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Abstract

Motivated by understanding the Nakayama conjecture which states that algebras of infinite domi-
nant dimension should be self-injective, we study self-orthogonal modules with virtually Gorenstein
endomorphism algebras and prove the following result: Given a finitely generated, self-orthogonal
module over an Artin algebra with an orthogonal condition on its Nakayama translation, if its en-
domorphism algebra is virtually Gorenstein, then the module is projective. As a consequence, we
re-obtain a recent result: the Nakayama conjecture holds true for the class of strongly Morita, virtual-
ly Gorenstein algebras. Finally, we show that virtually Gorenstein algebras can be constructed from
Frobenius extensions.

1 Introduction

The dominant dimensions of algebras were introduced by Nakayama in 1958 (see [22]) and have played
an important role in the representation theory and homological algebra of finite-dimensional algebras.
They have been studied intensively by Tachikawa, Morita, Müller and many others (for example, see
[9, 11, 13, 14, 15, 19, 21, 22, 23, 24]).

Definition 1.1. Let A be an Artin algebra. The dominant dimension of A, denoted by domdim(A), is the
largest natural number n or ∞, such that, in a minimal injective coresolution

0−→ AA−→ I0 −→ I1 −→ ·· · −→ Ii−1 −→ Ii −→ ·· ·

of the regular A-module AA, all Ii are projective for 0≤ i < n.

Doninant dimensions are closely related to self-orthogonal generator-cogenerators. Recall that a
finitely generated module M over an Artin algebra A is said to be self-orthogonal if ExtiA(M,M) = 0 for all
i≥ 1; and is called a generator-cogenerator if all indecomposable projective A-modules and indecompos-
able injective A-modules are isomorphic to direct summands of M. According to the Morita-Tachikawa
correspondence [20, 24], Artin algebras of dominant dimension at least 2 are exactly the endomorphis-
m algebras of generator-cogenerators. Moreover, Müller showed that the endomorphism algebra B of a
generator-cogenerator M has dominant dimension at least n > 1 if and only if ExtiA(M,M) = 0 for all
1≤ i < n−1 (see [21, Lemma 3]).

The extreme case n = ∞ involves the Nakayama conjecture (see [22]), one of the core problems in
representation theory and homological algebra of finite-dimensional algebras (see [3, p.409-410 ]):

(NC) If an Artin algebra has infinite dominant dimension, then it is self-injective.

This conjecture can be interpreted equivalently by self-orthogonal modules as follows [21]:

(NC-M) A generator-cogenerator over an Artin algebra is projective whenever it is self-orthogonal.

To understand the Nakayama conjecture, Tachikawa considered special self-orthogonal modules and
divided the Nakayama conjecture into two conjectures, called Tachikawa’s first and second conjectures
nowadays (see [24, p. 115-116].
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(TC1) If an Artin algebra A satisfies ExtnA(D(A),A) = 0 for all n≥ 1, then A is self-injective, where D
is the usual duality of Artin algebra.

(TC2) Let A be a self-injective Artin algebra and M a finitely generated A-module. If M is self-
orthogonal, then M is projective.

For a collection of all related conjectures and open problems, we refer to [3, Conjcetures , p.409; open
problems, p.411]. It is known in [24] that (NC) holds if and only if both (TC1) and (TC2) hold.

Despite of efforts made in the past decades, all these conjectures still remain open in general. Recently,
some new advances on Tachikawa’s second conjecture and the Nakayama conjecture have been made
in [10, 12]. It is proved that Tachikawa’s second conjecture for symmetric algebras is equivalent to
saying that indecomposable symmetric algebras do not have any non-trivial stratifying ideals (see [10,
Theorem 1.1]). Moreover, it is shown that the Nakayama conjecture holds for Gorenstein-Morita algebras
introduced in [12]. One of the main tools there to prove these results is recollements of certain “nice”
triangulated categories such as Gorenstein stable categories or derived module categories of algebras.

In the present paper, we consider a self-orthogonal generator-cogenerator M over an arbitrary Artin
algebra, such that its Nakayama translation is orthogonal to M. If the endomorphism algebra of M is
virtually Gorenstein in the sense of Beligiannis and Reiten (see [7, Chapter X, Definition 3.3]), then M is
projective. Our proof is based on an amazing characterization of virtually Gorenstein algebras in terms of
contravariantly finite subcategories of module categories given in [6]. As a corollary of our main results,
we re-obtain a recent result in [12]: Strongly Morita, virtually Gorenstein algebras satisfy the Nakayama
conjecture.

To state our result more precisely, we introduce a few notions and notation.
Unless stated otherwise, all algebras considered are Artin algebras over a fixed commutative Artin

ring, and all modules are left modules, unless stated otherwise.
Let A be an algebra. We denote by A-Mod (or A-mod) the category of all (or finitely generated) A-

modules, and by νA the Nakayama functor D(A)⊗A−, where D stands for the usual duality over Artin
algebras universally.

