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1. Introduction

Given a natural number n and an associative (not necessarily commutative) ring R
with identity, all symmetric sequences of n? elements in R form a subring of the full
n X n matrix ring M, (R). This subring is called the centrosymmetric matrix ring of
R, denoted by S,(R). The study of centrosymmetric matrices over a field has a long
history in matrix theory (see [18, p. 19], [1, p. 124]). Such matrices arise as transition
matrices for certain Markov processes (see [21]), emerge in approximations to the kernels
of certain integral equations (see [10]) and have applications in engineering problems and
quantum physics (see [6]). A short survey of this topic in earlier time can be found in
[21] where, in particular, the structure of R-algebra S, (R) was determined, that is,
Sn(R) ~ M, _(R) x M;(R), with & = [n/2], the least integer bigger than or equal to
n/2. Thus S, (R) is always a semisimple R-algebra. Though there are lots of works on
different aspects of matrix theory of centrosymmetric matrices, less attentions focus on
algebraic aspects of such matrix algebras.

In this note, we shall investigate ring-theoretical structures of the centrosymmetric
matrix algebras S, (R) for an arbitrary ring R. This will be carried out by using methods
in both matrix theory and representation theory of algebras. It turns out that S, (R)
may not be semisimple even if R is a field. We also study relations between S,,(R) and
M, (R). Our main result is the following.

Theorem. (1) For any ring R, M, (R) is a separable Frobenius extension of S, (R); and
Sn(R) is Morita equivalent to Sa(R) if n is even, and to Ss(R) if n > 3 is odd.
(2) If R is a commutative ring, then S, (R) is a cellular R-algebra for n > 1.

The proof of this result is given in Section 3 after some preparations in Section 2
where we give the precise definitions of all terminology unexplained in the result and all
elementary facts needed in the proof.

2. Preliminaries

Throughout this note, R stands for a ring with identity. We denote by M,,(R) the ring
of all nxn matrices over R for any positive integer n, and by R-Mod the category of all left
R-modules. Recall that two rings R and S are Morita equivalent if the categories R-Mod
and S-Mod are equivalent, denoted by R = S. For example, R is Morita equivalent to
M, (R) for all n > 1.

A sequence a = (a1, - ,ay,) of n elements a,as,- - ,a, in R is said to be symmetric
if a; = apy1-; for all 1 <4 < n. The number n is called the length of the sequence a.
Let S,,(R) denote the set of all symmetric sequences of length n in R.

Now we define

Sn(R) :={a € Mp(R) | aij = ant1-in+1—5, 1 <i,j < n}.
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Matrices in S, (R) are called centrosymmetric matrices. Examples of centrosymmetric
matrices include symmetric Toeplitz matrices.

If m = n?, then each element a € S,,,(R) gives rise to a unique n x n matrix A :=
(aij) € Sp(R) with the first row (a1, -+ ,ay), the second row (an41,- - ,a2,), -+, and
the n-th row (a(p—1)n41," "+ ,an2). So we identify a with A and consider S,,,(R) as a
subset of M, (R), and therefore S,,(R) can be identified with S,,(R).

Let e;; be the matrix units of M, (R) with 1 < 4,5 <mn, and let ¢ := e1, + €2.,—1 +
-+« + ep_12 + en1 be the skew diagonal identity in M,,(R). Then ¢ € S,(R) and ¢* = 1.
Note that, for any a = (a;;) € M, (R), we have

(cac)jk = Gng1—jn+1-ks 1 < 4,k < n.

Recall that a matrix a = (a;;) € M,(R) is called persymmetric if ca’c = a where a’
stands for the transpose of the matrix a, that is, a;; = an41—jny1—; forall 1 <, 5 < n.
Thus, if a is bisymmetric, that is, both symmetric and persymmetric, then a € S, (R).
Let B, (R) be the set of all bisymmetric matrices in M, (R). Then B,(R) C S,(R). In
general, B, (R) may not be closed under multiplication (for example, in M3(Z), (e11 +
e13 +e31 + e33)(e12 + €21 + €23 + €32) = 2(e12 + e32) is not bisymmetric). But we will see
that S, (R) is closed under multiplication.

Centrosymmetric and bisymmetric matrices over fields have been intensively studied
in matrix theory. For information, we refer the reader to [1,2,18,20,21].

Now we define an anti-Kronecker delta o: 0;; = 0 if ¢ = j, and 055 = 1 if ¢ # j.
Further, we define

fii == €ii + Oint1—iCnti—inti—is [fij = €ij +enti—inti—j, 1 <1 # 7 < n.

