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1 Introduction

Let R and S be rings with identity. Recall that an S-R-bimodule M is called a Frobenius bimodule if
it is finitely generated and projective as a left S- and right R-module, and there is an R-S-bimodule
isomorphism

*M := gHomg(M, S)s ~ gHomper (Mg, Rp)s =: M*.

A prominent example of Frobenius bimodules is provided by Frobenius extensions. Recall that an exten-
sion S C R of rings (or algebras) is called a Frobenius extension (or a free Frobenius extension) if R is a
finitely generated projective S-module (or a free S-module of finite rank) and rRs ~ Homg(sR, 5.5) as
R-S-bimodules (see [17] and [28]). This is equivalent to saying that Rg is a finitely generated projective
right S-module and sRr ~ Homger (Rg,Sg) as S-R-bimodules. In this case, both ¢Rr and rRg are
Frobenius bimodules. If S is a field and R is a finite-dimensional S-algebra, then the notion of Frobenius
extensions is just the definition of Frobenius algebras. Frobenius algebras and extensions are of broad
interest in many different areas (see, for example, [16]). They not only give rise to Frobenius functors for
constructing interesting topological quantum field theories in dimension 2 and even 3 (for example, see
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[20]) and provide connections between representation theory and knot theory (for example in the spirit
of [15]), but also are used in the study of Calabi-Yau properties of Cherednik algebras and quantum
algebras (see [4]).

Dominant dimensions of finite-dimensional algebras were initiated by Nakayama in [27], where he sug-
gested to classify finite-dimensional algebras according to the length of their minimal injective resolutions
with the first n terms being projective. They were further investigated substantially by Tachikawa, Miiller
and others (see [26,32]). Behind the notion of dominant dimensions is the famous Nakayama conjecture:
A finite-dimensional algebra over a field with infinity dominant dimension is self-injective. This is a
long-standing but still not yet solved open problem (see [27] and [1, Conjecture (8), p. 410]). Recently,
dominant dimensions are tied up with tilting modules (see [7]).

In this paper, we shall establish relations between (flat-)dominant dimensions and between Frobenius
parts of algebras (or rings) linked by Frobenius bimodules, including Frobenius extensions of algebras.

To facilitate our consideration, let us recall some basic terminologies.

By R-Mod (respectively, R-mod) we denote the category of all left (respectively, finitely generated)
R-modules. By A and B we denote Artin algebras over a fixed commutative Artin ring k. In this case
we only consider finitely generated left A-modules for an Artin algebra A.

For an Artin algebra A and an A-module 4 M, the dominant dimension of 4 M, which is denoted by
domdim(4 M), is by definition the minimal number n in a minimal injective resolution of 4 M:

0— aM—1°— ... — " — ...

such that I™ is not projective. If such a number does not exist, we write domdim(4M) = oo. The
dominant dimension of A is defined to be domdim(4A), denoted by domdim(A). For two A-modules
X and Y, domdim(X & Y) = min{domdim(X ), domdim(Y)}. If A is a self-injective algebra, i.e., the
regular A-module 4A is injective, then domdim(A) = co. The converse of this statement is precisely the
foregoing mentioned Nakayama conjecture.

Given an Artin algebra A, let v be the Nakayama functor DHomy(—, 4A4), where D is the usual
duality of an Artin algebra. Recall that a projective A-module P is said to be v-stably projective if
VP is projective for all i > 0. We denote by A-stp the full subcategory of A-mod consisting of all
v-stably projective A-modules. Following [9], we denote by v-domdim(M) the minimal number n in
the minimal injective resolution of an A-module 4 M such that I™ is not v-stably projective. Clearly, v-
domdim(M) < domdim(M). Asin [12], the Frobenius part of A, which is unique up to Morita equivalence,
is defined as the endomorphism algebra of an A-module X with add(X) = A-stp, where add(X) stands
for the additive subcategory of A-mod generated by X. Frobenius parts of algebras play a significant role
in the study of the Auslander-Reiten conjecture which says that the numbers of non-projective simple
modules of stably equivalent algebras are equal (see [23] for Martinez-Villa’s approach to this conjecture),
dominant dimensions (see [7]) and lifting stable equivalences to derived equivalences (see [12]).