Following [4, Definition 8.1], an algebra A is said to be virtually Gorenstein provided that for each
A-module X ∈ A-Mod, the functor ExtiA(X ,−) vanishes for all i≥ 1 on all Gorenstein injective A-modules
in A-Mod if and only if the functor ExtiA(−,X) vanishes for all i ≥ 1 on all Gorenstein projective A-
modules in A-Mod. The class of virtually Gorenstein algebras contains Gorenstein algebras and algebras
of finite representation type, and is closed under taking derived equivalences and stably equivalences of
Morita type (see [4, 5, 6]). Moreover, it was shown in [4] that virtually Gorenstein algebras satisfy the
Gorenstein symmetric conjecture (see [3, Conjecture (13), p.410] for the statement). Note, however, that
not all algebras are virtually Gorenstein (see [6] for a counterexample). As a generalization of virtually
Gorenstein algebras, the class of compactly Gorenstein algebras is introduced in [12, Section 1.2]. We
conjecture that all Artin algebras should be compactly Gorenstein.

One of our main results is a combination of the Nakayama conjecture and Tachikawa’s first conjecture
on virtually Gorenstein algebras (see Remark 3.2 for the first conjecture).

Theorem 1.2. Suppose that A is an algebra with domdim(A) = ∞ and ExtnA(D(A),A) = 0 for all n ≥ 1.
If A is virtually Gorenstein, then A is self-injective.

Theorem 1.2 will be used to prove our next result about self-orthogonal modules.

Theorem 1.3. Let A be an algebra, and let M be a finitely generated, generator-cogenerator for A-mod.
Suppose ExtnA(M⊕ νA(M),M) = 0 for all n ≥ 1. If the endomorphism algebra of the A-module M is
virtually Gorenstein, then M is a projective A-module.
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The above results reveal a close relation between the Nakayama conjecture and virtually Gorenstein
algebras. A direct consequence of Theorem 1.3 is the following corollary which includes the case that A
is a symmetric algebra. In this case, the Nakayama functor is the identity functor.

Corollary 1.4. Let A be an algebra and let M be a finitely generated, self-orthogonal A-module which
is a generator-cogenerator with νA(M) ∈ add(AM). If the endomorphism algebra of AM is virtually
Gorenstein, then M is a projective A-module.

Recall from [12, Section 1.2] that strongly Morita algebras are, by definition, the endomorphism
algebras of those generators M over a self-injective algebra A such that add(AM) = add(νA(M)). The
class of strongly Morita algebras contains gendo-symmetric algebras that are the endomorphism algebras
of generators over symmetric algebras (see [13, 14]).

Now, we apply Corollary 1.4 to strongly Morita algebras and give a completely different proof of the
following result which is a special case of [12, Corollary 1.4].

Corollary 1.5. Let A be a strongly Morita, virtually Gorenstein Artin algebra. If A has infinite dominant
dimension, then it is self-injective.

Proof. Let A be a strongly Morita algebra. Then A = EndΛ(M), where Λ is a self-injective algebra and
M ∈Λ-mod is a generator with add(ΛM)= add(νΛ(M)). Suppose domdim(A)=∞. Then Extn

Λ
(M,M)= 0

for all n≥ 1 by [21, Lemma 3]. Since A is virtually Gorenstein, the Λ-module M is projective by Corollary
1.4. This implies that A is Morita equivalent to Λ, and thus self-injective because Morita equivalences
preserve self-injective algebras. �

Finally, we point out that virtually Gorenstein algebras can be obtained from Frobenius extensions.
For details, we refer the reader to Proposition 3.6.

The contents of this paper are sketched as follows. In Section 2, we fix some notation and recall
the definitions of contravariantly or covariantly finite subcategories as well as two relevant theorems. In
Section 3, we first give some properties of algebras of infinite dominant dimensions (Lemma 3.1) and
then show Theorem 1.2. Subsequently, we apply Theorem 1.2 to show Theorem 1.3. Finally, we show
that Frobenius extensions provide a way to get new virtually Gorenstein algebras from given ones.

2 Preliminaries

In this section, we briefly recall some definitions and notation used in this paper.
Let C be an additive category.
Let X be an object in C . We denote by add(X) the full subcategory of C consisting of all direct sum-

mands of finite coproducts of copies of M. If C admits small coproducts (that is, coproducts indexed over
sets exist in C ), then we denote by Add(X) the full subcategory of C consisting of all direct summands of
small coproducts of copies of X . Dually, if C admits products, then Prod(X) denotes the full subcategory
of C consisting of all direct summands of products of copies of X .

Let B be a full subcategory of C . A morphism f : X → Y in C is called a right B-approximation of
Y provided that X ∈ B and HomC (B, f ) : HomC (B,X)→HomC (B,Y ) is surjective for any B ∈ B . If each
object of C admits a right B-approximation, then B is said to be contravariantly finite. Dually, we can
define left approximations of objects and covariantly finite subcategories in C .

