cia
∨
i = R, cl ⩾ cl−1

}
.

A.5 Type A
(2)
2l , ĝ = ŝl (2)(2l + 1)

0 1 2
· · · · · ·

l−2 l−1 l

• (a0, . . . , al) = (1, 2, . . . , 2, 2); (a∨0 , . . . , a
∨
l ) = (2, 2, . . . , 2, 1); h∨ = 2l + 1.

• g = sl(2l + 1), dim g = 2l(2l + 2).

• αi = ϵi − ϵi+1 for 1 ⩽ i ⩽ l − 1; αl = ϵl; θ = 2ϵ1; ρ =
l∑

i=1
(l + 1

2 − i)ϵi.

• (ϵi|ϵj) = δi,j ; D = diag(2, 1, . . . , 1, 12).

• ϖi = ϵ1 + · · ·+ ϵi for 1 ⩽ i ⩽ l − 1; ϖl =
1
2(ϵ1 + · · · ϵl−1 + ϵl).

• Diagram automorphism: Σ = {id}.

• P̃+
Σ (R) =

{
l∑

i=0
ciΛi |

l∑
i=0

cia
∨
i = R

}
.

A.6 Type A
(1)
l−1, ĝ = ŝl(l)
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1 2
· · · · · ·

l−2 l−1

0

⟲
σcyc

• (a0, . . . , al−1) = (1, . . . , 1); (a∨0 , . . . , a
∨
l−1) = (1, . . . , 1); h∨ = l.

• g = sl(l), dim g = l2 − 1. Root vectors:

ei = Ei,i+1(0) for i = 1, . . . , l − 1, e0 = El,1(1);

fi = Ei+1,i(0) for i = 1, . . . , l − 1, f0 = E1,l(−1).

• αi = ϵi − ϵi+1 for 1 ⩽ i ⩽ l − 1; θ = ϵ1 − ϵl; ρ =
l∑

i=1
(l + 1− i)ϵi.

• (ϵi|ϵj) = δi,j ; D = diag(1, . . . , 1).

• The fundamental weights of gl(l): ϖi = ϵ1 + · · ·+ ϵi, for 1 ⩽ i ⩽ l.

• For a weight Y =
l∑

i=1
yiϵi of gl(l), denote by [Y ] := Y −

( l∑
i=1

yi
)
1 the corresponding weight of

sl(l), where 1 = (1, 1, · · · , 1).
• Diagram automorphism: Σ = ⟨σ#cyc⟩, for ĝl(l).
Let σcyc be the diagram automorphism of ŝl(l) permuting the vertices 0, 1, . . . , l − 1 cyclically.

It lifts to an automorphism of infinite order σ#cyc on ĝl(l). (ref. [12, §1.3.4]).
• The automorphism σcyc acts on h̃∗ as follows.

σcyc : sδ +RΛ0 +
l∑

i=1

yiϵi 7→ (s−R(l − 1)/2l − yl)δ +RΛ0 +
l∑

i=1

(yi−1 + (δi1 − 1/l)R)ϵi.

• The automorphism σ#cyc acts on ĝ as follows.

σ#cyc : Eij(n) 7→ Ei+1,j+1 (mod l)(n− δil + δjl)− δn0δilδjl · c.

• P̃+
Σ (R) =

{
l∑

i=0
ciΛi |

l∑
i=0

cia
∨
i = R, c0 > 0

}
.

A.7 Type C
(1)
l , ĝ = ŝp(2l)

0 1 2
· · · · · ·

l−2 ll−1

• (a0, . . . , al) = (1, 2, . . . , 2, 1); (a∨0 , . . . , a
∨
l ) = (2, 2, . . . , 2, 2); h∨ = 2l + 2.

• ĝ = ŝp(2l) := {x ∈ gl(2l) | xTJsp + Jspx = 0}, where Jsp =

(
Jl
−Jl

)
; dim g = l(2l + 1). Root

vectors: Let Cij = Eij − sgn(ij)E−j,−i.

ei = Ci,i+1(0) for i = 1, . . . , l − 1, e0 = C−1,1(1), el = Cl−1,−l(0);

fi = Ci+1,i(0) for i = 1, . . . , l − 1, f0 = C1,−1(−1), fl = C−l,l−1(0).

