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1. Introduction

In 1982 Beilinson, Bernstein and Deligne introduced recollements of triangulated categories in con-
texts of the derived categories of perverse sheaves over singular spaces, which provide a derived version
of Grothendieck’s six functors on abelian categories (see [13,4]). Since then, they have been used in alge-
braic geometry and topology and recently in representation theory. For instance, Happel used recollements
of bounded derived module categories to establish reduction techniques for homological conjectures (see
[14]). More recently, recollements have become of interest in studying tilting theory of infinitely generated
tilting modules and algebraic K-groups of rings (see [1,3,6,8-10]).

To produce recollements of triangulated categories, there are many methods available. For instance, one
may take stable categories of Frobenius categories or quotient categories by smashing subcategories. But,
to construct recollements of derived module categories of rings seems to be a difficult question, and little is
known about it. A known example is the Cline-Parshall-Scott construction: For a stratifying ideal ReR of a
ring R generated by an idempotent element e, there is a recollement (Z(R/ReR), Z(R), Z(eRe)) of derived
module categories of rings R/ReR, R and eRe (see [11]), where Z(R) denotes the (unbounded) derived
module category of R. Another example is the recollement from an infinitely generated tilting module of
projective dimension at most 1 (see [8]).

The purpose of the present paper is to establish a general method for constructing recollements of derived
module categories of rings by homological exact contexts. The advantage of such a construction is that all
rings in the recollements can be described explicitly from data of given exact contexts. Consequently, we
construct recollements of derived module categories from Milnor squares, localizations, ring extensions and
ring epimorphisms.

To state our results more precisely, we introduce a few terminology.

Recall from [5] that an ezact context is a quadruple (A, u, M, m) consisting of two ring homomorphisms
A:R— Sand p: R— T, an S-T-bimodule M and a fixed element m € M, such that the sequence

-m
A, —m-
(%) 0—>RM>SEBTM>M—>O
is an exact sequence of abelian groups, where -m and m- denote the right and left multiplication maps by
m, respectively. An exact context (X, i, M,m) is said to be homological if Tor?(T,S) = 0 for all 7 > 1.
Given an exact context (A, u, M,m), we associate it with an unitary (associative) ring T Xp S, called

the noncommutative tensor product of (A, u, M, m) (see [5] for details), and a triangular matrix ring A :=
M
(g T > Our main result reads as follows.

Theorem 1.1. Let (A, u, M, m) be a homological exact context with T Rg S as its noncommutative tensor
product. Then there exists a recollement of the derived module categories of rings:

= T~ VR
(T Ry S) 2(A) 2(R).
~N~—_ ~—_

If the projective dimensions of rS and Tr are finite, then this recollement can be restricted to a recollement
of bounded derived module categories:

— =
2T Kg S) P°(A) P°(R).
N~ ~N~—

Theorem 1.1 enables us to study categorical and homological properties of R by those of S and T through
the related rings A and T X g S, and vice versa. For instance, this is used in [7] to investigate upper bounds
for the global and finitistic dimensions of R by those of S and T
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As a consequence of Theorem 1.1, we obtain recollements of derived module categories from localizations
of commutative rings.

Corollary 1.2. Let R be a commutative ring, ® a multiplicative subset of R, and A : R — S the localization
of R at ®. If X is injective (for example, if R is an integral domain), then there exists a recollement of
derived module categories

— T — T
P(T1) 2(Endg(S @ S/R)) 2(R)
\_/ \/

where S’ := Endg(S/R) is commutative, V is the image of ® under the induced map R — S’ by right
multiplication and W18’ is the localization of S’ at W.

Recollements in Corollary 1.2 (see also Corollary 4.3) can be used to study infinitely generated tilting
modules of projective dimension at most 1 (see [8]).

As another consequence of Theorem 1.1, we construct recollements of derived module categories from
ring epimorphisms.

Let A : R — S be a ring homomorphism. We consider A as a complex Q°® of left R-modules with R and
S in degrees —1 and 0, respectively. Let S’ := Endgg)(Q*). Then we have the corollary.

Corollary 1.3. Suppose that A : R — S is a homological ring epimorphism with Hompg (S, Ker()\)) =0. If
the projective dimension of gS is at most 1, then there exists a recollement of derived module categories:

m /—\
2(Endg/ (S' @5 S)) Z(Endgg) (S @ Q*)) 2(R).
N~ N - v

Corollary 1.3 not only generalizes [8, Corollary 6.6] where A is required to be injective, but also provides
derived equivalences of rings if S’ ®r S vanishes (see Corollary 4.9).

Finally, we apply Theorem 1.1 to trivially twisted extensions of finite-dimensional algebras (see [21]).

Let A; and A, be finite-dimensional algebras over a field k given by the quivers I' = (T'g,I'y) with
relations {o; | i € Ip}, and A = (A¢ := Ty, A1) with relations {7} | j € Jo}, respectively. Then the trivially
twisted extension A of A; and A, over Ay := kT is given by the quiver Q = (Qp := ', Q1 :=T'1 U Ay),
with the relations {o; | i € Ip} U {7;|j € Jo} U{af | @ € T, € A1}, where 5 means that o comes first
and then (3 follows.

Let A: Ag — A; and p: Ag — As be the canonical inclusions, and let M be the quotient of A by the
ideal generated by {fa | a € T'1,3 € Ay}. Then M is an A;-As-bimodule, (A, u, M, 1) is an exact context

A M
and its noncommutative tensor product is isomorphic to A (see [5, Example 4.4]). Let B := (0 ! 4 >
2

be the triangular matrix ring. Since Ag is semisimple, Tor;4 °(Ay, A1) =0 for all i > 1, and therefore we get
the following result for free.

Corollary 1.4. Let A be the trivially twisted extension of k-algebras Ay and As over a semisimple k-algebra
Ag. Then there exists a recollement of derived module categories:

R =
2(A) 2(B) 2(Ao)
~_ ~_

which can be restricted to a recollement of bounded derived module categories.
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Corollary 1.4 can be used to construct finite-dimensional algebras which have two different derived
stratifications with all of their derived simple factors being finite-dimensional algebras (compared with
examples in [2,8,10]). For instance, we take A; and As to be finite-dimensional local algebras. Moreover,
the recollement in Corollary 1.4 can be applied to describe the algebraic K-groups of A in terms of the ones
of Ag, Ay and Ay (see [6]).