Generally, for an arbitrary ring R and an R-module pM, we can similarly define the dominant di-
mension of M. But we need to distinguish left and right dominant dimensions. Following [11], the left
flat-dominant dimension of M is the maximal nummber n such that all I9,...,I" ! are flat R-modules
in a minimal injective resolution of pM:

0—pM —1° — ... — " — ...,

We denote by fdomdim (M) the left flat-dominant dimension of M. The left flat-dominant dimension of R
is defined to be fdomdim(rR) and denoted by fdomdim(R). If R is an Artin algebra, then fdomdim(R) =
domdim(R). If R is a noetherian ring (i.e., a left and right noetherian ring), then the left and right
flat-dominant dimensions of R are equal (see [11]). For the ring Z of integers, fdomdim(Z) = 1 and
domdim(Z) = 0. This follows from the injective resolution 0 — Z — Q — Q/Z — 0 and the fact that a
Z-module is flat if and only if it is torsion-free.

Flat-dominant dimensions were used in [10] to study almost coherence and left FTF property (see [10,
Section 1] for the definition) for (quasi-) Frobenius extensions S C R of rings. For example, it was proved
in [10] that the ring S is left FTF if and only if the ring R is left FTF.



Xi C C Sci China Math  January 2021 Vol. 64 No.1 35

By a flat-injective module we mean a module which is both flat and injective. An extension S C R of
rings is said to be left-split (or right-split) if the inclusion map is a split monomorphism of left (or right)
S-modules. For example, if S C R is a Frobenius extension of rings with S a commutative ring, then the
extension is both left- and right-split (see [3, II1.4.8, Lemma 2]).

We first state a result on Frobenius parts of algebras linked by a Frobenius bimodule.

Theorem 1.1. Let gM4 be a Frobenius bimodule of Artin algebras A and B such that both gM and
My are faithful, and let X € A-mod and Y € B-mod such that add(X) = A-stp and add(Y) = B-stp.
Then there exist canonical injective homomorphisms End4(X) — Endg(M ®4 X) and Endp(Y) —
Ends(Homp(gMa, gY)) of endomorphism algebras such that they are both left- and right-split, Frobenius
extensions.

Next, we compare the flat-dominant dimensions of algebras linked by Frobenius bimodules, including
Frobenius extensions.

Theorem 1.2. (1) Let R and S be rings and sMp be a Frobenius bimodule. Then fdomdim(R) <
fdomdim(sM) and fdomdim(S) < fdomdim(z*M). In particular, if S C R is a free Frobenius extension
or a Frobenius extension with S a commutative ring, then fdomdim(R) = fdomdim(S) and domdim(R) =
domdim(S).

(2) Let A and B be Artin algebras. If pM 4 is a Frobenius bimodule, then domdim(A) < domdim(zM)
and domdim(B) < domdim(4*M). Furthermore, v-domdim(A) < v-domdim(gM) and v-domdim(B) <
v-domdim(4*M).

By Theorem 1.2, if B C A is a Frobenius extension of Artin algebras, then we consider the Frobenius
bimodule A4 and get domdim(B) < domdim(A) and v-domdim(B) < v-domdim(A). In particular,
if the Frobenius extension is left-split, then domdim(B) = domdim(A). Thus, for a left-split Frobenius
extension B C A, if the Nakayama conjecture holds true for B, then so does it for A. This is due to the
fact that, for a Frobenius extension B C A of Artin algebras, if B is a self-injective algebra, then A is
also a self-injective algebra.

We will apply Theorem 1.2 to skew group algebras, trivial extensions, Markov extensions and stably
equivalent algebras as well as to the universal enveloping algebras of semisimple Lie algebras.

The proofs of the above theorems will be carried out in the next sections.

2 Proofs of the results

Throughout this paper, a ring (or an algebra) means an associative ring (or algebra) with identity. We
denote by R™ the opposite ring of a ring R. For two homomorphisms f : X - Y, g : Y — Z of
R-modules, the composition of f with g is denoted by fg which is a homomorphism from X to Z. So
the image of x € X under f is denoted by (z)f instead of f(z). In this way, Homp(X,Y) admits
automatically a left Endg(X)- and right Endg(Y)-bimodule.

By an Artin algebra we mean an algebra over a commutative Artin ring k£ such that it is a finitely
generated k-module.

2.1 Proof of Theorem 1.1

We first display some properties of Frobenius bimodules. Suppose that R and S are rings. Let g¢Mpg be
a Frobenius bimodule, and we define NV := *M. Then

(1) M @ g — ~Hompg(rN, —) : R-mod — S-mod; N ®¢s — ~ Homg (M, —) : S-mod — R-mod.

(2) If an R-module X is projective or injective, then so is the S-module M ®p X.