Then {f;; | 1 <i < j <n}U{fs |1l <i< [n/2]}is an R-basis of S,(R) and
1= Z[Z{ﬂ fi: is a decomposition of 1 into pairwise orthogonal idempotents in S, (R).
In the sequel, we often write f; for f;; for simplicity.

Lemma 2.1. (1) An element a = (a;;) € M, (R) belongs to S,,(R) if and only if cac = a.
(2) Sn(R) is a subring of the matriz ring M, (R).
(3) Sn(R) is a free R-module of rank [n?/2], where [n?/2] denotes the least integer
bigger than or equal to n?/2.

Proof. (1) is obvious. (3) follows from the identification of S,2(R) with S, (R).
(2) This was observed for R = R in [21]. Tt is easy to check: if a,b € S, (R), then
ab = (cac)(cbe) = cac?be = c(ab)c, that is, ab € S,(R). O

Lemma 2.2. (1) fiSn(R)fj = Rfij + Rfini1-j and f2, 11 ;= 0i fij + 0ims1—jfins1j-
(2) fijfpq = Gjpfig + 0jnt1-pfin+1—q, where &;; is the Kronecker delta.
(3) fi; = fji, and fi; = fi; if and only if either i = j ori+j=mn+ 1.
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Thus the action of the transpose on f;S,(R)f; is identity.

Example 2.3. (1) S1(R) = R and S2(R) ~ R[C3], the group algebra of the cyclic group
02 of order 2 over R. In fact, f1f12 = f12 = ,f12f1a f122 = fl- Thus SQ(R) = Rf1 —|—Rf12 ~
R[C5]. Note that if R is a field, then R[Cs] ~ R[X]/(X?) if R is of characteristic 2, and
R[C5] ~ R x R if R is not of characteristic 2.

(2) S3(R) ~ (R[]gﬂ g), where the multiplication is given by

at+br wu a1 +bix wy
d v d1 U1

_ (aay + bby + udy + (aby + bay + udy)x  auy + buy + uvy
o da1 + db1 + ’Ud1 2dU1 + vy

and where z is a generator of Cj.

In fact, {f1, f2, f12, f13, fo1} is an R-basis of S3(R). And calculation shows that
f183(R) fi = Rfi + Rfis with ff5 = f1, fiafor = fi + fi3, and f2S3(R)f2 = Rfo,
f21f12 = 2f5. Thus we get the above multiplication of S3(R). Moreover, if 2 is invertible in
R, then we define F/y; := %(f1+f13),E12 = 312, Ea1 = fo1, Bso = f2, B33 = %(f1—f13)-
One can check that {F;; | 1 <1i,j < 2} is a set of matrix units of 2 x 2 matrix ring over
R and that S3(R)E33 ~ R is a block of S5(R). Thus S3(R) ~ Mz(R) x R. Generally, if 2
is invertible in R, then S, (R) ~ M,_,(R) ® My(R), where k is the least integer bigger
than or equal to n/2. This was shown in [5] for R being a field, but the proof works also
for general case.

Now we recall the definitions of Frobenius extensions and cellular algebras.

Let A and B be rings with identity. If B is a subring of A with the same identity,
then we say that A (or B C A) is an extension of B. One of the interesting extensions
is the class of Frobenius extensions introduced initially by Kasch (see [14]). They play
an important role in topological quantum field theories in dimension 2 and even 3 (see
[15]) and in representation theory and knot theory (see [12], [13], [22] and the references
therein). Also, each Frobenius extension B C A with B a commutative ring provides us
with a series of solutions to classical Yang-Baxter equation (see [13, Chapters 4 and 5]).

Definition 2.4. (1) An extension B C A of rings is called a Frobenius extension if pA is
a finitely generated projective B-module and Hompg(pA, B) ~ 4 Ap as A-B-bimodules.

(2) An extension B C A is said to be split if the B-bimodule pBp is a direct summand
of pAp, and separable if the multiplication map A ® g A — A is a split surjective
homomorphism of A-bimodule.

Frobenius extensions have the following properties (see [13, Theorem 1.2, p. 3; Corol-
laries 2.16-17, p. 15] for proofs).
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Lemma 2.5. Let B C A be an extension of rings.

(1) The extension is a Frobenius extension if and only if there exists a B-B-bimodule
homomorphism E € Homp_p(gAp,Bs), i,y € A, 1 < i < n, such that, for any
ac€A,

inE(yia) =a= ZE(axi)yi.