The contents of this paper are outlined as follows. In Section 2, we fix notation and recall a few basic
definitions often used in proofs. In Section 3, we prove Theorem 1.1. In Section 4, we construct recollements of
derived module categories from homotopy pullback squares of rings, ring extensions and ring epimorphisms.

2. Preliminaries

In this section, we shall fix some notation on derived categories and recall the definitions of recollements
and homological ring epimorphisms.

Let C be an additive category.

Throughout the paper, a full subcategory B of C is always assumed to be closed under isomorphisms,
that is, if X € Band Y € C with Y >~ X, then Y € B.

Given two morphisms f : X — Y and g : Y — Z in C, we denote the composite of f and g by fg
which is a morphism from X to Z. The induced morphisms Hom¢(Z, f) : Hom¢(Z, X) — Hom¢(Z,Y) and
Home(f, Z) : Home(Y, Z) — Home(X, Z) are denoted by f* and f., respectively.

We denote the composition of a functor F': C — D between categories C and D with a functor G : D — E
between categories D and E by GF which is a functor from C to E. The kernel and the image of the functor
F are denoted by Ker(F) and Im(F'), respectively.

Let € (C) be the category of all complexes over C with chain maps, and J#(C) the homotopy category of
% (C). When C is abelian, the derived category of C is denoted by 2(C), which is the localization of # (C)
at all quasi-isomorphisms. It is well known that both £ (C) and 2(C) are triangulated categories. For a
triangulated category, its shift functor is denoted by [1] universally.

In this paper, all rings are associative and with identity, and all ring homomorphisms preserve identity.
Unless stated otherwise, all modules are referred to left modules.

Let R be a ring. We denote by R-Mod the category of all unitary R-modules. By our convention of the
composite of two morphisms, if f : M — N is a homomorphism of R-modules, then the image of x € M
under f is denoted by (z)f instead of f(x).

As usual, we shall simply write €(R), 2 (R) and 2(R) for ¥(R-Mod), ¢ (R-Mod) and 2(R-Mod),
respectively, and identify R-Mod with the subcategory of 2(R) consisting of all stalk complexes concentrated
in degree zero. Further, we denote by 2°(R) the full subcategory of Z(R) consisting of all complexes which
are isomorphic in Z(R) to bounded complexes of R-modules.

Let (X*,dxe) and (Y*,dy.) be two chain complexes over R-Mod. The mapping cone of a chain map
h® : X* — Y is usually denoted by Con(h®). The triangle of the form X* 2 ye o Con(h®) — X*[1] in
J(R) is called a distinguished triangle.

For each n € Z, the n-th cohomology functor from 2(R) to R-Mod is denoted by H™(—).

Let M* be a complex of R-S-bimodules. Then the tensor functor M* ®@% — : #(S) — J(R) and
the Hom-functor Hom%(M®, —) : #(R) — J#(S) form a pair of adjoint triangle functors. Denote by
M* ®H§ — the total left-derived functor of M*® ®% —, and by RHompg(M*®, —) the total right-derived functor
of Hom¥%(M*®, —). Note that (M’ ®H§ —,RHompg(M®, —)) is an adjoint pair of triangle functors.

If a triangle functor H : # (R) — ¢ (S) preserves acyclicity, that is, H(X*®) is acyclic whenever X* is
acyclic, then H induces a triangle functor D(H) : 2(R) — 2(S) defined by X*® +— H(X*®). In this case,
D(H) is called the derived functor of H.

Now, we recall the notion of recollements of triangulated categories, which was first defined in [4] to study
“exact sequences” of derived categories of perverse sheaves over geometric objects.
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Definition 2.1. Let D, D’ and D" be triangulated categories. We say that D is a recollement of D' and D"
(or there is a recollement (D", D, D")) if there are six triangle functors among the three categories:

i gt
14 =1 @
pr T 2T gy

such that

(1) (i*,4y), (i1,i'), (ji1, 4') and (5%, j.) are adjoint pairs,

(2) 4, j« and 7 are fully faithful functors,

(3) i'j. = 0 (and thus also j'i; = 0 and i*j; = 0), and

(4) for each object X € D, there are triangles 4i'(X) — X — j.5*(X) — 43" (X)[1] and 55 (X) - X —
i (X) — 5171 (X)[1] in D.

A prominent example of recollements of triangulated categories is given by homological ring epimor-
phisms. Let A : R — S be a homomorphism of rings. Then the restriction functor A\, : S-Mod — R-Mod
induced by A gives rise to a triangle functor D(\,) : 2(S) — Z(R). If X is a homological ring epimorphism,
that is, a ring epimorphism with Tor(S,S) = 0 for all n > 1 (see [12]), then D(X,) is fully faithful and
there exists a recollement (Z(S), 2(R), Tria(rQ®)) of triangulated categories (see [16, Section 4]), where
Q°* is the mapping cone of A and Tria(gQ*®) stands for the smallest full triangulated subcategory of 2(R)
containing Q* and being closed under coproducts. In general, Tria(g@®) may not be equivalent to the
derived module category of a ring.

Equivalences of triangulated (or derived) categories are extreme cases of recollements, that is, either
D' =0 or D" = 0. Recall from [18] that a bounded complex U* of finitely generated projective R-modules
is called a tilting complex over R if U* is self-orthogonal (that is, Homg gy (U*,U®[n]) = 0 for any n # 0) and
Tria(U®) = Z(R). For a tilting complex U*® over R, Z(R) is equivalent to Z(Endgg)(U*)) as triangulated
categories (see [18, Theorem 6.4]). In this case, R and Endgg)(U*®) are said to be derived equivalent. For
advances in constructing derived equivalences of algebras, we refer the reader to [22].

3. Exact contexts and recollements of derived module categories

This section is devoted to the proof of Theorem 1.1.

We assume that (A : R — S, : R — T, M,m) is an exact context. Recall that its noncommutative
tensor product T'Xg S has T ®g S as the underlying abelian group, and its multiplication o is defined: for
any (t;,8;) € T x S withi=1,2,

(t1®s1)o(ta®@s2) i =t1(1@x+y®1)ss,

where (z,y) € S ® T is chosen such that symty = xm + my. For more details, we refer to [5].
An exact context (A, u, M, m) is called an ezact pair ift M = S®rT and m = 1 ® 1. The following result
is shown in [5, Corollary 5.4 and Lemma 3.7].