(3) Ext$(X, M®grY) ~ Extkr(Hompr(M, X),Y) and Exts (Y, N®s X) ~ Extg(Hompg(N,Y), X) for all
n > 0, S-modules X and R-modules Y. In particular, if I' C A is a Frobenius extension of rings, then p Ap
is a Frobenius bimodule and there are isomorphisms of abelian groups: Ext} (U, A ®r V) ~ Exti(U, V)
and Ext}(V,U) ~ Ext} (Homr(A, V), U) for all n > 0, A-modules U and I’-modules V.
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(3") Extiy(M ®p X,Y) ~ Exth(X, N®pY) and Exth(N ®5Y, pX) ~ Extly(Y, M @ X) for all i > 0,
rX and gY.

Now, we assume that A and B are Artin algebras and that g M4 is a Frobenius bimodule with N := *M.

(4) v(M ®4 X) ~ M @4 v4X for all X € A-mod, and vaHompg(M, gY) ~ Hompg(M,vgY) for all
Y € B-mod. Thus 75(M ®4 X) %~ M ®4 74X and TaHompg(M,Y) ~ Hompg(M,75Y), where 7 is the
Auslander-Reiten translation.

In fact, for any A-module X, we have

vp(M ®4 X) = DHomp(M ®4 X, pB)
~ DHomy (X, Hompg (M, B))
— DHomy (X, N)
~ D(Homa(X,A) ®4 N) (4N : finitely generated and projective)
~ Homyu (N, vaX)
~M®qvaX.

The second statement of (4) can be proved similarly. The statement for 7 is a consequence of the
isomorphisms about v.

(5) If M4 is faithful, then A-stp = add(N ®p Y) for any gY with add(Y') = B-stp. Dually, if pM is
faithful, then B-stp = add(M ®4 X) for any 4 X with add(X) = A-stp.

In fact, we have add(N®pY) C A-stp by (1) and (4). Now, suppose ¢ = e € A such that add(Ae) = A-
stp. Then M ® 4 Ae € B-stp by (4), i.e., Me € add(Y'). Hence Homp(M, Me) € add(Homp(M,Y)) =
add(N ®p Y). Note that we have the adjunction homomorphism

w:Ae — Homp(M, Me), z— (py: M — Me,m — max,m e M), z € Ae.

Since M4 is faithful, the above adjunction is injective. By definition, Ae is also an injective A-module.
This implies that p is a split-monomorphism and Ae is a direct summand of N ®p Y, i.e., A-stp =
add(Ae) C add(N ®4 Y). Thus A-stp = add(N ®pY).

Applying (5) to Frobenius extensions, we have the following:

(6) If B C A is a Frobenius extension of Artin algebras, then the functor A ® 5 — induces a functor

from B-stp to A-stp, and the restriction functor induces a functor from A-stp to B-stp. Moreover, if 4 X
is an A-module such that add(X) = A-stp, then B-stp = add(pX). Similarly, if Y is a B-module such
that add(Y') = B-stp, then A-stp = add(A®pY).
Proof of Theorem 1.1.  Let gM4 be a Frobenius bimodule such that both gM and M4 are faithful.
Then the Frobenius bimodule 4 Np is also faithful as a left or right module. Suppose 4 X € A-mod
and gY € B-mod with A-stp = add(X) and B-stp = add(Y). Then there are two canonical ring
homomorphisms: ¢ : End4(X) — Endg(M ®4 X) and ¢ : Endg(Y) — Enda (N ®p Y). We show that
they are injective.

To see that ¢ is injective, we just note that ¢ is a composition of the maps

End 4 (X) "5 Hom 4 (X, Homp (M, M ® 4 X)) ~ Homp(M ®4 X, M ®4 X),
where p: X — Homp(M,M ®4 X) given by  — (o : M = M ®4 X, m — m ® x) is injective, since X
is of the form Ae with e? = e and M is faithful. Similarly, we can prove that 1 is injective.
(a) Define I' = End4(X) and A := Endg(M®4 X). Then A is a I-bimodule whose I'-module structures
are induced by the right I-structure of Xr. Moreover, it follows from add(pM ®4 X) = add(Y) and
add(N ®p Y) = add(X) (see (5)) that

rA = HomB(M®A Xr, M ®4 X)
~ Homy (4 X1, Homp(M, M ®4 X))
~ Homy (4 Xr, N ®p M ®4 X)
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is finitely generated and projective. Note that, for rA to be finitely generated and projective, one only
needs N ®p M ®4 X € add(X). Similarly,

Ar =Homp(M ®4 X, M ®4 Xr)
~ Homp(M ®4 X,Homa(aN,Xr)) (by (1))
~ Homu(N ®@p M ®4 X, aXT)

is finitely generated and projective. Moreover, there are the isomorphisms of I'-A-bimodules:

Homper (AAr, rT'r) = Hompor (HomB(BM Qa4 X, M Q@4 X),HomA(X,X))
~ Homper (Homp(pM ®4 X, Hom(N, X)), Homa (X, X)) (by (1))
~ Homyorp (HomA(N M ®a X,AX),HomA(X,X))
~ Homy (4 X, N ®p M ®4 X) ( by Homy(—, X))
~ prAx.