In this case, (E,x;,y;) is called a Frobenius system of the extension.

(2) Suppose that B C A is a Frobenius extension with a Frobenius system (E,x;,y;).
Then:

(i) B C A is separable if and only if there exists d € Ca(B) := {a € A | ab = ba,
Vb € B} such that >, z;dy; = 1.

(i) B C A is split if and only if there exists d € C4(B) such that E(d) = 1.

Finally, we recall the definition of quasi-hereditary and cellular algebras introduced by
Cline-Parshall-Scott (see, for example, [4]) and by Graham-Lehrer (see [11]), respectively.
The former arise in the study of highest weight categories in representation theory of
semisimple complex Lie algebras and of reductive algebraic groups, and the latter are
motivated by Kashdan-Lusztig’s canonical basis of Hecke algebras. For cellular algebras,
we will use an equivalent formulation in [16].

Let R be a commutative ring and A be an R-algebra, that is, A is a ring with identity
and there is a ring homomorphism R — A such that its image lies in the center of A.
For example, any ring is a Z-algebra.

Definition 2.6. (1) An ideal AeA of A generated by an idempotent element e € A is
called a heredity ideal if eAe ~ R, Ae.a. and . s.eA are finitely generated, free modules
over eAe, and the multiplication map Ae ® g eA — AeA is injective. The algebra A is
said to be quasi-hereditary if there is a complete set of pairwise orthogonal idempotents,
{e1,e2, - ,en} in A, such that, by defining J; := A(e; + -+ + ¢;)A, the subquotient
Ji/Ji—1 of the chain

o=J<cJc---cJyc---CcJ,=A

is a heredity ideal in A/.J;_; for each i.

(2) Let i : A — A be an R-involution (that is, an anti-automorphism of the R-algebra
A of order 2). An ideal J in A is called a cell ideal if and only if ¢(J) = J and there
exists a left ideal A C J such that A is finitely generated and free over R and that there
is an isomorphism of A-bimodules, say « : J ~ A ®p i(A), where i(A) is the image of
A under 4, such that the diagram commutes:
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[e3%

J A®pri(A)
zl lz®yHi(y)®i(z)
J—>A®gri(A)

The algebra A with the involution i is called a cellular algebra if and only if there is an
R-module decomposition, A = J; & J3 & -+ & J;, with i(J}) = J} for all j, such that
putting J; = @;:1*];/) gives a chain of two-sided ideals of A and for each j the quotient
Ji = Jj/Jj-1is a cell ideal in A/J;_1 with respect to the involution induced from 7 on
the quotient.

The following fact is well known in the literature (see, for example, [4,8] or [16,17]).

Lemma 2.7. Suppose that A is an R-algebra and € = e is an idempotent in A such that
eAe ~ R and Ae is a free R-module of finite rank. If i is an R-involution on A such that
i(e) = e and the multiplication map Ae ®.a. eA — AeA is injective, then AeA is a cell
ideal in A.

Clearly, the full matrix R-algebra M, (R) is quasi-hereditary and cellular with respect
to the matrix transpose. The group algebra R[C5] of Cy over R is cellular with respect
to the identity map since R(1 — z) with 2% = 1, is a cell ideal in R[C5] and the chain
R(1 —z) C R[C3] is a cell chain. If R is a field of characteristic 2, then R[C3] is not
quasi-hereditary.

We remark that the cellularity of R-algebras does not have to be preserved under
Morita equivalences.

3. Proof of the result

We first prove the following result.

Theorem 3.1. Let R be a ring. Then:

(1) Som+1(R) is Morita equivalent to Ss(R) for all m > 1.

(2) Sam(R) is Morita equivalent to R[Cs] for all m > 1, where Cy is the cyclic group
of order 2.

(3) Sp(R) C M,(R) is a separable Frobenius extension for all n > 1.

Proof. We assume n > 4 and define

@ :Su(R)fi — Sn(R)f;, afi v afi(er; +enni1—y)

for 1 < j < |n/2], where |p| denotes the largest natural number z such that z < p.
Note that fi(ei; + ennti—j)f; = e1; + ennt1—;. Thus ¢ is well defined. Clearly, it is a
homomorphism of left .S, (R)-modules.

