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ABSTRACT. Tachikawa’s second conjecture predicts that a finitely generated,
self-orthogonal module over a finite-dimensional self-injective algebra is pro-
jective. This conjecture is an important part of the Nakayama conjecture.
Our principal motivation of this work is a systematic understanding of finitely
generated, self-orthogonal generators over a self-injective Artin algebra from
the view point of stable module categories. Consequently, we give equivalent
characterizations of Tachikawa’s second conjecture in terms of M-Gorenstein
categories, and establish a recollement of the M-relative stable categories for a
self-orthogonal generator M. Further, we show that the Nakayama conjecture
holds true for Gorenstein-Morita algebras.
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1. INTRODUCTION

Since about half a century homological conjectures form a core set of problems in
representation theory and homological algebra of finite-dimensional algebras. One
of the most prominent conjectures in this system of closely related conjectures is
the Nakayama conjecture posed by Nakayama in [29].

(NC) If a finite-dimensional algebra over a field has infinite dominant dimension,
then it is self-injective.
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This conjecture has been verified for a few classes of algebras, for which the
conjecture could be checked more or less directly by clever computations (see [19]
211[22]). Despite many efforts, taking various approaches, very little is known about
the homological conjectures and in particular about Nakayama’s conjecture.

To deal with the conjecture, Tachikawa proposed another two homological con-
jectures (see [35]), they are now called Tachikawa’s first and second conjectures.

(TC1) If a finite-dimensional algebra A over a field k satisfies Ext’y (D(A4), A) =0
for all n > 1, then A is self-injective, where D = Homy(—, k) is the usual
duality.

(TC2) Let A be a finite-dimensional self-injective algebra and M a finitely gener-
ated A-module. If M is self-orthogonal, that is, Ext (M, M) = 0 for all
n > 1, then M is projective.

Concerning (TC1) and (TC2), there are only a few cases verified. For instance,
(TC1) holds for algebras of radical cube zero [23], special local algebras and com-
mutative algebras (see [2] and [4[21], respectively), while (TC2) holds true for
self-injective algebras of finite representation type, symmetric algebras with radical
cube zero, and local self-injective algebras with radical cube zero (see [22,34,[35],
respectively). For further information on these conjectures, we refer to [5139].

The validity of both (TC1) and (TC2) is equivalent to the one of (NC). Moreover,
by a result of Mueller [28], a pair (A, M), with A a self-injective algebra and M
a finitely generated A-module, satisfies (TC2) if and only if the endomorphism
algebra End 4 (A & M) satisfies (NC).

Thus it is of significant interest to understand self-orthogonal modules of the
form A @& M for a self-injective algebra A and finitely generated A-modules M.
Generally, self-orthogonal modules of the form B@® Y over an Artin algebra B with
Y a finitely generated B-module are termed self-orthogonal generators.

In this paper, we investigate self-orthogonal generators over self-injective alge-
bras from the point of view of stable categories. More precisely, we first establish
a general theory for arbitrary (not necessarily self-orthogonal) generators by con-
structing two pairs of triangle endofunctors for stable module categories, and then
establish specially a recollement of the relative stable categories for a self-orthogonal
generator. Finally, we describe compact objects of the right term of the recollement
by the heart of a torsion pair in the stable module category. Based on these investi-
gations, we give equivalent characterizations of (T'C2) and show that the Nakayama
conjecture holds true for Gorenstein-Morita algebras.

1.1. Equivalent characterizations of Tachikawa’s second conjecture. In
this section, we present our equivalent characterizations of (T'C2) in terms of per-
pendicular categories or special modules associated with self-orthogonal generators.
We then introduce the notion of Gorenstein-Morita algebras and state one of our
main results, namely (NC) holds for Gorenstein-Morita algebras.

We begin with recalling a few notation and terminology.

Let A be an Artin algebra. We denote by A-Mod (respectively, A-mod) the
category of (respectively, finitely generated) left A-modules, by D the usual duality
on A-mod and by v4 the Nakayama functor 4 D(A) ®4 —. For M € A-Mod, let
Add(M) (respectively, add(M)) be the full subcategory of A-Mod consisting of
direct summands of (respectively, finite) direct sums of copies of M, and let M~**
be the full subcategory of A-Mod consisting of modules X with Ext’ (M, X) = 0.
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We say that M is self-orthogonal if Ext’y(M, M) = 0 for all i > 1; Nakayama-
stable if add(M) = add(va(M)); and a generator if A € add(M). Clearly, 44 is
Nakayama-stable if A is a self-injective algebra. Every module over a symmetric
algebra A (that is, A ~ D(A) as A-A-bimodules) is Nakayama-stable. Further, we
denote by (M) the cokernel of an injective envelope M — E of M with E an
injective A-module.