• αi = ϵi − ϵi+1 for 1 ⩽ i ⩽ l − 1; αl = 2ϵl; θ = 2ϵ1; ρ =
l∑

i=1
(l + 1− i)ϵi.

• (ϵi|ϵj) = δi,j ; D = diag(2, 1, . . . , 1, 2).

• ϖi = ϵ1 + · · ·+ ϵi for 1 ⩽ i ⩽ l.

• Diagram automorphism: Σ = {id}.

• P̃+
Σ (R) =

{
l∑

i=0
ciΛi |

l∑
i=0

cia
∨
i = R

}
.
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B The set of positive roots for non-branching types

Referring to [16, Prop 6.3] and [5, Appendix A], we list the set of positive roots ∆̇+
ex for all non-

branching type classical affine Dynkin diagram. The Dynkin diagram tA
(2)
2l is obtained from A

(2)
2l by

reindex the vertices reversedly, see Remark 2.3.
Here we denote by ∆+

im (resp. ∆+
re) the set of imaginary (resp. real) positive roots, with the

subscripts s, l,m corresponding to the set of the shortest, the longest, or the medium real roots,
respectively.

In all the following sets, the indices i, j always run over 1 ⩽ i < j ⩽ l. The set of positive roots
for each non-branching type is given in Table 8.

Type Positive Roots (∆+)

A
(1)
l−1

∆+
im = N+δ

∆+
re = ({ϵi − ϵj}+ Nδ) ∪ ({−ϵi + ϵj}+ N+δ)

C
(1)
l

∆+
im = N+δ

∆+
re,s = ({ϵi ± ϵj}+ Nδ) ∪ ({−ϵi ± ϵj}+ N+δ)

∆+
re,l = ({2ϵi}+ Nδ) ∪ ({−2ϵi}+ N+δ)

D
(2)
l+1

∆+
im = 1

2N
+δ

∆+
re,l = ({ϵi ± ϵj}+ Nδ) ∪ ({−ϵi ± ϵj}+ N+δ)

∆+
re,s = ({ϵi}+ 1

2Nδ) ∪ ({−ϵi}+ 1
2N

+δ)

A
(2)
2l

∆+
im = N+δ

∆+
re,m = ({ϵi ± ϵj}+ Nδ) ∪ ({−ϵi ± ϵj}+ N+δ)

∆+
re,s = ({ϵi}+ Nδ) ∪ ({−ϵi}+ N+δ)

∆+
re,l = ({±2ϵi}+ (1 + 2N)δ)

tA
(2)
2l

∆+
im = N+δ

∆+
re,m = ({ϵi ± ϵj}+ Nδ) ∪ ({−ϵi ± ϵj}+ N+δ)

∆+
re,l = ({2ϵi}+ Nδ) ∪ ({−2ϵi}+ N+δ)

∆+
re,s = ({±ϵi}+ (12 + N)δ)

Table 8: Root System Data for Non-Branching Types

C Actions of pairs (ĝ, ˆ̇g)

We list for each type the algebras ĝ, ˆ̇g and ĝw, together with the detailed actions of ĝ, ˆ̇g on F .
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C.1 Type (O(r), O(r)) Let (ĝ, ˆ̇g) = (ŝo(L0̄, L1̄), ŝo(R0̄, R1̄)) and gw = so(L0̄R0̄+L1̄R1̄, L1̄R0̄+L0̄R1̄).
As a level-1 ĝw-module, F admits commuting actions by ĝ and ˆ̇g via restriction:

π : ĝ → End(F )
Dij(n) 7→

∑
(s,γ)

:ψi,s(n− γ)ψ−j,−s(γ) :

c 7→ R;

π̇ : ˆ̇g → End(F )
Dpq(n) 7→

∑
(k,γ)

:ψk,p(n− γ)ψ−k,−q(γ) :

ċ 7→ L.