Note that elements in S,,(R) f1 and S, (R)f; are of the forms
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a1 0o ... 0 an1
a1 0o ... 0 anfl,l
Qaj1 0 ... 0 Ap41—j4,1 and
an1 0o ... 0 a1 nxn
0 alj O e 0 anj 0
0 agj 0 ... 0 an,Lj 0
0 : 0
0 ajj 0 ... 0 an+1,j’j 0 (ai’j € R)
0 ; ; ; 0
0 Gnj 0 ... 0 aij 0 nxn

respectively.

Since ¢ sends the first and n-th columns of af; to the j-th and (n+1— j)-th columns
of afi(e1j + ennt1—j), respectively, it is clear that ¢ is injective. Given an element
x € Sp(R)f;, we define an element a € S,,(R) f1 by putting the j-th and (n 4+ 1 — j)-th
columns of x as the first and n-th columns of a, and 0 for other columns of a. Then a is
sent to = by ¢. Thus ¢ is surjective.

(DIfn=2m+1,then 1 = f1+--+ fin + fm+1 in Sopy1(R). So, the above forms of
matrices show S, (R)f; ~ S, (R)f1 as left S, (R)-modules for 2 < j < m. Hence S, (R)
is Morita equivalent to Endg, (r) (Sn(R)f1 ® Sn(R) fint1)-

We shall prove Endg, gy (Sn(R)f1 @ Sn(R)fms1) =~ S3(R). Indeed, by definition,
fm+1 = €m+1,m+1. Clearly,

air 0 0 ay
0O O ... 0 O
fiSu(R) f1 = S o | aij € R p = Rfi1 + Rf1n ~ R[C2],
0 0 0 O
A1n 0 0 ail
0 0 a1,m+1 0 0
0O ... 0 0 0o ... 0
flSn(R)fm—i-l = | a1,m+1 € R~ Rfl,m+17
0 0 0 0o ... 0
0 0 a1, m+1 0 ... 0
0 0o ... 0 0
0O 0 ... 0 0
fmt159n(R) f1 = ama-m 0 ... 0 ama-l,1 | amt11 € R p ~ Rfmt11-
0 0o ... 0 0
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Further, we have

Jim+1 € fiSn(R) fmt1, frmt1,1 € frp15n(R) f1,
fims1fme11 = fi+ fin, fovr1fimer = 2fmtr-

Thus, by Example 2.3, Endg, (g) (Sn(R)f1 & Sn(R) fms1) ~ S3(R).

(2) If n = 2m, then 1 = fi+- - -+ fy,. Similarly, we can prove S, (R) f; ~ Sy, (R)f1 as left
S, (R)-modules for 2 < j < m. Thus S, (R) is Morita equivalent to Endg, () (S, (R)f1)-
It is easy to show Endg, (r)(Sn(R)f1) = f1Sn(R)f1 =~ S2(R).

Another proof of (2) can be found in the proof of Theorem 3.3.

(3) Now, let n be arbitrary. To show that the extension S,,(R) C M, (R) is a Frobenius
extension, we define

o: My,(R) — M,(R), yw cyc

Note that ¢ = ¢ and ¢s = sc for all s € S,,(R). Thus a + o (a) = a + cac = c(a + cac)c €
Sn(R). Visually, if a = (ai;) € M, (R), then

Qnn An n—1 e an2 an1
an—-1,n an—1n—1 --- an—-1,2 AaAn—1,1
O_(a) — . . . .
a2n a2 n—1 . a22 az1
ain ain-1 e a2 aii nxn
So
Q11 + Gnn a12 + Gpn-1 cee 1n—1 1 Gn2 Q1n + Gn1
ag1 +Gp-1n @22+ ap—1pn-1 ... A2p-1+0Ap—12 Qa2p+aAp—11
a+o(a)=
Ap-11+a2m Ap_12+a2pn-1 ... GAup_1pn-1+0a22 a1+ a2
an1 + a1p Ap2 + ain—1 e An,n—1 + a2 Apn + 011

nxn

€ Sn(R).
Now, we define
E:M,(R) — Sp(R), z—xz+o0(x)=1+cxce S,(R),

x; := e;1 and y; = ey; € M,(R) for 1 < ¢ < n. In the following, we will prove that
(E,xz;,y;) is a Frobenius system, that is, the following (i) and (ii) hold.