Lemma 3.1. (1) If X\ is a ring epimorphism, then (A, ) is an exact pair and T ®r S ~ Endp(T ®g S) as
rings.

(2) Let R be a commutative ring, and let S and T be R-algebras via \ and p, respectively. If (A, 1) is an
exact pair, then T Xgr S coincides with the usual tensor product T g S of R-algebras T and S.

Let p=u®S: S—>T®rS, s—»1®sand ¢p=TIA: T TS, t—tR@1forse SandteT,
and let
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B:M—TQrS, t— 158, +t, ®1,

where x € M and (s;,t;) € S@® T is chosen such that x = s,m + mt,. We define

S M T&RS T&RS P ﬁ
A= I':= 0 .= : A—T.
<0 T)’ (T@RS T@RS>’ (O 10)

Then € is a ring homomorphism and Ap = p¢. Furthermore, let

el := ((1) 8),62:— <8 (1)>€A and ¢ : Aeg — Aeo, <8>’_><56n> for s€ S.

Then ¢ is a homomorphism of finitely generated projective A-modules. Clearly, Ae; and Aes are right R-
modules via A and p, respectively, and the map -m : .S — M is a homomorphism of S-R-bimodules. Thus
¢ is a homomorphism of A-R-bimodules.

From now on, let P® be the complex 0 — Ae; 25 Aes — 0 in % (A) with Ae; and Aes in degrees —1
and 0, respectively, that is P* = Con(p). Then P** := Hom}(P*®,A) is given by 0 — eaA 2% A — 0
in €(A°P) with eoA and e;A in degrees 0 and 1, respectively. Moreover, P® is a bounded complex over
A ®z R°, and there is a distinguished triangle Ae; — Aes — P* — Aey[1] in # (A ®z R°P).

According to [5, Theorem 1.1(1)], # : A — T is a universal localization, and thus a ring epimorphism.
This implies that 0, : [-Mod — A-Mod is fully faithful. Now, we regard I'-Mod as a full subcategory of
A-Mod and define a full subcategory of 2(A),

P(M)r = {X* € 2(A) | H"(X*) € I-Mod for all n € Z}.

Lemma 3.2. (1) There exists a recollement of triangulated categories:

i* Jr
) Z20Nr ———= 2(A) ——— 2(R)

where iy is the embedding, ji := A P* ®H§ —, j':=Hom}(P*,—) ~ rP** ®% —, and j. := RHomp(P**, -).
(2) The map 0 : A — T' is homological if and only if Tor(T,S) = 0 for all i > 1. In this case, 2(T) is
equivalent to 2(N)r as triangulated categories.
(3) If X is a homological ring epimorphism, then Tor’(S,T) = 0 for alli > 1 and there are isomorphisms
ii*(Aey) = i,0* (Aeg) =~ Aeg @% S in P(A).

Proof. (1) Since P*® is a bounded complex of finitely generated projective A-modules, the functor
Hom} (P*,—) : # (A) — J (R) preserves acyclicity. Then RHomp (P, —) : 2(A) — 2(R) can be replaced
by Homj (P*®,—) up to natural isomorphism. Moreover, there is a natural isomorphism P** ®% — =
Homj (P®,—) : ¥(A) — €(R). This implies that P** ®% — also preserves acyclicity. Consequently, the
derived functors P** ®% — and P** ®% — from Z(A) to Z(R) are naturally isomorphic. Thus both (s, j')
and (j', j.) are adjoint pairs. Now, the recollement (%) follows from [5, Lemma 5.5(3)].

(2) The first statement is [5, Theorem 1.1(2)], while the equivalence follows from [8, Proposition 3.6(b)].

(3) Since A is homological, it follows from [12, Theorem 4.4] that A induces an isomorphism S ®@% X :
S = S®k% S in 2(S). This implies S®% Con()\) = 0 in 2(S). By the exact sequence (x) in the introduction,
Con(\) =~ Con(m-) in 2(R). Consequently, S ®% Con(m-) = 0 in 2(S). Now, we apply S @% — : 2(R) —
2(8) to the triangle T " M — Con(m-) — T[1] and obtain an isomorphism S ®@% T ~ S ®% M in 2(9).
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Since M € S-Mod and ) is homological, there is a canonical isomorphism S ®% M ~ M in 2(S). Thus
S ®% T~ M in 2(S). This shows Tor;(S,T) = 0 for all i > 1.

The isomorphism i.i*(Aey) =~ i.i*(Ae2) in Z(A) follows from i*(P*®) ~ ¢*ji(R) = 0. Moreover, since A
is homological, the multiplication map S ®g S — S induces an isomorphism S ®% S — Sin 2(S). This
implies that Ae;[1] ®% Homy (P*, Aer) ~ Aeg in Z(A) since Ae; = S and Homy (P®, Aep) ~ S[—1]. Now,
the isomorphism 7.i*(Ae;) ~ Aes ®% S in Z(A) can be concluded from the proof of [5, Lemma 5.8]. O

Corollary 3.3. Let (A, p, M, m) be a homological exact context. Then there exists a recollement of derived
module categories

(©)  2() —= D(A) —— NR)
~_ ~ ~ 7~

with six triangle functors given by

=T ®% -, i,:=D(.), i =RHom(I,—),
Gri=aP*@% - j':=Hom}(P*, —)~ rP** ®% —, j.:=RHompg(P**, ).

To prove Theorem 1.1, we describe relations among projective dimensions of modules over rings related
by exact contexts. For an R-module X, the projective dimension of X is denoted by pdim(zX).

Lemma 3.4. Let (A, u, M, m) be a homological exact context. Then

(1) pdim(gS) < max {1, pdim(oI")} and pdim(,T') < max {2, pdim(gS) + 1}. In particular, pdim(grS) <
oo if and only if pdim(,T") < co.

(2) pdim(Tg) < max {1,pdim(T'y)} and pdim(T') < max {2, pdim(Tr) + 1}. In particular, pdim(Tg) <
oo if and only if pdim(T'y) < oc.