(b) Define D := Endp(Y) and C := Ends(N ®pY). Then C is a D-bimodule. Similarly, we can show
that pC and Cp are finitely generated and projective. Moreover, Homp(pC, pDp) ~ ¢Cp. This is due
to the isomorphisms of C-D-modules:

Homp(pCe, pDp) = Homp(Homa(aN @ Yp, a(N @5 Y)c),Homp(gYp, 5YD))
~ Homp(Homp(pYp,Homa(aNg, a(N @5 Y)c)),Homp(gYp, 5YD))
~ Homp(Homp(pYp, sM ®4 (N @5 Y)c),Homp(sYp, 5Yp)) (by (1))
~ Homp(pM @4 (N ®pY)c,5Yp) (by Homp(Y,—))
~ Homa(4a(N ®5Y)c,aN ®pYp) (by (1))
~ cCp.

Thus ¢ and v are Frobenius extensions. Since both End4(X) and Endp(Y') are self-injective algebras
by a result of Martinez-Villa (for example, see [12, Lemma 2.7(3)]), the two extensions ¢ and ¢ are both
left- and right-split. O

The following corollary shows that Frobenius parts of Frobenius extensions are again Frobenius exten-
sions.

Corollary 2.1. Let B C A be a Frobenius extension of Artin algebras, and let X € A-mod and
BY € B-mod such that add(X) = A-stp and add(Y') = B-stp. Then the canonical injective homomor-
phisms End 4 (X) — Endp(X) and Endg(Y) = Enda(A®pY) of endomorphism algebras are Frobenius
extensions, respectively.

Proof. For any extension B C A of algebras, the B-modules gA and Ap are always faithful. So
Corollary 2.1 follows from Theorem 1.1 immediately. O

Note that if A and B are k-algebras over a field k with B a Frobenius algebra (i.e., gB ~ D(Bp))
then A - A®i B, a — a® 1, is a Frobenius extension, where A ®; B is the tensor product of A and
B over k. Motivated by this fact, we now calculate the Frobenius part of the tensor product of two
finite-dimensional algebras over a field.

Let A and B be finite-dimensional k-algebras over a field k and A := A ®; B be the tensor product of
A and B over k. If 4 X and gY are finite-dimensional modules over A and B, respectively, then X ®; Y
is clearly an A-module and D(X ®; Y) ~ DX ®; DY as right A-modules. This can be seen from the
isomorphisms of A-modules:

Homk(X R Y, k) ~ HOHlk(X, Homk(Y, k)) ~ HOmk(X, k ®p Homk(Y, k)) ~ I{OHlk(AX7 k) Rk Homk(Y, k)
Thus

vA(X ®;Y) = DHomp (X ®; Y, A®y B) ~ D(Homy (X, A) @, Homp(Y, B)) ~ vs X ® vpY,
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where the first isomorphism is due to [5, XI, Theorem 3.1, pp. 209-210]. This implies (A-stp)®y(B-
stp) C A-stp.

Suppose that P € A-stp is indecomposable. Then P is of the form X ®; Y with X an indecomposable
projective A-module and Y an indecomposable projective B-module. Since v4 P ~ 14 X ®; v5Y, both
v4 X and v5Y are projective for all i > 0. Thus A-stp = (A-stp) ®j, (B-stp).

Proposition 2.2. Let A and B be finite-dimensional k-algebras over a field k, and let A(A) denote
the Frobenius part of A. Then A(A®y, B) and A(A) @ A(B) are Morita equivalent.

Proof. Let 4X and pY be modules such that A-stp = add(X) and B-stp = add(Y"). Then A(A ® B)
is Morita equivalent to End s, g(X ®; YY) by the fact A-stp = (A-stp) @, (B-stp). It follows from [5, XI,
Theorem 3.1, pp. 209-210] that Endag, (X ®% Y) ~ End(X) @ Endp(Y). O

Recall that an algebra A is Frobenius-free if the Frobenius part of A is zero. In many cases, Frobenius
parts of algebras are non-trivial. Following [12], we define the Frobenius type of an algebra to be the
representation type of its Frobenius part. From Proposition 2.2 we can give another proof of the fact
that Frobenius types of algebras may change under derived equivalences (see [13]). Let us explain this
precisely. There exist finite-dimensional algebras A and B (see [13, Example 5.6]), satisfying the following
properties:

(a) A and B are derived equivalent, and

(b) A is Frobenius-free and B is Frobenius-finite (the Frobenius part of B is C := k[X]/(X?)).