C.2 Type (A(2), A(2)) Let (ĝ, ˆ̇g) = (ĝl (2)(L), ŝl (2)(R)), ĝw = ĝl (2)(LR) and fix h = 0. As a level-1
ĝw-module, F admits commuting actions by ĝ and ˆ̇g via restriction:

π : ĝ → End(F )

Aij(n) 7→
∑
s

∑
γ

:ψi,s(n− γ)ψ−j,−s(γ) :

A−i,j(n) 7→
∑
s

∑
γ

(−1)γ :ψ−i,s(n− γ)ψ−j,−s(γ) :

Ai,−j(n) 7→
∑
s

∑
γ

(−1)γ :ψi,s(n− γ)ψj,−s(γ) :

Ai,0(n) 7→
∑
s⩾0

∑
γ

:ψ−i,s(n− γ)ψ0,−s(γ) : +
∑
s<0

∑
γ

(−1)γ :ψ−i,s(n− γ)ψ0,−s(γ) :

A−i,0(n) 7→
∑
s⩾0

∑
γ

(−1)γ :ψ−i,s(n− γ)ψ0,−s(γ) : +
∑
s<0

∑
γ

:ψ−i,s(n− γ)ψ0,−s(γ) :

A0,0(n) 7→
∑
s̸=0

∑
γ

:ψ0,s(n− γ)ψ0,−s(γ) : +
∑
γ

(−1)γ :ψ0,0(n− γ)ψ0,0(γ) :

c 7→ R;

for i, j > 0, and

π̇ : ˆ̇g→ End(F )

Apq(n) 7→



∑
γ

(∑
k⩾0

:ψk,p(n− γ)ψ−k,−q(γ) : +(−1)n
∑
k<0

:ψk,p(n− γ)ψ−k,−q(γ) :

)
,

if p > 0, q ⩾ 0;∑
γ

(∑
k>0

:ψk,p(n− γ)ψ−k,−q(γ) : +(−1)n
∑
k⩽0

:ψk,p(n− γ)ψ−k,−q(γ) :

)
,

if p ⩽ 0, q < 0;∑
γ

(∑
k>0

:ψk,p(n− γ)ψ−k,−q(γ) : +(−1)n
∑
k<0

:ψk,p(n− γ)ψ−k,−q(γ) :

)
+
∑
γ

: (−1)γψ0,p(n− γ)ψ0,−q(γ) : , otherwise.

ċ 7→ L.

C.3 Type (C(1), C(1)) Let (ĝ, ˆ̇g) = (ŝp(2l), ŝp(2r)) and ĝw = ŝo(4lr). As a level-1 ĝw-module, F
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admits commuting actions by ĝ and ˆ̇g via restriction:

π : ĝ → End(F )

Cij(n) 7→
r∑

s=1

∑
γ

(:ψi,s(n− γ)ψ−j,−s(γ) : + sgn(ij) :ψi,−s(n− γ)ψ−j,s(γ) : )

c 7→ r;

π̇ : ˆ̇g→ End(F )

Cpq(n) 7→
l∑

k=1

∑
γ

(:ψk,p(n− γ)ψ−k,−q(γ) : + sgn(pq) :ψ−k,p(n− γ)ψk,−q(γ) : )

ċ 7→ l.

C.4 Type (A(1), A(1)) Let (ĝ, ˆ̇g) = (ĝl(l), ŝl(r)) and ĝw = ŝo(2lr). As a level-1 ĝw-module, F admits
commuting actions by ĝ and ˆ̇g via restriction:

π : ĝ → End(F )
Eij(n) 7→

∑r
s=1

∑
γ :ψi,s(n− γ)ψ−j,−s(γ) :

c 7→ r;

π̇ : ˆ̇g → End(F )

Epq(n) 7→
∑l

k=1

∑
γ :ψk,p(n− γ)ψ−k,−q(γ) :

ċ 7→ l.
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