Proof. Note that the ring homomorphisms p°P : R°? — T°P and A°P : R°P — S°P, together with (M, m)
form an exact context. So it is sufficient to show (1) because (2) can be shown similarly.

We first show pdim(gS) < max {1, pdim(AI")}.

For this aim, we use the recollement given in Corollary 3.3. Clearly, there is a triangle P® ®@% P** — A N
[ — P*@% P**[1] in 2(A). This implies that Con(6) is isomorphic in Z(A) to the complex P* @% P**[1].
By (%) in the introduction, we have Con(\) ~ Con(m-) in Z(R). Consequently, P**[1] ~ S @& Con(m-) =~
S @ Con()) in Z(R) and Con(d) ~ P* ®% S @ P ®% Con(\) in 2(A). Since P* ®@% — : 2(R) — 2(A)
is a fully faithful functor, Homg g (S, Y [n]) =~ Homga)(P* ®% S, P* @% Y[n]) for every Y € R-Mod and
n € N.

Suppose pdim(,I') < oo and define s := max {1, pdim(,I')}. To show pdim(rS) < s, we shall prove
Homg(g)(S,Y[n]) = 0 for any n > s and Y € R-Mod. Since P* @% S is a direct summand of Con(6) in
Z(A), it is enough to show Homg)(Con(0), P* ®% Y[n]) = 0 for any n > s.

Recall that Con(6) is the complex 0 — A T - 0 with A and T in degrees —1 and 0, respectively.
Then Con(6) is isomorphic in Z(A) to a bounded complex

X*:0—wX°— X" ... X1 35X 9

such that X* are projective A-modules for all 0 < i < s. Let pY be a deleted projective resolution of rY.
Then
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Homga)(Con(6), P* ®]}§ Y[n]) ~ Homga)(X*®, P* ®]§‘3 Y[n])
= Homg ) (X*, P* ®% (,Y)[n])
~ Hom () (X*, P* @% (,Y)[n])
=0
for any n > s, where the last equality follows from the fact that all terms in positive degrees of the complex
P* ®% (,Y) are 0. This shows pdim(gS) < s.

Next, we show pdim(,I') < max {2, pdim(grS) + 1}.
Suppose pdim(gS) =m < oo, and let

M®:0—M"™—M™™ ... MM —0

be a deleted projective resolution of rS, where M® are projective R-modules for all —m < i < 0. Then
P*@% S = P*@% M* in Z(A). Note that Con()\) is isomorphic in Z(R) to a complex of the form:

Me:0—M"™—M"™ ... s M '®&R— M°—0.
In particular, Mi=0fori>0ori< —max {1,m}. Then P* ®% Con(\) = P* ®%, M* in 2(A). Thus
Con(f) ~ (P*®%M*)®(P*®% M*) in Z(A). Recall that P* is the two-term complex 0 — Ae; —— Aey — 0

with Ae; and Aes in degrees —1 and 0, respectively. This implies that Con(f) is isomorphic in Z(A) to a
complex of the form:

N*:0—N‘!' Nt ... 5NN —0,
where ¢ := max {2, m + 1} and N is a projective A-module for all —t < i < 0. Now, let X € A-Mod. Then
Homg ) (Con(0), X [n]) ~ Homg ) (N®, X[n]) >~ Hom x5 (N®, X[n]) =0

for any n > t. Applying Homg ) (—, X[n]) to the triangle Con(6)[—-1] — A LA Con(f) in 2(A), we
have Ext} (T, X') ~ Homga)(T', X[n]) = 0 for any n > t. This shows pdim(,I') <t. O

Proof of Theorem 1.1. Let A :=TXpg S. Then I' = M3(A) and the A-T'-bimodule (A, A) induces a Morita
equivalence (A, A) ®p — : T-Mod — A-Mod, which gives a triangle equivalence 2(I') — Z(A).

Since (A, u, M, m) is a homological exact context, it follows from Corollary 3.3 that there exists a rec-
ollement of derived module categories:

2(4) 2(A) 2(R)
N~V ~N~~—'V

where G := (A, A) ®HI§ —and ji = A P* ®]IL% —. This shows the first part of Theorem 1.1.
By [17, Theorem 3], the recollement in Corollary 3.3 restricts to a recollement at 2~ -level

P& — Jr
PPN
D(6.) AT

@_(F) —_— .@_(A) —_— @_(R)
~N~— N~
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if and only if AT" is isomorphic to a bounded complex of projective A-modules, that is pdim(,I') < oo.
Moreover, this 2~ -level recollement restricts to a recollement (2°(I), 2°(A), 2°(R)) of bounded derived
categories if pdim(I"y) < oo. However, by Corollary 3.4, pdim(,I') < oo if and only if pdim(zS) < oo, while
pdim(Ty) < oo if and only if pdim(Txr) < oo. Identifying 2°(T') with #°(A) up to equivalence, we have
shown the second part of Theorem 1.1. O

4. Constructions of recollements of derived module categories

As consequences of Theorem 1.1, we establish concrete constructions of recollements of derived categories
for algebras and rings.

4.1. From ring constructions

In this subsection, we apply Theorem 1.1 to construct recollements of derived categories of rings from
pullbacks of rings and strictly pure extensions. In the course, we also prove Corollary 1.2.
A commutative diagram of ring homomorphisms

#): R-—sR

I

Ry — 2> R

o J1
is called a homotopy pullback square of rings if the sequence 0 — R M R & Ry M) R’ — 0 is exact

as abelian groups. If j; (or equivalently, i) is surjective, then () is called a Milnor square. In this case,
Milnor showed in [15] that there is a Mayer-Vietoris sequence of algebraic K-groups, that is, a 6-term exact
sequence of algebraic K-groups starting from K;-groups.

Given the square (3), the ring R’ is an R1-Ry-bimodule and the quadruple (41,42, R, 1) is an exact context,

/
where 1 denotes the identity of R’. Let A := <§1 1; )
2

Corollary 4.1. Suppose that Coker(iz) @ g Coker(i1) = 0 and TorlR(Rg,Rl) =0 for allt > 1. Then there
exists a recollement (2(R'), 2(A), Z2(R)) of derived module categories.

Proof. By Theorem 1.1, it suffices to show that Coker(iz) ® g Coker(i;) = 0 implies Ry X Ry ~ R’ as rings.