Let C be an abelian category. The category B is called a thick subcategory of C if it is closed under
direct summands in C and has the two out of three property: for any short exact sequence 0→ X → Y →
Z→ 0 in C with two terms in B , the third term belongs to B as well. For a class S of objects in C , we
denote by Thick(S) the smallest thick subcategory of C containing S . When C has enough projective
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objects, B is called a resolving subcategory of C if B contains all projective objects of C and is closed
under extensions and kernels of epimorphisms in C (see [2, Section 3]).

Let A be an Artin algebra. Recall that A-Mod (respectively, A-mod) denotes the category of all (re-
spectively, finitely generated) left A-modules. Let ΩA and Ω

−
A stand for the usual syzygy and cosyzygy

functors over A-Mod, respectively. For a class S of objects in A-Mod, we denote by S⊥ (respective-
ly, ⊥S ) the full subcategory of A-Mod consisting of modules X such that ExtnA(S,X) = 0 (respectively,
ExtnA(X ,S) = 0) for all S ∈ S and n≥ 1.

Let U and V be full subcategories of A-Mod closed under isomorphisms. Denote by U⊕̂V the full
subcategory of -Mod which consists of all modules X such that X ⊕W ' U ⊕V , where W ∈ U ∩V ,
U ∈ U and V ∈ V . Note that if U ⊆ A-mod and V ⊆ A-mod are closed under direct summands, then
X ∈U⊕̂V if and only if X 'U ⊕V with U ∈U and V ∈ V . In this case, we simply write U⊕V for
U⊕̂V ; in other words, U⊕V := {X ∈ A-mod | X 'U⊕V, U ∈U,V ∈ V }.

Let A-Proj and A-Inj (respectively, A-proj and A-inj) be the full subcategories of A-Mod consisting of
(respectively, finitely generated) projective and injective A-modules, respectively. As usual, the projective
and injective dimensions of an A-module X are denoted by pdim(X) and idim(X), respectively. Let

P<∞(A) := {X ∈ B-Mod | pdim(X)< ∞} and I <∞(A) := {X ∈ B-Mod | idim(X)< ∞}.

They are thick subcategories of A-Mod. Their restrictions to finitely generated modules are denoted by

P<∞

fg (A) := P<∞(A)∩A-mod and I <∞

fg (A) := I <∞(A)∩A-mod.

Then P<∞(A) is a resolving subcategory, and P<∞

fg (A)∪I <∞

fg (A)⊆ Thick(A-proj∪A-inj)⊆ A-mod.

As a preparation for showing Theorem 1.3, we need the following two important results. The first one
characterizes virtually Gorenstein algebras.

Theorem 2.1. [6, Theorem 1] The following are equivalent for an Artin algebra A.
(1) The algebra A is virtually Gorenstein.
(2) The subcategory Thick(A-proj∪A-inj) of A-mod is contravariantly finite.
(3) The subcategory Thick(A-proj∪A-inj) of A-mod is covariantly finite.

The next result describes modules in a resolving, contravariantly finite subcategory.

Theorem 2.2. [2, Proposition 3.8] Let A be an algebra. Suppose X is a resolving, contravariantly finite
subcategory of A-mod. Let S1,S2, · · · ,St be a complete set of nonisomorphic simple A-modules and let
fi : Xi→ Si be a minimal right X -approximation of Si for 1≤ i≤ t. Then the modules in X consist of the
summands of modules M with the property that there is a finite filtration M = M0 ⊃M1 ⊃ ·· · ⊃Mn = 0
such that, for each 0≤ i≤ n−1, we have Mi/Mi+1 ' X j for some j ∈ {1,2, · · · , t}.

3 Algebras of infinite dominant dimension

In this section, we are concentrated on algebras of infinite dominant dimension. These algebras have the
following property.

Lemma 3.1. Let B be an algebra of infinite dominant dimension. Then the following hold true.
(1) There is a finitely generated B-module E such that Add(E)=B-Proj∩B-Inj=P<∞(B)∩I <∞(B).
(2) Suppose ExtnB(D(B),B) = 0 for all n≥ 1. Then Thick(B-Proj∪B-Inj) = P<∞(B)⊕̂I <∞(B) and

Thick(B-proj∪B-inj) = P<∞

fg (B)⊕I <∞

fg (B).
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Proof. Since B is an Artin algebra, it is known that each finitely generated B-module M satisfies
Add(M) = Prod(M) (for example, see [18, Lemma 1.2]). This property will be used freely in our proof.

(1) Let E := B-Proj∩B-Inj be the category of projective-injective B-modules, and let E ∈ B-mod
such that add(E) = B-proj∩B-inj. Then Add(E) ⊆ E . Since domdim(B) ≥ 1, the injective envelope
of BB belongs to add(E). It follows that each projective B-module can be embedded into a module in
Add(E), and therefore E ⊆ Add(E) by the splitting property of injective modules. Thus E = Add(E).