By a result of Rickard, which says that derived equivalences are preserved by tensor products of k-
algebras (see [30]), we know that A®jy C and B ®j, C are derived equivalent. By Proposition 2.2, A®y, C
is Frobenius-free and B ®j; C' has the Frobenius part C' ®; C. Thus B ®; C' is not Frobenius-finite,
because from (b) we can say that B ® C' is Frobenius-tame. So the Frobenius type of the two algebras
is changed, though they are derived equivalent.

2.2 Proof of Theorem 1.2

First, we show a result on dominant dimensions for left-split or right-split extensions of rings.

Lemma 2.3. Let ' C A be a left-split extension of rings, or a right-split extensions between noetherian
rings.

(1) If both rA and Ar are projective, then domdim(T") > domdim(A).

(2) If both A and Ar are flat, then fdomdim(T") > fdomdim(A).

Proof.  Note that the following facts are true for an arbitrary extension S C R of rings.

(a) If gR is projective, then every projective R-module is also projective as S-module since projective
R-module are direct summand of copies of gR.

(b) If Rg is projective (or flat), then every injective R-module is also injective as S-module. Indeed, for
an injective R-module I, the functor Homg(—, sI) = Homg(—, Homg(gRs, rl)) ~ Homg(R®gs—, rI) =
Homp(—, grl) o (R ®g —) is exact. This implies that ¢I is injective.

Now, assume that the given extension is left-split. For a minimal injective resolution of a A-module
M

)

0—AM-—FE"— ... —E"— ...,

with domdim(,M) = n (or fdomdim(,M) = n), we consider the restriction of this resolution to
I-modules. Since both A and Ar are projective (or flat), it follows from the foregoing facts that
domdim(prM) > n = domdim(, M) (or fdomdim(rM) > n = fdomdim(, M)). In particular, domdim(rA)
> domdim(A) (or fdomdim(rA) > fdomdim(A)). Since the extension is left-split, T is a direct summand
of pA. As a result, domdim(I") > domdim(A) (or fdomdim(T") > fdomdim(A)).

The above proof works for right-split extensions and dominant dimensions defined by right modules.
But since domdim(A) = domdim(A”") and fdomdim(A) = fdomdim(A™) for noetherian rings (see [11,
26]), (1) and (2) follows. O
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Proof of Theorem 1.2.  Note that if ¢Mp is a Frobenius bimodule, then so is the R-S-bimodule *M.
Let N :="*M.

(1) By the definition of Frobenius bimodules, it follows that (M ® g —, N ®g—) and (N ®s —, M Qg —)
are adjoint pairs of functors between module categories. Moreover, if I is an injective R-module, then
sM ®pg I is an injective S-module because

Homg(—, sM ®@p I) ~ Homgr(N ®g —,I) = Homg(—,I) o (N ®5 —)

is an exact functor. Consequently, if I is a flat-injective R-module, then sM ®p I is a flat-injective
S-module since we have the general fact that g Xr ®pr Y is a flat S-module whenever both X and rY
are flat modules.

Now, given a minimal injective resolution of gR with fdomdim(R) = n:

0—>RR—)IO—)11—)]2_>...,
we have an exact sequence
(**) O—>SM—>M®RIO—>M®R11—>M®R[2_>...

with M ®pr I7 flat-injective for all 0 < j < n. Thus fdomdim(sM) > n = fdomdim(R). The last
inequality in (1) follows from the Frobenius bimodule pNg.

Suppose that S C R is a free Frobenius extension, or a left-split Frobenius extension. Then ¢S is a
direct summand of g¢R, and sRp is a Frobenius S-R-bimodule. Thus fdomdim(R) < fdomdim(gR) <
fdomdim(S) by the first part of Theorem 1.2(1). Dually, fdomdim(S) < fdomdim(z(*R)) = fdomdim(rR).
Hence fdomdim(R) = fdomdim(S). Similarly, for dominant dimensions, we have domdim(R) =
domdim(S).

In the case that S is a commutative ring, the Frobenius extension is left-split (see [3, II1.4.8, Lemma 2]).
Thus fdomdim(R) = fdomdim(S) and domdim(R) = domdim(S).

(2) It is a consequence of (1) since for Artin algebras A and M € A-mod we always have fdomdim (4 M)
= domdim(4M). Similarly, the inequalities hold true for v-dominant dimensions. O

In the rest of this section, we consider only finite-dimensional algebras over a fixed field k. So, by
algebras we always mean finite-dimensional algebras over k, and by modules we always mean finite-
dimensional left modules.