Since (i1,42, R’, 1) is an exact context, it follows from [5, Proposition 5.3] that its noncommutative tensor
product A := Ry X Ry satisfies the universal property:

Let (B, f1, f2, f') be a quadruple with B a ring, f; : Ry — B and f5 : Ry — B ring homomorphisms and
f'+ R — B a homomorphism of abelian groups such that i1 f; = isfo and ((r1)71(r2)j2)f" = (r1) f1(r2) f2
for 1 € Ry and ro € Ry. Then there is a unique ring homomorphism ¢ : A — B such that (f1, fa2, f') =
(p,¢,B)o, where p: Ry — A,¢: Ry — A and §: R’ — A are defined by the exact context (i1,i2, R', 1) (see
Section 3).

Now, we consider the quadruple (R',ji, j2,idg/), where idg: is the identity map of R’, and obtain a
unique ring homomorphism o : A — R’ such that (ji, j2,idr/) = (p, @, 5)o. Clearly, (ia,i1, R',1) forms an
exact context. Since Coker(iz) @ g Coker(i1) = 0, we see from [5, Lemma 3.8] that (i2,41) is an exact pair,
that is, (i2,71, Re ®pr R1,1®1) is an exact context. Consequently, the equality (jz2,j1) = (¢, p)o implies that
o is an isomorphism. Thus A ~ R’ as rings. 0O
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The following result provides a sufficient condition for Corollary 4.1 to hold true.

Lemma 4.2. If i1 : R — Ry in (§) is a homological ring epimorphism, then Coker(iz) ® g Coker(i;) =0 and
Torf(Ra, R1) = 0 for all i > 1.

Proof. Suppose that i; is homological. In particular, i, is a ring epimorphism. Since (ig, 1, R’, 1) is an exact
context, we see from [5, Corollary 3.10] that (i,41) is an exact pair. Further, Coker(iz) ® g Coker(i1) = 0
by [5, Lemma 3.8]. Since A is homological, iy ®]Ié Ri:R ®H§ Ry — Ry ®H§ R; is an isomorphism. It follows
from the square (f§) that j, ®]Ié Ri: Rs ®]Ié Ry —» R ®% R; is an isomorphism. Since R’ can be regarded as
a right Rj-module via j;, the multiplication map R’ ®g Ry — R’ induces an isomorphism R’ @& Ry ~ R/
in 2(R). Thus Ry ®% Ry ~ R’. This implies Tor?(Ry, Ry) =0 foralln > 1. O

Combining Corollary 4.1 with Lemma 4.2, we have the corollary.

Corollary 4.3. Let A : R C S be an extension of rings. Define T := Endg(S/R) and A := Endg(S @ S/R).
Suppose that R is commutative and X\ is a homological ring epimorphism. Then there exists a recollement
(2(T ®r S), 2(M), Z(R)) of derived module categories, where T @g S is the usual tensor product of R-
algebras.

Proof. Let 1 : R — T be the right multiplication map defined by r — (z — xr) for any » € R and
x € S/R. Since R is commutative and A is a ring epimorphism, S is commutative. Further, since A is
injective and Torf(S, S) = 0, it follows from [8, Lemma 6.5 and Lemma 6.4(2)] that the pair (), u) is exact,
S S®grT
0 T

i, respectively. By Lemma 3.1(2), TRr S ~ T®r S ~ S®grT as rings. Thus the quadruple (\, p, p, ) forms

T is commutative and A ~ as rings. In particular, both S and T' are R-algebras via A and

a homotopy pullback square of commutative rings. Since A is homological, the existence of the recollement
is a consequence of Lemma 4.2 and Corollary 4.1. O

Proof of Corollary 1.2. Since S is the localization of R at ®, the module gS is always flat. Thus A is a
homological ring epimorphism. By Corollary 4.3, it suffices to show that S’ @z S is isomorphic to ¥ 15",
We consider the following well-defined map

Ny
. 4 \ijl / Z (T)
f: S8 ®rS— S’ y®xl—> N

where y € S, r € R and x € ®. Clearly, this map preserves multiplication and is surjective. It is injective
because the map

g: V1S — S ®@pS,

U yel
()N e
for y € 8" and x € ®, is well defined and satisfies the equality fg = 1. Thus f is an isomorphism of rings.
This implies S’ ®r S ~ ¥~1S'. O

Finally, we apply Theorem 1.1 to strictly pure extensions of rings. For the convenience of the reader, we
first recall some definitions from [20,5] about pure extensions.

An extension R C C of rings is said to be pure if there exists a splitting C = R @ X of R-R-bimodules.
A pure extension R C C is said to be strictly pure if the R-R-bimodule X is even a C-C-bimodule, that is,
X is an ideal of C and the composite of the inclusion R — C with the canonical surjection C' — C/X is
the identity map.
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Let « : R — C and 8 : R — D be strictly pure extensions with split decompositions C' = R ® X and
D =R®Y as R-R-bimodules. Then (a, 8) can be completed into an exact context in the following way:

Let M = R® X &Y, the direct sum of abelian groups. We can endow M with a ring structure in an
obvious way, such that C' and D are subrings of M: X - Y =Y - X = 0 in M. Then (o, 8, M,1) is an
exact context and its noncommutative tensor product is the ring DX C=R& X PY &Y ®r X, up to
isomorphism of R-R-bimodules, with the multiplication:

XOY:XO(Y®RX):(Y@RX)OY:(Y®RX)O(Y®RX):O;
yor=y®z, yolyez)=yyz, (y@zr)or' =yerr' €Y opX

for any z,2’ € X and y,y’ € Y. Observe that M is the quotient ring of T'X g S modulo the ideal Y @ g X

M
and that («, 3, M, 1) is homological if and only if TorzR(Y, X) =0forall i > 1. Let A := (00 D >

Theorem 1.1 implies the corollary.

Corollary 4.4. Let a«: R — C and 8 : R — D be strictly pure extensions of rings. If TorlR(Y, X) =0 for all
i > 1, then there exists a recollement (2(D Kg C), 2(A), Z(R)) of derived module categories.

4.2. From ring epimorphisms

In this section, we focus on constructing recollements of derived module categories from exact contexts
induced from ring epimorphisms. In particular, we prove Corollary 1.3.