Let A be a self-injective algebra, M € A-mod a self-orthogonal generator and
A := Enda(M). Our strategy is to understand the relation between the category
of Gorenstein-projective A-modules and the perpendicular category & of M, where

¢ :={X € A-Mod | Ext’} (M, X) =0 = Ext3 (X, M) for all n>1}

consists of A-modules that are left and right orthogonal to 4 M. These two cate-
gories are all Frobenius and equivalent (see Lemma BI7)). This builds a new bridge
between (TC2) and (NC). Following [33], ¢ is called an M -Gorenstein subcategory
in A-Mod. Then the quotient category of ¢ modulo Add(4M), denoted by

¢ = 9/|M),

is a triangulated category and equivalent to the stable category of Gorenstein-
projective A-modules. The category % is called an M-Gorenstein stable category.
In particular, if M = A, then ¥ is the usual stable module category of A, denoted
by A-Mod.

Next, we introduce two classes of A-modules determined by M.

Definition 1.1. Let X be an A-module.

(i) X is M-compact if it is a compact object in the category €, that is, X € ¥
and the functor Homg (X, —) : € — Z-Mod commutes with coproducts.

(ii) X is M-filtered if it has a filtration 0 = Xg C X; C X, C--- C X,, C--- C
X in A-Mod such that X = (J;7 , X, and the subquotient X,,11/X,, of X is
isomorphic to a finite direct sum of A-modules in the set {4 A}U{Q;" (M) |
i € N} for n € N. If X = X, for an integer n in the filtration, then X is
said to be finitely M -filtered.

Finitely generated modules in ¢ are M-compact, and finitely M-filtered A-
modules are exactly finitely generated, M-filtered A-modules. Further, M-compact,
finitely M-filtered A-modules lie in add(M) by Lemma Clearly, A-compact
modules are exactly A-modules that are isomorphic in A-Mod to finitely generated
modules.

Now, our characterizations of (TC2) for Nakayama-stable generators read as
follows.

Theorem 1.2. Let A be a self-injective Artin algebra and M a self-orthogonal and
Nakayama-stable generator for A-mod. The following are equivalent.
(1) M is a projective A-module.
(2) ¢ coincides with the full subcategory of A-Mod consisting of all filtered
colimits of finitely generated modules in 9.
(3) Any M-compact and M-filtered A-module lies in Add(M).
(4) The minimal left &-approximation W of Q, (M) is a filtered colimit of
finitely generated modules in 4.
(5) The minimal left & -approximation W of Q, (M) has the property: the cat-
egory W1 is closed under countable direct sums in A-Mod of finitely M-
filtered A-modules.
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In Theorem [[2] (2) is equivalent to saying that the algebra A is virtually Goren-
stein (see Proposition BI8) in the sense of Beligiannis; Add(M) contains finitely
generated, M-compact and M-filtered A-modules; (4) and (5) hold true if the mod-
ule W is the direct sum of finitely generated A-modules. Moreover, Theorem
implies that (TC2) holds for symmetric algebras of finite representation type be-
cause (2)-(5) in Theorem [[2] are satisfied. This can be seen from a classical result,
due to Auslander and Ringel-Tachikawa, that any module over an Artin algebra
of finite representation type is a direct sum of finitely generated modules. Thus
Theorem [[.2] provides a different approach to studying (T'C2).

1.2. Nakayama conjecture for Gorenstein-Morita algebras. As indicated by
the relation between (TC2) and (NC), we can apply Theorem to discuss (NC)
for strongly Morita algebras which are, by definition, the endomorphism algebras of
Nakayama-stable generators over self-injective algebras. For this purpose, we focus
on two classes of modules that are associated with compact objects in some stable
categories. This leads to introducing the notions of compactly Gorenstein algebras
and Gorenstein-Morita algebras in terms of these modules.

Definition 1.3. Let B be an Artin algebra and Y a B-module.

(i) The B-module Y is compactly filtered if it has a filtration 0 = Yy C Y7 C
Y, C---CY, C - CY of B-modules such that Y = [J)2 Y, and the
subquotient Y;,4+1/Y;, of Y is isomorphic to a finitely generated B-module
of finite projective dimension for all n € N; and compactly Gorenstein-
projective if it is a compact object in the stable category of Gorenstein-
projective B-modules.