Recall that an algebra A is called a Morita algebra in the sense of Kerner-Yamagata (see [18]) if it is of
the form End (X) where A is a self-injective algebra and 5 X is a generator for A-mod, i.e., ,A € add(X).

The following corollary shows that the inequality in Theorem 1.2(2) is optimal.

Corollary 2.4. (1) Suppose that B C A is a Frobenius extension of k-algebras. If B is a Morita
algebra, then so is A.
(2) If B is a self-injective k-algebra, then domdim(A ® B) = domdim(A) for any k-algebra A.

Proof. (1) An algebra A is Morita algebra if and only if v-domdim(A) > 2 (see [9, Proposition 2.9]).
Thus (1) follows from Theorem 1.2(2) since pA4 is a Frobenius bimodule for each Frobenius extension
B C A.

(2) For any self-injective algebra B, we can find a Frobenius algebra C, i.e., ¢ D(C) ~ «C as C-modules,
such that B and C are Morita equivalent. Actually, C' is the so-called basic algebra of B. In this case,
A®yp B and A®; C' are Morita equivalent. So we may assume that B itself is a Frobenius algebra. Then
A ®j B is a Frobenius extension of A. Generally, the injective map A - A®; B, a+— a® 1 for a € A, is
a Frobenius (symmetric, self-injective) extension for any Frobenius (symmetric, self-injective) k-algebra
B by [31, Lemma 4]. Clearly, if {by = 1p,b9,...,b,} is a k-basis for the algebra B, then the projection
@?:1 A ®p bj - A®y 1p shows that the injective map A — A ®; B is left-split. Thus Corollary 2.4
follows from Theorem 1.2(2). O
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In general, the extension A -+ A ®; B does not have to be a Frobenius extension of A. For example,
if we take A := k[z]/(2?) and B := k(1 — 2), the path algebra of 1 — 2 over k, then we can verify
that A ®; B is not a Frobenius algebra, and therefore the extension is not a Frobenius extension since
the algebra A is Frobenius and since Frobenius extensions of algebras preserve Frobenius algebras (see
[28,31]).

Remark 2.5. (1) There is a more general result on dominant dimensions of tensor products of algebras
by Miiller in [26, Lemma 6]: For any finite-dimensional k-algebras A and B over a field k, domdim(A®y, B)
= min{domdim(A), domdim(B)}. Thus

(i) domdim(A[z]/(2™)) = domdim(A) for all n > 1, where A[z] is the polynomial algebra over A.

(ii) Let M, (A) be the n x n matrix algebra over A and T),,(A) be the lower triangular n x n matrix
subalgebra of M, (A). Then domdim(T,,(4)) = min{l,domdim(A)} < 1 for n > 1. Clearly, M,(A)
is projective as a left or right T,,(A)-module. This shows that the condition “left-split” in Lemma 2.3
cannot be dropped.

(2) There are examples of Frobenius extensions B C A such that domdim(B) < domdim(A). For
example, we take Example 7.1 in [24]. Let A := My(k), the 4 x 4 matrix algebra over k, and B be the
subalgebra generated k-linearly by

€11 1 €44, €22 + €33, €21, €31, €41, €42, €43.
Then B C A is a Frobenius extension. In this case,
domdim(B) =1 < domdim(A4) = oo.

Thus the inequalities in Theorem 1.2(2) cannot be improved as equalities in general. Note that the
Fronenius part of B is the subalgebra D generated by ej; 4+ eqq and e4q, and the Frobenius part of A is
A. Thus D C A is a Frobenius extension by Theorem 1.1.

(3) Suppose that A, B,C and D are k-algebras over a field k. If M4 and pN¢e are Frobenius
bimodules, then M ®;, N is a Frobenius (B ®; D)-(A ®; C)-bimodule. This can be deduced from [5,
Theorem 3.1, p. 209], and we leave the details to the reader. So, if B; C A; is a Frobenius extension of
k-algebras for ¢ = 1,2, then

domdim(B; ® Bs) < domdim(A; ®j As)

by Theorem 1.2(2).
(4) If pM4 and ¢Lp are Frobenius bimodules, then «L ® g M 4 is a Frobenius C-A-bimodule. This
follows from the fact that

Homu(aXc,Homp(pYp, 4Zp)) ~ Homp(pYp, Homa(aXc, 4ZR))

as C-D-bimodules for any A-C-bimodule X, D-B-bimodule Y and A-B-bimodule Z. Thus the composi-

tion of Frobenius extensions is again a Frobenius extension.