Let A: R — S be a ring homomorphism. We consider A\ as a complex Q°® of left R-modules with R and
S in degrees —1 and 0, respectively. Then there exists a canonical distinguished triangle in J¢ (R):

(x¢) R R N Q* % R[]
Now, we set S’ := Endg(g)(Q°®) and define \' : R — S" by r +— f* for » € R, where f® is a chain map

with f=1:=r, fO:=.(r)X and f* =0 for i # 0, —1. Here, - r stands for the right multiplication map by 7.
These data can be recorded in the commutative diagram:

R s Q° R[1]
L r lw lf‘ l( It
R85 -T2 @ "~ R[]

The map )\ is called the ring homomorphism associated to A. If X is injective, then we shall identify Q®
with S/R in 2(R), and X with the map R — Endg(S/R) induced by right multiplication.

Let A := Endgg) (S @ Q*). We consider the quadruple (A, X, Homgg)(S,Q®), ). If X is an injective
ring epimorphism with Torf*(S, S) = 0, then (), \') is an exact pair (see [8, Lemma 6.5(3)]). This fact can
be generalized to the following case.

Lemma 4.5. Suppose Hompg (S, Ker()\)) = 0. Then
(1) ()\, N, Homgg) (S, Q.),’]T) is an exact context.
(2) If A is a ring epimorphism, then

(i) (A, X) is an exact pair, and

(7)) A ~ (f Homg(?[(S,Q )> as rings.
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Proof. (1) Applying Homgg)(—,Q®) to the triangle (+*), we have the long exact sequence

Al1]) ez . oy T o\ A .
Homg () (S[1],Q%) LD, Homg gy (R[1],Q°) — Homg ) (Q*,Q°) — Homg g (S, Q") = Homgy g (R, Q")

Since Homp (S, Ker())) = 0, the map Hompg (S, \) is injective. As Homg gy (S[1],5) ~ Homgg) (S, S[—1]) ~
Ext;' (S, S) = 0, we obtain Homg g, (S[1],@*) = 0 by applying Homg gy (S[1], —) to the triangle (+x). Thus
v, is injective. Since Hompg(A, S) : Hompg(S,S) — Homg(R,S) is surjective, the map Hom 4 (g)(A, Q°) :
Hom (g (S, Q*) — Hom ¢ (g)(R, Q%) is surjective. Note that Hom gy (R,Q*) ~ Homgr)(R,Q*). Thus
Ax : Homg (S, Q%) — Homg(g) (R, Q%) is surjective.

Let -7 : S — Homg g (S,Q®) stand for the right multiplication map by 7. Then we have the exact
commutative diagram

0 Ker()\) R S Coker(\) —— =0

:l A - :\L
v g A

0 — Homg gy (R[1],Q*) — Homg(r)(Q*, Q*) — Homg(g)(S,Q*) — Homg (g (R, Q*) —> 0

where the isomorphisms follow from Homgg)(R[n],Q®) ~ H™"(Q*®) for each n € Z. Consequently, the
chain map ()\’, -7r) : Con(\) — Con(m,) is a quasi-isomorphism. Observe that m, is the left multiplication
map by 7. Thus the middle square in the above diagram is a pull-back and push-out diagram, and therefore
(A, N, Homgg) (S, Q°%), ) is an exact context.

(2) Suppose that A is a ring epimorphism. Then (A, \') is an exact pair, due to Lemma 3.1(1). Observe that
Endg(S) = Endg(S) and the homomorphism Hompg(A, S) : Homg(S, S) = Hompg(R, S) is an isomorphism.
This implies Homg(g)(Q*, S) = 0. Now (2) follows from Endgg)(S) ~ Endg(S) ~S. O

Corollary 4.6. Let A : R — S be a ring epimorphism with HomR(S Ker()\)) =0.If TorlR(S’, S) =0 for any
i > 1, then there exists a recollement (2(Ends/ (S’ @g S)), Z2(A), 2(R)) of derived module categories.

Proof. Since Homp(S,Ker(\)) = 0, the quadruple (X, X,Homgg)(S,Q%), ) is an exact context by
Lemma 4.5(1). Since A is a ring epimorphism, the pair (A, \') is exact by Lemma 4.5(2), and S Kp S ~
Endg/ (S’ ®r S) as rings by Lemma 3.1(1). Now, Corollary 4.6 follows from Theorem 1.1. O

Note that Corollary 4.6 generalizes [8, Corollary 6.6] where X is required to be injective and homological,
and where gS is assumed to have projective dimension at most 1.

To show Corollary 1.3, we first prove the following lemma in which U® (!) stands for the direct sum of T
copies of U® in 2(R).

Lemma 4.7. Let A : R — S be a ring homomorphism, and let I be a nonempty set. Define U® := S & Q°.
Then Homggy(U®,U* Dn]) =0 for any 0 # n € Z if and only if

(1) Hompg (S, Ker(\)) =0 and

(2) Ext’(S,S1) = 0 = Exte (S, RD) for any i > 1.

Proof. First, we notice two general facts:
(a) Applying Homgg)(—, S to (xx), one can prove

Homg (g (Q°, SW[]) ~ Homg gy (S, SWIi]) for i e Z\ {0} and
Homg () (Q°, SY)) ~ Ker(Hompg(), SU)).
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(b) Applying Homgg)(—, RW) to (%), one can show
Homg ) (Q*, RY[j]) > Homg gy (S, RV[j]) for j € Z\{0,1}.

Next, we show the necessity of the first part of Lemma 4.7.

Suppose Homggy(U*, U* D[n]) = 0 for any n # 0. Then Homg gy (S, Q*[—1]) = 0 and Exts (S, S()) ~
Homg gy (Q®, SV[i]) = 0 for any i > 1. Consequently, Homp(S, A) : Hompg (S, R) — Hompg(S, S) is injective.
This means that the condition (1) holds. Further, applying Homgg) (S, —) to the triangle

() RO AL g 1 ge) Ly gy,

we get Ext (S, RU) ~ Homg (g (S, Q*[i]) = 0. Thus (1) and (2) are satisfied.