Let E -dim∞(B) (respectively, E -dim∞(B)) be the full subcategory of B-Mod consisting of all modules
X such that there is a long exact sequence of B-modules

· · · −→ X2 −→ X1 −→ X0 −→ X −→ 0 (respectively, 0−→ X −→ X0 −→ X1 −→ X2 −→ ·· ·)

with Xi ∈ E for all i ≥ 0. As E consists of all projective-injective B-modules and is a thick subcategory
of B-Mod, we can show that both E -dim∞(B) and E -dim∞(B) are thick subcategories of B-Mod contain-
ing E . Moreover, since E = Add(E) = Prod(E), the categories E -dim∞(B) and E -dim∞(B) are closed
under direct sums and products in B-Mod. Since domdim(B) = ∞, we have BB ∈ E -dim∞(B). Note that
domdim(Bop) = domdim(B) by [21, Theorem 4]. Thus D(BB) ∈ E -dim∞(B). Consequently,

(†) P<∞(B)⊆ E -dim∞(B) and I <∞(B)⊆ E -dim∞(B).

Since E -dim∞(B)∩I <∞(B) = E , we obtain P<∞(B)∩I <∞(B) = E . This shows (1).
(2) Let C := P<∞(B)⊕̂I <∞(B). Since P<∞(B) = Thick(B-Proj) and I <∞(B) = Thick(B-Inj), we

have C ⊆ Thick(B-Proj∪B-Inj). To show the converse inclusion, it suffices to show that C is a thick
subcategory of B-Mod. However, this will be done by the following three steps.

Step 1. We show that C is closed under extensions in B-Mod.
In fact, by the assumption of (2), D(BB) ∈ ⊥B. It follows from B-Inj = Prod(D(BB)) = Add(D(BB))

that B-Inj ⊆ ⊥B. Note that the category ⊥B is always closed under kernels of surjections in B-Mod.
This implies I <∞(B) ⊆ ⊥B, or equivalently, BB ∈ I <∞(B)⊥. Since B-Proj = Prod(BB) and I <∞(B)⊥

is closed under cokernels of injections in B-Mod, we have P<∞(B) ⊆ I <∞(B)⊥. Further, we show
I <∞(B) ⊆P<∞(B)⊥. In fact, for any X ∈P<∞(B) and for any n ∈ N, it follows from P<∞(B) ⊆
E -dim∞(B) (see the inclusion in (†)) that there are B-modules Xn ∈ B-Mod and Qn ∈ Add(BB) such that
X 'Ωn

B(Xn)⊕Qn. For Y ∈ B-Mod and m≥ 1, it is clear that

ExtmB (X ,Y )' ExtmB (Ω
n
B(Xn)⊕Qn,Y )' Extm+n

B (Xn,Y )' ExtmB (Xn,Ω
−n
B (Y )).

Thus ExtmB (X ,Y ) = 0 for m≥ 1 if Y ∈I <∞(B). This shows I <∞(B)⊆P<∞(B)⊥.
To complete the proof of Step 1, we apply P<∞(B)⊆I <∞(B)⊥ and I <∞(B)⊆P<∞(B)⊥ to show

the following fact (∗).
(∗) Each exact sequence 0→U1⊕V1 →W →U2⊕V2 → 0 of B-modules with Ui ∈P<∞(B) and

Vi ∈I <∞(B) for i = 1,2, is isomorphic to a direct sum of two exact sequences 0→U1→W1→U2→ 0
and 0→V1→W2→V2→ 0 in B-Mod. In particular, W 'W1⊕W2 with W1 ∈P<∞(B) and W2 ∈I <∞(B).

Indeed, it follows from I <∞(B)⊆P<∞(B)⊥ that Ext1B(U2,V1) = 0, and from P<∞(B)⊆I <∞(B)⊥

that Ext1B(V2,U1) = 0. Hence, by the finite additivity of the bifunctor ExtiB(−,−), we have the following
isomorphism of abelian groups

(‡) Ext1B(U2⊕V2,U1⊕V1)' Ext1B(U2,U1)⊕Ext1B(V2,V1).

Note that, for a pair (U,V ) of B-modules, Ext1B(V,U) can be interpreted as the abelian group of the
equivalence classes of short exact sequences 0→ U → E → V → 0 in B-Mod (for example, see [3, I.
Theorem 5.4]). Thus (∗) follows from interpreting (‡) as short exact sequences.
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Now, it follows from (∗) and Add(E) = P<∞(B)∩I <∞(B) that C is closed under extensions in
B-Mod.

Step 2. We show that C is closed under direct summands in B-Mod. Alternately, we show that if
X⊕Y 'U⊕V in B-Mod with U ∈P<∞(B) and V ∈I <∞(B), then X ∈ C .