Let e = e? be an idempotent element in a ring R. Suppose that eR is a finitely generated projective
eRe-module and the map: Re — Homeg.(eR,eRe),ze — (ey — eyze) for x,y € R, is bijective. Let
S := eRe. Then eR is a Frobenius S-R-bimodule with add(eR) = add(eRe). Thus, by Theorem 1.2, we
have the following corollary.

Corollary 2.6. Let A be a finite-dimensional algebra with an idempotent element e € A. If eA is a
projective e Ae-module and Homex.(eA,eAe) ~ Ae as A-modules, then domdim(A4) < domdim(eAe) <
domdim( 4 Ae).

For representation dimension, we conjectured in [33, Section 7] that the representation dimension of
eAe is less than or equal to the one of A for any idempotent element e € A.

Recall that two algebras A and B are said to be stably equivalent of Morita type if there are bimodules
AUp and pV4 such that they are projective as one-sided modules and have the properties: AU Qp V4 ~
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AA4 P P and gV ®4 U ~ gBp @ @ as bimodules, where P and Q are projective bimodules over A and
B, respectively.

In addition, if A/rad(A) and B/rad(B) are separable, then the bimodule U and V are Frobenius
bimodules by a result in [8]. Since both 4U and gV are generators, domdim(A) = domdim(B). In fact,
if U and V are indecomposable as bimodules, then U and V are still Frobenius bimodules even without
the separability condition on quotients by [21, Lemma 4.2] and [6, Lamma 4.1]. Thus we re-obtain the
known fact that the dominant dimensions of finite-dimensional algebras over a field are preserved by
stable equivalences of Morita type. Note that stable equivalences of Morita type are not preserved by
tensor products (see [22]). Nevertheless, we have the following corollary.

Corollary 2.7. Suppose that A, B, C and D are finite-dimensional k-algebras over a field. If A and
B as well as C and D are stably equivalent of Morita type, then domdim(A ®; C) = domdim(B ®j D).

Proof.  Since A and B are stably equivalent of Morita type, domdim(A) = domdim(B). In general,
we cannot get a stable equivalence of Morita type between A ®; C and B ®; C even for a symmetric
k-algebra C' (see [22]). However, together with Remark 2.5(1), we have

domdim(A ®;, C') = min{domdim(A), domdim(C)}
= min{domdim(B), domdim(D)}
= domdim(B ®y D).

The proof is completed. O

Next, we consider several cases of left-split Frobenius extensions.

Let A be a k-algebra over a field k, and let G be a finite group together with a group homomorphism
from G to Aut(A), the group of automorphisms of the k-algebra A. Let kG be the group algebra of G
over k. Then the skew group algebra A#;G of A by G over k has the underlying k-space A ®; kG with
the multiplication given by

(a®g)(b@h):=a(b)g gh for a,be A; g,heQq,

where (b)g denotes the image of b under g.
As a corollary of Theorem 1.2, we re-obtain [29, Theorem 1.3(c)(ii)].

Corollary 2.8 (See [29]). Let A be a finite-dimensional k-algebra, and let A#G be the skew group
algebra of A by G with G a finite group. If |G| is invertible in A, then domdim(A#;G) = domdim(A).
Proof.  Note that under the assumption, the canonical inclusion A C A#;G is a left-split Frobenius
extension. O

Given an A-A-bimodule M, one defines the trivial extension A x M of R by M as an algebra with the
underlying k-space A @ M and the multiplication: (a,m)(b,n) = (ab,an + mb) for a,b € A;m,n € M.
By Theorem 1.2, we obtain the following corollary.

Corollary 2.9. If M is an A-A-bimodule such that both sM and M are projective, then domdim(A x
M) < domdim(A). In particular, if M ~ Ae as bimodules for a central idempotent element e € A, then
domdim(A x M) = domdim(A).

Proof.  The first statement follows immediately from Lemma 2.3 since the canonical inclusion of A into
A x M is left-split, while the second one is a consequence of Theorem 1.2 because the canonical inclusion
is a Frobenius extension by [19, Theorem| which says that A x M is a Frobenius extension of A if and
only if there is a central idempotent element e € A such that M ~ Ae as A-A-bimodules. O

In connection with the Jones basic construction, there is a class of extensions, called Markov extensions.
The bulk of this material can be found in [16, Chapter 3]. We just recall that an extension B C A of
k-algebras is called a Markov extension if it is a Frobenius extension with a Frobenius system (E, x;, y;),
where z;,y; € A and E : A — B is a B-B-bimodule homomorphism, and with a trace map T : B — k,
such that (1)E = 1,), x;y; is nonzero element in k and E o T is a trace map on A. Markov extensions
are left-split Frobenius extensions. Thus we get the following corollary.
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Corollary 2.10. If B C A is a Markov extension of finite-dimensional algebras, then domdim(A4) =
domdim(B).