(ii) The algebra B is compactly Gorenstein if any compactly filtered, compactly
Gorenstein-projective B-module is projective; and Gorenstein-Morita if B
is both strongly Morita and compactly Gorenstein.

Clearly, finitely generated and compactly filtered modules are exactly finitely
generated modules of finite projective dimension, while finitely generated Goren-
stein-projective modules are compactly Gorenstein-projective. Compactly Goren-
stein algebras include virtually Gorenstein algebras (see [I0L[11]) and algebras of
finite finitistic dimension (see Lemma [5.1]). Moreover, compactly Gorenstein alge-
bras over a field are closed under derived equivalences and stable equivalences of
adjoint type by Corollary 5.3l Since the Nakayama functor of a symmetric algebra
is the identity functor, strongly Morita algebras capture gendo-symmetric algebras
which are, by definition, the endomorphism algebras of generators over symmet-
ric algebras (see [I7,20]). Examples of gendo-symmetric algebras include Hecke
algebras, (quantized) Schur algebras, and blocks of the Bernstein-Gelfand-Gelfand
category O of semisimple complex Lie algebras.

As a consequence of Theorem[[.2] we show that (NC) holds for Gorenstein-Morita
algebras.

Corollary 1.4. Let B be a Gorenstein-Morita algebra. If B has infinite dominant
dimension, then it is self-injective. In particular, any gendo-symmetric, virtually
Gorenstein algebra with infinite dominant dimension is symmetric.

As is known, not all Artin algebras are virtually Gorenstein (see [13]), however,
we would like to conjecture that all Artin algebras are compactly Gorenstein. If
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this is true, then (NC) holds for strongly Morita algebras, and in particular for
gendo-symmetric algebras.

In [I8], we discuss (TC2) for symmetric algebras in terms of recollements of
derived module categories and stratifying ideals of algebras. Consequently, it is
shown that the validity of (TC2) for symmetric algebras is equivalent to saying that
no indecomposable symmetric algebras have stratifying ideals apart from themselves
and 0.

1.3. Recollements of relative stable categories from self-orthogonal
modules. To prove Theorem [[2] we first investigate an arbitrary (not necessarily
self-orthogonal) generator over a self-injective algebra, and construct two pairs of
triangle endofunctors for the stable module category of the self-injective algebra.
This enables us to establish a recollement of the relative stable categories for a
self-orthogonal generator. By employing the heart of a torsion pair in the stable
module category, we then characterize the compact objects of the right term of this
recollement.

Let A be a self-injective algebra and M a generator for A-mod. For a full sub-
category 2" of A-Mod, we denote by 2" /[M] the quotient category of 2" modulo
Add(M). In particular, A-Mod /[4] is the stable module category A-Mod. For
simplicity, we denote by Hom(X,Y") the Hom-set in A-Mod for A-modules X and
Y, and define T := End 4 (M), called the stable endomorphism algebra of 4 M. Let

M* = {X € A-Mod | Hom 4(M, X[n]) = 0 for all n € Z}.

Given the pair (A, M), we construct explicitly two pairs of triangle endofunctors of
A-Mod (see Section for details):

(®,¥) and (®',¥'): A-Mod — A-Mod,

and define . := {X € A-Mod | ¥(X) = 0}. If 4M is additionally self-orthogonal
or (-periodic (that is, Q% (X) ~ X in A-Mod for a positive integer n), then .&
is the smallest thick subcategory of A-Mod containing M and being closed under
direct sums (see Corollary B.I3)), and the above endofunctors contribute to building
the recollement of A-Mod in Theorem [B.J4l Note that . contains all projective
A-modules and the quotient ., as a full subcategory of A-Mod, is well defined.
Now, suppose that M is a self-orthogonal and Nakayama-stable generator for
A-mod. Further, we consider the following two categories associated with M:

A ={X €. | Hom,(M,X[n]) =0 for n# 0} and
& :={X €¥% |Hom,(M, X), Hom ,(M][1], X) € T'-mod},
where ¢ is the heart of a torsion pair in A-Mod determined by M, and thus an
abelian category (see the beginning of Section M).

The main result on constructing recollements of relative stable categories reads
as follows.

Theorem 1.5. Let A be a self-injective Artin algebra and M a self-orthogonal and
Nakayama-stable generator for A-mod. Then the following hold.