Let n := pdim(U)+1 < ∞. Then Ωn
B(U) = 0 which leads to Ωn

B(X)⊕Ωn
B(Y )'Ωn

B(V ). According to
V ∈I <∞(B)⊆ E -dim∞(B), there is an exact sequence

0−→Ω
n
B(V )−→ Pn−1 −→ ·· · −→ P1 −→ P0 −→V −→ 0,

where Pi lies in Add(E) for 0≤ i≤ n−1. Let

0−→Ω
n
B(X)−→ I0 −→ I1 −→ ·· · −→ In−1 −→ In −→ ·· ·

be a minimal injective coresolution of Ωn
B(X). Since all Pi are injective and Ωn

B(X) is a direct summand
of Ωn

B(V ), the injective module I j is a direct summand of Pn−1− j for 0≤ j ≤ n−1, and Ω
−n
B (Ωn

B(X)) is a
direct summand of V . In particular, I j is projective and Ω

−n
B (Ωn

B(X)) ∈I <∞(B). Now, we can construct
the following exact commutative diagram

0 // Ωn
B(X) // Qn−1 //

f0
��

· · · // Q1 //

fn−2

��

Q0 //

fn−1

��

X //

εX

��

0

0 // Ωn
B(X) // I0 // · · · // In−2 // In−1 // Ω−n

B (Ωn
B(X)) // 0

in which the first row arises from a minimal projective resolution of X and vertical maps are induced
from the identity map of Ωn

B(X). Taking the mapping cone of the quasi-isomorphism ( f0, f1, · · · , fn−1,εX)
yields a long exact sequence

0−→ Qn−1 −→ Qn−2⊕ I0 −→ ·· · −→ Q0⊕ In−2 h−→ X⊕ In−1 −→Ω
−n
B (Ωn

B(X))−→ 0.

This implies L := Im(h) ∈P<∞(B) because Qi and Ii are projective modules for all 0≤ i≤ n−1. Since
Ω
−n
B (Ωn

B(X)) ∈I <∞(B) and P<∞(B)⊆I <∞(B)⊥, we have Ext1B
(
Ω
−n
B (Ωn

B(X)),L
)
= 0. It follows that

X⊕ In−1 ' L⊕Ω
−n
B (Ωn

B(X)).

Clearly, In−1 ∈ Add(E) = P<∞(B)∩I <∞(B), L ∈P<∞(B) and Ω
−n
B (Ωn

B(X)) ∈I <∞(B). Thus X ∈ C .
Remark that if X is finitely generated, then all the modules in the above commutative diagram are

finitely generated. In this situation, In−1 ∈ add(E), L ∈P<∞

fg (B) and Ω
−n
B (Ωn

B(X)) ∈I <∞

fg (B).
Step 3. We show that C is closed under kernels of surjective homomorphisms, and cokernels of

injective homomorphisms in B-Mod.
Actually, since E consists of projective-injective modules and I <∞(B) ⊆ E -dim∞(B), there holds

ΩB(I <∞(B))⊆I <∞(B). Clearly, ΩB(P<∞(B))⊆P<∞(B). Thus ΩB(C )⊆ C . Dually, Ω
−
B (C )⊆ C .

Let (δ) : 0→ X → Y → Z → 0 be an exact sequence in B-Mod. Then there are two relevant exact
sequences in B-Mod:

(δ1) : 0−→ΩB(Z)−→ X⊕PZ −→ Y −→ 0 and (δ2) : 0−→ Y −→ Z⊕ IX −→Ω
−
B (X)−→ 0,

where PZ is a projective cover of Z and IX is an injective envelop of X . To show Step 3, we consider the
following two cases:

(a) Suppose both Y and Z lie in C . Then ΩB(Z)∈C . It follows from (δ1) and Step 1 that X⊕PZ ∈C .
Thus X ∈ C by Step 2. This means that C is closed under kernels of surjections in B-Mod.
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(b) Suppose both X and Y lie in C . Then Ω
−
B (X)∈C . It follows from (δ2) and Step 1 that Z⊕ IX ∈C .

Thus Z ∈ C by Step 2. Hence C is closed under cokernels of injections in B-Mod. This completes Step 3.
Thus C is a thick subcategory of B-Mod, and C = Thick(B-Proj∪B-Inj). Similarly, by considering

finitely generated B-modules, we can prove the equality

Thick(B-proj∪B-inj) = P<∞

fg (B)⊕̂I <∞

fg (B).

Since both P<∞

fg (B) and I <∞

fg (B) are closed under direct summands in B-mod, we have P<∞

fg (B)⊕̂I <∞

fg (B)
= C ∩B-mod = P<∞

fg (B)⊕I <∞

fg (B). This shows (2). �

Remark 3.2. Given a finite-dimensional k-algebra B over a field k, the condition ExtnB(D(B),B) = 0
for all integers n ≥ 1 in Lemma 3.1 is equivalent to saying that the minimal self-orthogonal generator-
cogenerator B⊕D(B) for B-mod is self-orthogonal. This is also related to Tachikawa’s first conjecture: If
ExtnB⊗kBop(B,B⊗k B) = 0 for all n≥ 1, then B is self-injective (see [24, p. 115]).

In fact, there are isomorphisms of k-modules for all n≥ 1:

ExtnB(B⊕D(B),B⊕D(B))' ExtnB(D(B),B)' ExtnB⊗kBop(B,B⊗k B),

(see [24, p. 114] for the last isomorphism).