Finally, we show the sufficiency of the conditions. Assume (1) and (2). Then it follows from (a) and (b)
that Homg g (Q®, S [n]) = 0 = Homg (g (Q*, R [m +1]) for n € Z\ {0} and m € Z\ {—1,0}. Applying
Homgry(Q® —) to the triangle (ff), one can show Homgg)(Q*®, Q* Dm]) =0 for m € Z\ {-1,0}.
Furthermore, we shall show that Homgg)(Q°, Q* (D[—1]) = 0 if Homp (S, Ker(\)) = 0:

In fact, Hompg (S, Ker(A\)!) ~ Hompg/(S, Ker(/\))I = 0, where Ker(\)! stands for the direct product of
I copies of Ker(\). Since Ker(A)! contains Ker(A\)() as a submodule, we have Homp (S, Ker(A\))) = 0
and Ker(Hompg (9, A1) ~ Hompg (S, Ker(A)!)) = 0. Now, it follows from the following exact commutative
diagram:

wl-1))* (A )=
0 —— Homg ) (Q°, Q* D[~1]) = Homg(z)(Q*, R ")) > Homgz)(Q*, 5 1)

q | |
| T Tx
\

A =
0 Ker(Homp (S, AP))) ———— Homp(S, RD) S Homp(S, D)

that Ker (Homp(S,A\))) ~ Homp (S, Ker(A\)) ) = 0 and Homg g (Q*, Q* V' [—1]) = 0. Thus Homg () (Q®,
Q* D[n]) =0 for n # 0.

It remains to prove Homg g (S, Q* (D[n]) = 0 for n # 0. Actually, applying Homgg)(S, —) to the
triangle (1), we have the long exact sequence:

+++ — Homg(g) (S, SU[j]) — Homg(gr)(S, Q*[j]) — Homggry(S, RV [j + 1])

(I) \*
2, Homeg (S, SO +1]) —» -

for j € Z. Since HOHl@(R)(S,S(I)[T]) =0 for 0 # r € Z and Homgg)(S, RD[t]) =0 for t € Z\ {0,1}, we
have Homg gy (S, Q*D[j]) = 0 for j € Z \ {~1,0} and Homgg) (S, Q*D[-1]) = Ker(Homp(S, A1) = 0.
It then follows that Homg (g (S, Q* ()[n]) = 0 and Homg gy (U*,U* D [n]) = 0 for any n # 0. This finishes
the proof of the sufficiency. O

Proof of Corollary 1.3. Since ) is a ring epimorphism, it follows from Lemma 4.5(2) that (A, \) is an exact

S Homg g (S, Q%)
S/

context (A, u, M, m) defined by p := X, M := Homgg)(S,Q®) and m := 7, and use the recollement (x)

pair and A can be identified with the ring . In the following, we focus on the exact

given by the six triangle functors in Lemma 3.2(1). By Theorem 1.1, to prove Corollary 1.3, it suffices to
show Torf(S’,8) =0 for all i > 1.

Suppose pdim(gS) < 1. Then Torﬁ(S’,S) = 0 for all 4 > 2. It remains to show Torf’(S’,S) = 0. Since
Aes = 5" @ S ®pr S as right R-modules, it is enough to show Torf‘(Aeg, S) =0.
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Let n : Idgny — j«j' be the unit adjunction with respect to the adjoint pair (5',j.). Then, for any
X* € 2(A), there exists a canonical triangle in 2(A):

B (X®) = XI5 N (X)) = (X)L,

where j,7'(X*®) = RHomp(P**, Hom% (P*, X*)).

Let 0 —» P~ %5 poO rS — 0 be a projective resolution of zS with all P/ projective R-modules. This
exact sequence gives rise to a triangle P~! — P — S — P~[1] in Z(R). Then, by the recollement (%),
there is the following exact commutative diagram:

Mpe -1
A62 o p-1 Aeo@pRP

ivi'(Aea @ P71) Guj (Ao @p P71) —— i,i'(Aey @5 P7Y)[1]

1®6 G5 (126)

hea® g PO

Z*iI(Aeg ®pr P —————= Aey @ PO ——— Guj'(Aey @R PY) —— i*i!(Aeg ®r P)[1]

77,\62@11

ivi'(Aey @ S) ———— Aea ®F § ———— j.j'(Aey @ ) ——— i.i'(Aex @ S)[1]

ivi'(Aeg @g P7Y)[1] ——= Aey @g P7H1] — 4.5 (Aea @ P~H[1] — i.i'(Aea @ P71)[2]

Since 4.i* (Aey) =~ Aes ®% S in Z(A) by Lemma 3.2(3) and j'i, = 0 by (%), it follows that j.j'(Aes @% S) ~
Gujlisi*(Aey) = 0. Then j,j'(1 ® §) is an isomorphism, and therefore so is H%(j.j'(1 ® §)).

Suppose that H%(np) : P — H°(j.j'(P)) is an injective map for any projective A-module P. Then
H®(Npcy®pp-1) is injective since g P! is projective. It follows from the isomorphism H°(j.j'(1 ® §)) that
the map 1 ® 6 : Aeg @ P~ — Aey ®g PV is injective. This implies Tor!*(Aey, S) = 0, as desired.

Now, we shall show that H'(np) : P — HO(j.j'(P)) is indeed an injective map for any projective
A-module P. .

First, we observe that H°(np) is injective if and only if Homg ) (A, P) AN Homgr) (j!(A),j!(P)) is
injective. To see this point, we consider the composite of maps:

Wie : Homgp) (A, X*[n]) AN Homg ) (§'(A), ' (X*)[n]) — Homga) (A, j.j'(X*)[n])

for n € 7, where the isomorphism is induced by the adjoint pair (5', j.). Then w%. = Homga) (A, nxen)-
It is known that the n-th cohomology functor H"(—) : Z(A) — A-Mod is naturally isomorphic to the Hom-
functor Homga)(A, —[n]). So w'. coincides with H™(nxe) : H"(X*) —> H"(j.j'(X*)). It follows that the
map H°(np) is injective if and only if so is the map Hom@(A)(A P) AN Homg gy (5'(A), j'(P)).
Second, if Homj(A)(z i*(A), P) = 0, then Homg,) (A, P) AN Homg g (5'(A), 5'(P)) is injective.
Indeed, let € : jij' — Idga) be the counit adjunction with respect to the adjoint pair (ji, j i'). Then, for

each X* € Z(A), there is a canonical triangle jij'(X*) =% X* — i,i*(X*®) = j17'(X*)[1] in Z(A). Now,
we consider the morphisms:

Homgpy (A, X®[m]) ]—'> Homg ) (j!(A),j!(X')[m]) = Homg ) (j!j!(A), X'[m])

for any m € Z, where the last map is an isomorphism given by the adjoint pair (ji,j'). One can check that
the composite of the above two morphisms coincides with Homga)(ea, X*[m]). Thus, to show that j'
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Homga) (A, P) = Homg g (§'(A), 5'(P)) is injective, it suffices to show that Homgs)(a, P) is injective.
For this aim, we apply Homg)(—, P) to the triangle J7 (A =2 A — i, (A) — 517 (A)[1] and get the
exact sequence of abelian groups

Homg s (i+i*(A), P) — Homg ) (A, P) — Homg(a)(jij' (A), P).