3 Flat-dominant dimensions of universal enveloping algebras of Lie algebras

Following Morita [25], a ring R is called a left (respectively, right) QF-3 ring if fdomdim(gzR) > 1
(respectively, fdomdim(Rg) > 1). By a QF-3 ring we mean a left and right QF-3 ring. Note that QF-3
rings possess remarkable properties, for example, for a noetherian ring R, it is left QF-3 if and only if
the functor Homp(—, Hompg(—, R)) : R-Mod — R-Mod preserves monomorphisms (see [10,11]).

In this section, we show that the quantised enveloping algebras of semisimple Lie algebras are QF-3
rings.

Let n be a natural number. Recall that a commutative noetherian ring R is said to be n-Gorenstein
if the injective dimensions of rR is equal to n.

To apply our results to various algebras in other fields, we need a couple of lemmas.
Lemma 3.1.  Suppose that S is a commutative noetherian ring and A : S — R is a localization of S
(with respect to a multiplicative subset of S). Then

(1) fdomdim(S) < fdomdim(R).

(2) Let S be an n-Gorenstein ring with a minimal injective resolution of

sS:0-S—~Ihp—~-—1,1—1,—0.

Then the injective dimension of rR is at most n, and it is n if and only if R ®g I; # 0 for all I; with
0<j<n—1
Proof. (1) Since the ring S is noetherian, the localization R of S is again noetherian. For noetherian
rings, localizations preserve injective modules. Thus fdomdim(S) < fdomdim(R).

(2) This follows from the result (see [14, Theorem 1]): Let A be a commutative noetherian ring, and
let F' be a flat A-module. If f : M — N is an essential monomorphism, then 1p @ f: FQa4 M — F4 N
is an essential monomorphism. O

Lemma 3.2.  If R is a commutative n-Gorenstein ring withn > 1, then fdomdim(R) = 1. In particular,
fdomdim(R[X1, ..., X)) = 1 and fdomdim(R[XT, ..., XE]) = 1.

Proof. ~ We have a minimal injective resolution of the n-Gorenstein ring R:

0—R—1Ig—-—I,—0, L= @ E[R/p) for 0<i<n,
p, ht(p)=i

where p runs over prime ideals in R, ht(p) stands for the height of p, and E(R/p) is the injective hull
of the R-module R/p. By [34], E(R/p) is flat if and only if the height of p is 0. Thus fdomdim(R)
= 1. Clearly, R[X1,...,X] is an (n + m)-Gorenstein ring, and therefore fdomdim(R[X1,..., X))
= 1. Since R[X:, ..., X ] is a localization of R[X1,..., X,,], it is an (n + m)-Corenstein ring and has
fdomdim(R[XT, ..., X;5]) = 1 by Lemma 3.1(2). O
Corollary 3.3.  Let g be a finite-dimensional semisimple Lie algebra of rank r over a field k and U(g)
the universal enveloping algebra of g. If r > 1, then fdomdim(U(g)) = 1. Thus U(g) is a QF-3 ring.

Proof. By [4], U(g) is a free Frobenius extension of its center Z, while the center Z of U(g) is isomorphic
to the polynomial algebra k[Xi,...,X,] in r variables (see, for example, [2, Theorem 8]). Thus, by
Theorem 1.2(1),

fdomdim(U(g)) = fdomdim(k[X1, ..., X,]) = 1.

Since Z is a commutative ring, the right flat-dominant dimension of U(g) can be calculated similarly. [

The above result can be extended to quantised enveloping algebras of Lie algebras. We recall briefly a
few facts on the quantised enveloping algebra of a semisimple Lie algebra from [3, Chapter III, 6.1-6.2].
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Assume that g is a finite-dimensional semisimple complex Lie algebra and that € is a primitive ¢-th root
of unity in the field k of characteristic 0, where

¢ > 3 is odd, and prime to 3 if g contains a factor of type G.

Let U.(g) be the quantised enveloping algebra of g over k, and Zy be the sub-Hopf centre of U,(g). Then
U.(g) is a free Frobenius extension of Zy of rank ¢dim(g) (see [4]) and Zj is isomorphic to a polynomial
algebra over k in 2N + n variables with n variable inverted, where N is the number of positive roots
of g (see [3, Chapter II1, 6.2]). Thus fdomdim(Zs) = 1 by Lemmas 3.1 and 3.2. Note that U(g) is a
noetherian ring. Hence the following corollary holds by Theorem 1.2(1).

Corollary 3.4. U.(g) is a QF-3 ring. In fact, fdomdim(U,(g)) = 1.
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