Proof of Theorem 1.2. Let A be a virtually Gorenstein algebra, and let X = Thick(A-proj∪A-inj).
By Theorem 2.1, X is contravariantly finite in A-mod. In other words, each finitely generated A-module X
has a minimal right X -approximation WX → X , that is, WX ∈X and the induced map HomA(W,WX)→
HomA(W,X) is surjective for any W ∈X . Let S1, · · · ,Sm be a complete set of nonisomorphic simple
A-modules, and let Wi → Si be a minimal right X -approximation of Si for i = 1, · · · ,m. Since X =
P<∞

fg (A)⊕I <∞

fg (A) by Lemma 3.1(2), we have Wi 'Ui⊕Vi for some Ui ∈P<∞

fg (A) and Vi ∈I <∞

fg (A).
Clearly, X is a thick subcategory of A-mod and contains all finitely generated projective A-modules.
In particular, X is closed under extensions and kernels of surjections in A-mod. Thus X is a resolving
subcategory of A-mod. By Theorem 2.2, X consists of the direct summands of modules X with a filtration
of finite length n:

X = X0 ⊃ X1 ⊃ ·· · ⊃ Xn = 0

such that, for each j = 0, · · · ,n− 1, there is an isomorphism X j/X j+1 'W` j for some ` j ∈ {1, · · · ,m}.
Now, we fix such an A-module X . Since W` j 'U` j ⊕V` j with U` j ∈P<∞

fg (A) and V` j ∈I <∞

fg (A), we see
from (∗) in the proof of Lemma 3.1(2) that there are finitely generated A-modules Y and Z with filtration
of finite length:

Y = Y0 ⊇ Y1 ⊇ ·· · ⊇ Yn = 0 and Z = Z0 ⊇ Z1 ⊇ ·· · ⊇ Zn = 0

such that for 0≤ j ≤ n−1 ∈ N,

X j ' Yj⊕Z j, Yj/Yj+1 'U` j , and Z j/Z j+1 'V` j .

In particular, X ' Y ⊕Z with Y ∈P<∞

fg (A) and Z ∈I <∞

fg (A). Set

s := max{pdim(Ui) | 1≤ i≤ m} and t := max{idim(Vi) | 1≤ i≤ m}.

Then pdim(Y ) ≤ s and idim(Z) ≤ t. Let N be an indecomposable direct summand of X . Then N is
isomorphic to a direct summand of either Y or Z. Thus pdim(N) ≤ s or idim(N) ≤ t. Consequently,
each indecomposable module in X has either projective dimension at most s or injective dimension at
most t. Now, let T ∈P<∞

fg (A). Then we can write T =
⊕

0≤i≤u∈N Ti as a direct sum of indecomposable
(finitely generated) A-modules Ti. Then either pdim(Ti) ≤ s or idim(Ti) ≤ t. Recall that P<∞(A)∩
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I <∞(A) consists of projective-injective A-modules by Lemma 3.1(1). This implies that if idim(Ti) ≤ t,
then pdim(Ti) = 0. Thus pdim(T ) = max{pdim(Ti) | 0≤ i≤ u} ≤ s.

Since domdim(A) = ∞, the minimal injective coresolution

0−→ AA−→ I0 −→ I1 −→ ·· · −→ In −→ ·· ·

of the module AA has all terms Ii being projective-injective. This implies pdim(Ω−s−1
A (A)) ≤ s+ 1 < ∞

and Ω
−s−1
A (A) ∈P<∞

fg (A). Hence pdim
(
Ω
−s
A (Ω−A (A))

)
= pdim(Ω−s−1

A (A))≤ s. It follows that Ω
−
A (A) is

projective, and therefore I0 ' AA⊕Ω
−
A (A). Thus AA is injective, as desired. �

To show Theorem 1.3, we need the following result.

Lemma 3.3. Let Λ be an algebra, M a finitely generated Λ-module and A the endomorphism algebra of
ΛM. Suppose that ΛM is a generator-cogenerator. Then domdim(A) = ∞ and ExtnA(D(A),A) = 0 for all
n≥ 1 if and only if Exti

Λ
(M⊕νΛ(M),M) = 0 for all i≥ 1.

Proof. By Müller’s theorem on dominant dimension (see [21, Lemma 3]), domdim(A) = ∞ if and
only if Exti

Λ
(M,M) = 0 for all i≥ 1. Now, we assume domdim(A) = ∞.

Let
0−→ ΛM −→ I0 −→ I1 −→ ·· · −→ In −→ ·· ·

be a minimal injective coresolution of ΛM. Note that M is naturally a Λ-A-bimodule. Applying HomΛ(M,−)
to this coresolution yields a long exact sequence of A-modules:

0−→ AA−→ HomΛ(M, I0)−→ HomΛ(M, I1)−→ ·· · −→ HomΛ(M, In)−→ ·· ·

where HomΛ(M, In) are projective-injective for all n ≥ 0. In particular, this sequence is an injective
coresolution of AA. Now, we apply HomA(D(A),−) to the sequence and obtain a complex of A-modules:

0→ HomA(D(A),A)→ HomA(D(A),HomΛ(M, I0))→ ··· → HomA(D(A),HomΛ(M, In))→ ···

which is, by adjoint isomorphism, isomorphic to the complex

(∗∗) 0→ HomΛ(M⊗A D(A),M)→ HomΛ(M⊗A D(A), I0)→ ·· · → HomΛ(M⊗A D(A), In)→ ··· .