If Homga)(i4i*(A), P) = 0, then Homga)(en, P) is injective, and thus the map g Homg (A, P) —
Homgg) (5'(A), j'(P)) is injective, as desired.

Third, we show that if Homg(S,S’) = 0, then Homg,)(i+i*(A), P) = 0 for arbitrary projective A-
module P.

By Lemma 3.2(3), i.i*(Aeg) =~ i.i*(Aey) =~ Aea ®@% S in Z(A). So, Homg ) (ixi*(A), P) = 0 if and only
if Homg(p)(Aes ®% S, P) = 0. Further, we consider the following isomorphisms

Homga)(Aea @k S, P) ~ Homg () (S, RHomp (Aey, P)) ~ Homgg)(S, e2P) ~ Hompg(S, e2P).

Since esA ~ S’ as R-modules, Hompg(S,eaA) ~ Hompg(S,S’) = 0. As AP is a projective module,
there is an index set I such that eyP is a direct summand of (S")(!). Observe that (S’)(!) is a sub-
module of the direct product (S’)! of I copies of rS’. Consequently, Hompg (S, (S’)(I)) is a subgroup of
Hompg (S, (8)F) which is isomorphic to Homp(S, S")!. Thus Hompg(S, (S"))) = 0 = Hompg(S, e2P). This
implies Homg4)(i*(A), P) = 0.

Now, we show Hompg (S, S") = 0. Actually, we shall prove a stronger statement, namely Homg g, (S, S’[n])
=0 for any n € Z.

Since A is a ring epimorphism such that Torf(S,S) = 0, it follows from [19, Theorem 4.8] that
Extp(S,SU)) ~ Extg(S,ST)) = 0 for any set I. Thanks to pdim(pS) < 1, we can apply Lemma 4.7
to U® := S @ Q* and obtain Homgg)(U*®,U*[m]) = 0 for m # 0. This implies Homgg)(Q*®, Q*[m]) = 0 for
m # 0 and

0 ifm#0,

Hm(RHOmR(Q.aQ.)) Hom@ (Q Q [ ]) {Sl ifm=0.

Thus the complex RHomp(Q®, Q®) is isomorphic in Z(R) to the stalk complex S’. On the one hand, due
to the adjoint pair (Q' ®Hé —,RHomp(Q°, —)) of the triangle functors, we have

Hom@(R)(S, S’[n]) HOm@ (S IRHOIHR(Q. Q.)[ ])
~ Homg g (S RHompg(Q®, Q°%[n D)
~ Homgg)(Q* @k S, Q%n])

for any n € Z. On the other hand, since A is homological by assumption, the morphism A ®% S:R ®H§ S —
S ®% S is an isomorphism in Z(R). It then follows from the triangle

L
Rek s 295 gols  reks — Rek S

that Q* ®% S = 0. Hence Homgg)(S, S'[n]) ~ Homgy g (Q* ®% S, Q*[n]) = 0 for any n € Z. Thus, for any
projective A-module P, the map H0<7’]P) : P — H°(j.j'(P)) is injective. This shows Corollary 1.3. O

In the following we consider when ring homomorphisms give rise to derived equivalences.
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Corollary 4.8. Let A : R — S be a ring homomorphism. Then S @ Q°® is a tilting complex in 2(R) if and
only if Hompg (S, Ker(\)) = 0, Exty(S,S) = 0 and there is an exact sequence 0 — Py — Py — S — 0 of
R-modules with all P; finitely generated projective R-modules.

Proof. Let U® := S®Q°*. Clearly, U*® is a generator of Z(R), that is, Tria(U®) = 2(R), since R € Tria(U*®)
by (xx). Thus U*® is a tilting complex in 2(R) if and only if it is self-orthogonal and S has a projective
resolution of finite length by finitely generated projective R-modules. Furthermore, if pdim(zS) < oo and
Ext?‘l(S, RU)Y =0 for any i > 1, then pdim(zS) < 1. Now Corollary 4.8 is a consequence of Lemma 4.7. O

Observe that if A : R — S is injective and rS is finitely generated and projective, then all conditions in
the corollary are fulfilled.

Corollary 4.9. Let A : R — S be a homological ring epimorphism with Hompg (S, Ker(/\)) =0. Then S’®rS =
0 if and only if there is an exact sequence 0 = P; — Py — gS — 0 of R-modules such that Py and Py are
finitely generated and projective. In this case, the rings A and R are derived equivalent.

Proof. If S’ ®p S =0, then SKg S’ =0 and j' : Z(A) — 2(R) is a triangle equivalence by Lemma 3.2(1).
Thus j'(A) is a tilting complex over R. Since j'(A) ~ (S@® Con(m-))[~1] ~ (S@®Con(\))[-1] = (S®Q*)[-1]
in Z2(R), we see that S & Q* is also a tilting complex over R. Clearly, the necessity of Corollary 4.9 is a
consequence of Corollary 4.8.

It remains to show the sufficiency of Corollary 4.9. Since gS has a finite projective resolution by finitely
generated projective R-modules, we have RHompg(Q®, Q°®) ®Hé S ~ RHompg(Q*, Q° ®Hé S) in 2(Z), where
Q° is regarded as a complex of R-R-bimodules. As A is homological and pdim(zS) < 1, we deduce from the
proof of Corollary 1.3 that RHomp(Q®,Q*) ~ S’ in 2(R°P) and Q* ®@% S = 0 in Z(R). Thus S’ ®% S =0
in 2(Z), which implies S’ ®g S =0. O
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