(i) E is a homomorphism of Sy, (R)-S, (R)-bimodules. In fact, E(x+y) = E(x)+ E(y).
Moreover, for s € S,,(R) and € M,,(R), it follows from sc = ¢s that E(sz) = sz+csxc =
s+ s-cre= s(x+ cxc) = sE(x). Similarly, E(zs) = E(x)s.
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(ii) For any a € My, (R), >, z;E(y;a) = a and ), E(ax;)y; = a. Indeed, ax; = ae;; is
the matrix which has the first column equal to the i-th column of a and other columns
equal to 0, and x;a = e;1a is the matrix that has the i¢-th row equal to the first row
of a and other rows equal to 0. Also, y;a is the matrix with the first row equal to the
i-th row of a and other rows equal to zero, while ay; is the matrix with the i-th column
equal to the first column of a and other columns equal to 0. Thus x;E(y;a) is the matrix
with the i-th row equal to the i-th row of a and with other rows equal to 0. Hence
> viE(y;a) = a. Similarly, Y. E(az;)y; = a.

Thus (E,z;,y;) is a Frobenius system and S, (R) € M, (R) is a Frobenius extension.
Since Y. ; #;y; = 1, the Frobenius extension is separable by Lemma 2.5(2)(i). O

Corollary 3.2. Suppose that 2 is invertible in R.

(1) Sh(R) € M, (R) is a split Frobenius extension. In particular, the global dimension
of Sn(R) equals the global dimension of R.

(2) If R is semisimple, then S, (R) is semisimple.
Proof. (1) Since ¢ = 1 € M,(R), we have E(3) = 2 + 1> = 1 € S,(R). Thus the
extension is split by Lemma 2.5(ii). The second statement in (1) is a consequence of split
separable Frobenius extensions (see [13, p. 14]).

(2) Since Morita equivalences preserve semisimplicity of rings, (2) follows from the
semisimplicity of S;(R) for i =1,2,3. O

Next, we show the cellularity of centrosymmetric matrix algebras.

Theorem 3.3. If R is a commutative ring, then:

(1) Som+1(R) is a quasi-hereditary, cellular R-algebra with respect to the matriz trans-
pose.

(2) Som(R) is a cellular R-algebra with respect to the matriz transpose.

Proof. Note that S,,(R) is closed under taking transpose and f/ = f; € S, (R) for all .
(1) Let » = 2m + 1 with m > 0. Then f,,,4150(R) fm+1 ~ R. We consider the ideal
Sn(R) fm+15-(R) and show that the multiplication map

Sn(R)f7rz+1 QR fm-i—lSn(R) — Sn(R)fm-i-lSn(R)

is injective, and therefore an isomorphism. For this purpose, it is sufficient to show that,
for any 1 <i,57 < m+ 1, the multiplication map

pij : fiSn(R) fnt1 @R fms190(R) fj — fiSn(R) fm1150(R) f;

is injective. If one of f; and f; equals fy, 41, then p;; is obviously injective. So, we
assume 1 < i,j < m. In this case, fzSn(R)fm+1 = Rfi7m+1, fm+1Sn(R)fj = Rfm+1,j
and fzSn(R)meSn(R)f] = Rfi,m-‘,—lfm-‘,—l,j = R(f” + fi,n+1—j)- Thus the R-module
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[iSn(R) fmt+1 @R fm+1Sn(R)f; is a free R-module of rank 1. Hence the multiplication
map fi;; i injective.

Let J = Sy (R) fm+15:(R) and S, (R) := Sp(R)/J. Then J has an R-basis {a;; :=
fij + fint1—5 |1 < 4,5 < m} Ud{omqr; = fns1j, Gmt1 = fjmar | 1 < j < mj. Let
Ji =Jand Jy = {fi; | 1 <4,57 < m}. Then S,(R) has an R-module decomposition
Sn(R) = J{ @ Jb such that the matrix transpose preserves J; and J5, respectively. By

Lemma 2.7, J is a cell ideal. Now we prove that S, (R) is a cellular algebra with respect
to the matrix transpose. It suffices to show S, (R) ~ M,,(R) as cellular algebras.

Indeed, {f;; | 1 < i,j < m} is an R-basis of S,(R) and 1 = f; + -+ + f,,, where
a=a+J e S,(R) for a € Sp(R). Thus

JEmSn.(R)fl fmsn'(R)f; meSnkR)fm

(For basic facts on representing an algebra as a matrix algebra, we refer to, for instance,
[9, Section 1.7].) It follows from fi m+1fm+inti—j = fij + fint1—; (see Lemma 2.2(2))
that fij = —fint1-j 0 Su(R). Since fiS,(R) fj = Rfij+ Rfint1-j, we get fiS.(R)f; =
Rfi; and Sp(R) = @1§i,j§m Rfij.