Since ΛM is a generator (that is, add(ΛΛ) ⊆ add(M)), the Aop-module MA = HomΛ(Λ,M) is projective.
Therefore there is a series of isomorphisms of Λ-A-bimodules:

M⊗A D(A) ' HomΛ(Λ,M)⊗A D(HomΛ(M,M))
' DHomAop

(
HomΛ(Λ,M),HomΛ(M,M)

)
' DHomΛ(M,Λ)
' νΛ(M).

Here, the second isomorphism follows from [1, Proposition 20.11, p.243 ] and the third one is referred to
[25, Lemma 2.2(2)] for hints. Thus the sequence (∗∗) is isomorphic to the following sequence

0−→ HomΛ(νΛ(M),M)−→ HomΛ(νΛ(M), I0)−→ ·· · −→ HomΛ(νΛ(M), In)−→ ·· · .

Consequently, ExtnA(D(A),A) ' Extn
Λ
(νΛ(M),M) as A-modules for all n ≥ 0. Thus ExtnA(D(A),A) = 0 if

and only if Extn
Λ
(νΛ(M),M) = 0. �

Proof of Theorem 1.3. Let A be an Artin algebra, M a generator-cogenerator for A-mod, and
B := EndA(M). Suppose ExtnA(M⊕ νA(M),M) = 0 for all n ≥ 1. By Lemma 3.3, domdim(B) = ∞ and
ExtnB(D(B),B)= 0 for all n≥ 1. Suppose that the algebra B is virtually Gorenstein. Then B is self-injective
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by Theorem 1.2. Since AM is also a generator for A-Mod, the functor HomA(M,−) : A-Mod→ B-Mod
is fully faithful. Let f : M → I0 be an injective envelope of AM. Since AM is a generator-cogenerator,
the B-module HomA(M, I0) is projective-injective and HomA(M, f ) is an injective envelope of BB. Thus
HomA(M,M) = BB ' BHomA(M, I0). This implies M ' I0 as A-modules. In particular, AM is injective.
Since AM is a generator, it follows from add(AA)⊆ add(AM) that the algebra A itself is self-injective, and
therefore AM is also projective. �

Theorem 1.3 involves both infinite dominant dimensions and orthogonality of modules. We introduce
the following property (♦) for an algebra A and show that this property is preserved by taking tensor
products of algebras over a field.

(♦): domdim(A) = ∞ and ExtnA(D(A),A) = 0 for all n≥ 1.

Proposition 3.4. Let A and B be finite-dimensional algebras over a field k and let C := A⊗k B be the
tensor product of A and B over k. Then A and B satisfy the property (♦) if and only if so does C.

Proof. When either A or B is zero, Proposition 3.4 holds trivially. So, we assume that both A and
B are nonzero. By [21, Lemma 3], domdim(C) = min{domdim(A),domdim(B)}. This implies that
domdim(C) = ∞ if and only if domdim(A) = ∞ = domdim(B). Note that D(C)' D(A)⊗k D(B) as C-C-
bimodules. Since k is a field, it follows from [8, Chapter XI, Theorem 3.1] that, for all n ∈ N, there are
isomorphisms of k-modules:

(]) ExtnC(D(C),C)' ExtnC(D(A)⊗k D(B),A⊗k B)'
⊕

p,q≥0,p+q=n

Extp
A(D(A),A)⊗k ExtqB(D(B),B).

Suppose domdim(A) = ∞ = domdim(B). Then A and B have finite-dimensional, projective-injective,
nonzero modules, and therefore HomA(D(A),A) 6=HomB(D(B),B). It follows from (]) that ExtnC(D(C),C)
= 0 for all n ≥ 1 if and only if ExtmA (D(A),A) = 0 = ExtmB (D(B),B) for all m ≥ 1. Thus A and B satisfy
the property (♦) if and only if so does C. �

Next, we give a generalization of Theorem 1.2 in the case of finite-dimensional algebras.

Theorem 3.5. Suppose that A is a finite-dimensional algebra over a field k with domdim(A) = ∞ and
ExtnA(D(A),A) = 0 for all n≥ 1. If A is isomorphic to the tensor product of virtually Gorenstein algebras,
then A is self-injective.

Proof. Suppose A ' A1⊗k · · ·⊗k Am, where Ai is a virtually Gorenstein algebra for 1 ≤ i ≤ m. Since
domdim(A) = ∞ and ExtnA(D(A),A) = 0 for all n ≥ 1, we see from Proposition 3.4 that, for 1 ≤ i ≤ m,
domdim(Ai) = ∞ and Ext j

Ai
(D(Ai),Ai) = 0 for all j ≥ 1. By Theorem 1.2, Ai is self-injective. Note that

the tensor product of finitely many, self-injective algebras is again a self-injective algebra. Thus A is
self-injective. �

Finally, we give a way to get virtually Gorenstein algebras.
Let B ⊆ A be an extension of algebras, that is, B is a subalgebra of the algebra A with the same

identity. An extension B ⊆ A is called a Frobenius extension if BA is a finitely generated projective
B-module and AAB ' HomB(A,B) as A-B-bimodules ([17]). This is equivalent to saying that AB is a
finitely generated projective Bop-module and BAA ' HomBop(A,B) as B-A-bimodules. Given a Frobenius
extension B⊆A, it is known that the restriction functor B(−) : A-Mod→B-Mod and the induction function
A⊗B − : B-Mod→ A-Mod are mutually adjoint, and thus preserve projective (respectively, injective)
modules. However, they do not detect projective (respectively, injective) modules in general. For example,
the inclusion k ⊆ k[x]/(xn) with k a field and n ≥ 2 is a Frobenius extension, the restriction of every
k[x]/(xn)-module is a projective k-module, but the module itself may not be a projective k[x]/(xn)-module.
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So, to establish close relation between modules over A and B, we focus on two classes of special Frobenius
extensions. For more examples of Frobenius extensions, we refer to [16].

An extension B ⊆ A of algebras is called a separable extension if the multiplication A⊗B A→ A is a
split surjection of A-A-bimodules; a semisimple extension if the multiplication map A⊗B X → X is split
surjective for any A-module X ; and a split extension if the inclusion B→ A is a split injection of B-B-
bimodules. Clearly, separable extensions are semisimple. For a semisimple extension B ⊆ A, if X is an
A-module, then X is isomorphic to a direct summand of the A-module A⊗B X ; for a split extension, if Y
is a B-module, then Y is isomorphic to a direct summand of the B-module BA⊗B Y .

Proposition 3.6. Let B⊆ A be a Frobenius extension of algebras.
(1) If the extension is semisimple and B is virtually Gorenstein, then A is virtually Gorenstein.
(2) If the extension is split and A is virtually Gorenstein, then B is virtually Gorenstein.

Proof. Let A-GProj denote the category of all Gorenstein-projective A-modules. Define

F = B(−) : A-Mod−→ B-Mod, G = A⊗B− : B-Mod−→ A-Mod.

Clearly, (G,F) is an adjoint pair. Since B ⊆ A is a Frobenius extension, G is naturally isomorphic to the
coinduction functor HomB(A,−). This implies that (F,G) is also an adjoint pair. It is not difficult to see
that F and G can be restricted to mutually adjoint functors between A-GProj and B-GProj. Since F and
G are exact and preserve projective modules, they automatically induce mutually adjoint triangle functors
(still denoted by F and G) between the stable category of A-GProj and the one of B-GProj:

F : A-GProj−→ B-GProj , G : B-GProj−→ A-GProj.

Note that, for an Artin algebra Λ, the category Λ-GProj is a compactly generated triangulated category
(for example, see [4, Theorem 6.6]). Now, we denote by A-GProjc and B-GProjc the full subcategories of
A-GProj and B-GProj consisting of all compact objects, respectively. Recall that an object of a triangulated
category C with coproducts (indexed by sets) is said to be compact if the functor HomC (X ,−) from C to
the category of abelian groups commutes with coproducts. For the convenience of the reader, we mention
two general results:

(a) Given an adjoint pair (L,R) of triangle functors L : C →D and R : D → C between triangulated
categories C and D with coproducts, if R commutes with coproducts, then L preserves compact objects.
This fact is easy to see by definition.

(b) Let Λ-Gproj be the full subcategory of Λ-GProj consisting of modules isomorphic to finitely
generated Gorenstein-projective Λ-modules. Then Λ-Gproj ⊆ Λ-GProjc, and the equality holds if and
only if Λ is virtually Gorenstein (see [4, Theorem 8.2 (i) and (iv)]).

Since F and G are mutually adjoint and commute with coproducts, they can be restricted to triangle
functors between A-GProjc and B-GProjc by (a). Thus we obtain mutually adjoint pairs:

F : A-GProjc −→ B-GProjc , G : B-GProjc −→ A-GProjc.

(1) Suppose that the extension B ⊆ A is separable and B is virtually Gorenstein. Let X ∈ A-GProjc.
Then F(X) ∈ B-GProjc and GF(X) ∈ A-GProjc. Since B is virtually Gorenstein, F(X) ∈ B-Gproj. It
follows that GF(X) ∈ A-Gproj. Since the extension B ⊆ A is semisimple, X is isomorphic to a direct
summand of GF(X). As A-Gproj is closed under direct summands in A-GProj, we have X ∈ A-Gproj.
Thus A-Gproj = A-GProjc. It follows from (b) that A is virtually Gorenstein.

(2) This can similarly be shown by applying (b) and the fact that, for a split extension B ⊆ A, each
B-module Y is isomorphic to a direct summand of the B-module G(Y ). �
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