If 1 <4,j <m, then §; p41—; = 0. Otherwise, we would have 2m+2 =n+1=1i+j <
2m. Thus it follows from Lemma 2.2(2) that, for 1 <1i,7,p,q¢ < m,

fijqu = 5jpfiq + 6j,n+1fpfi,n+17q = (Sjpfiq-

Hence f;jfpq = 0jpfiq in Sp(R). This means S, (R) =~ M,,(R). Clearly, the transpose on
matrices in S, (R) is just the transpose of matrices in M,,(R). Thus this isomorphism is

an isomorphism of cellular algebras.

(2) Let n = 2m with m > 1. Then §; 41—, = 0 for all 4, and §; ,41—; = 0 for all
1 <4,57 <m. Note that 1 = f; + - + f,, with f; = es; + eny1-int1—i. Thus S, (R) has
the matrix representation

FnSa(R)f1 funSu(B)f2 <+ fnSu(R)fm

The transpose is then given by (a;)" = (a};) where a;; € fiS,(R)f; for all i,j. By
Lemma 2.2(1), we have

fiSn(R)f; = Rfij ® Rfins1—js fing1i=Ffi, 1<ij<m.
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Note that the above direct sum of R-modules follows from f;; # fint+1—;. Let  be a
generator of the cyclic group Cy of order 2 and ¢ be the map

@ Mm(R[CQ]) — Sn(R)7 (aij + b”.’b) — (aijfij + bijfi,nJrl,j)

where a;5,b;; € R for all 4,j. Then, by Lemma 2.2, we can check that ¢ is an algebra
homomorphism. Obviously, ¢ is surjective and injective. Thus So,, (R) ~ M,,(R[C3]) as
R-algebras. Observe that the commutativity of R is not used in the above argument and
therefore this isomorphism holds true for any ring R.

Note that ¢ commutes with the matrix transpose and that M, (R[C2]) is a cellular
algebra with the transpose as its involution. Thus Ss,,(R) is a cellular R-algebra with
respect to the transpose of matrices. 0O

The following corollary describes the algebraic K-groups of the centrosymmetric ma-
trix algebras. We refer to [19] for basic knowledge on algebraic K-theory of rings.

Corollary 3.4. (1) Let K,,(R) denote the n-th algebraic K-group of a ring R in the sense
of Quillen. Then K, (ng(R)) ~ K, (R[C3]) and K, (ngH(R)) ~ K,(R) ® K,(R) for
n>0and m>1.

(2) If R is commutative, then the center of S, (R) is R[c] forn > 1.

Proof. (1) Since Morita equivalences preserve algebraic K-groups of rings, K,, (S, (R)) ~
K, (S2(R)) ~ K, (R[Cs]) for all n > 1 by Theorem 3.1.

Let A := Sa,11(R). It follows from the proof of Theorem 3.3 that the ideal J :=
Afmi1A is a finitely generated projective A-module and End4(4J) is Morita equivalent
t0 fimt+1Afms1 = R. Then, by [3, Corollary 1.5], K,,(A) ~ K, (A/J) & K, (Ends(4J)) =
K,(M,,(R))® K,(R) ~ K,(R) & K,(R).

(2) Recall that the center of a ring S is the set Z(S) := {z € S | zy = yx,Vy € S}.
Since Morita equivalences preserve the centers of rings, the center of Sy, (R) is R|[c].
For So,,4+1(R), it follows from Hochschild cohomology calculation of quasi-hereditary
algebras (see [7]) that the center of San,41(R) is a free R-module of rank 2 for m > 1,
thus it is R[c]. For S1(R), we have ¢ =1 and R[] = R. O

Finally, we point out quiver presentations of centrosymmetric matrix algebras over a
field.

Let R be a field. The path algebra of a quiver @ over R is denoted by R(Q. By
Theorem 3.1, up to Morita equivalence, it is sufficient to describe the quivers and relations
of S;(R) for i =1,2,3.

Clearly, S1(R) = R e. If char(R) # 2, then S3(R) = R(e o) and S3(R) ~ M(R) X
R~ R(e o). If char(R) = 2, then

Sy (R)=R( e _)a)/(a®)
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and

Sy(R) = B+ ==« )/(a5).

Recall that a finite-dimensional algebra A over a field is representation-finite if there
are only finitely many non-isomorphic indecomposable left A-modules. Thus

Corollary 3.5. The centrosymmetric matriz algebra S, (R) over a field R is representation-
finite for alln > 1.
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