(1) There exists a recollement of triangulated categories:

l/\ /\
M \_/%\(ﬁmy)/[m .
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(2) The recollement in (1) restricts to a recollement of triangulated categories:
VR T~
\_/ \_/

(3) dim ((&N.7)/[M]) < min{2 LL(I')—1,2 gl.dim(I")+1}, where LL(T") and
gl. dim(T") denote the Loewy length and global dimension of the algebra T,
respectively, and where dim(T) is the dimension of a triangulated category

T.

Of importance are the compact objects for triangulated categories. Since € is
compactly generated, it follows from basic properties of recollements that M L has
compact objects. It seems, however, to be unclear that (¢4 N.7)/[M] has compact
objects. In the following, we gives a complete description of its compact objects
(see also Corollary 18] for details).

Let 7 be a triangulated category and U a set of objects in 7. For integers ¢ < j
and n > 0, we denote by (U)Zi]l the full subcategory of T consisting of all objects
obtained by taking (n + 1)-fold extensions of finite direct sums of objects in the set
{Ul-s]|Uel,seZ,i<s<j}

Proposition 1.6. Let A be a self-injective Artin algebra and M a self-orthogonal
and Nakayama-stable generator. Then the following hold.

(1) Each object X of &N is M-compact and isomorphic in A-Mod to an
M -filtered module. Moreover, X € &N .Y is finitely generated if and only
if X € add(aM).

(2) The category (¢ N.7)/[M] is a compactly generated triangulated category
and has (ENS) /[ M] as its full subcategory consisting of all compact objects.

(3) Let S be the set of isomorphism classes of simple objects of 7, and let n be
the Loewy length of the algebra T'. Then S is a finite set, (4 N.7)/[M] =

(Add(S)5, " and (€ n.7) /M) = (8)5, 1.

Under the assumption of Theorem [[L5] the module 4 M is projective if and only
if (¢nN.)/[M] =0 if and only if (& N .)/[M] = 0 (see Corollary [L9). Thus
(TC2) is true for the pair (A, M) exactly when the recollements in Theorem [[.5lare
trivial. Hence, to construct a counterexample to (TC2), our results, Theorem
and Proposition [[.6], provide necessary homological information on self-orthogonal
modules.

1.4. Overview of the contexts. The contents of this article are sketched as fol-
lows. In Section 2l we briefly recall definitions of quotient categories, recollements
and Gorenstein-projective modules over algebras. In Section B we construct two
pairs of triangle endofunctors of the stable module category A-Mod for a self-
injective algebra A with a generator oM. With these endofunctors, we establish
the recollement in Theorem [B.14] of A-Mod determined by M. Moreover, we show
that the subcategory ¢ of A-Mod relative to M is equivalent to the category of
Gorenstein-projective modules over the endomorphism algebra of M (see Lemma
BI7). In Section Ml we prove Theorem and establish a representability theo-
rem for a series of homological functors (see Theorem .I4]). In Section [§ we show
Theorem and Corollary T4
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2. PRELIMINARIES

In this section we briefly recall definitions, basic facts and notation used in this
paper.

2.1. Quotient categories and recollements. Let C be an additive category.

A full subcategory B of C is always assumed to be closed under isomorphisms,
that is, if X e Band Y € C with Y ~ X, then Y € B.

Let X be an object in C. The full subcategory of C consisting of all direct
summands of finite coproducts of copies of X is denoted by add(X). If C admits
coproducts (that is, coproducts indexed over sets exist in C), then Add(X) denotes
the full subcategory of C consisting of all direct summands of coproducts of copies
of X. Dually, if C admits products, then Prod(X) denotes the full subcategory of
C consisting of all direct summands of products of copies of X.

For morphisms f: X — Y and g : Y — Z in C, the composition of f and g is
written by fg, a morphism from X to Z. The induced morphisms Home¢(Z, f) :
Hom¢(Z,X) — Home(Z,Y) and Home(f, Z) : Home(Y,Z) — Home(X, Z) are
denoted by f* and f,, respectively.

For functors FF' : C — D and G : D — &, the composition of F' and G is
denoted by G o F' which is a functor from C to €. Let Ker(F') and Im(F') be the
kernel and image of the functor F, respectively. In particular, Ker(F) is closed
under isomorphisms in C. In this paper, we require that Im(F) is closed under
isomorphisms in D.

Suppose that B is a full subcategory of C. A morphism f : X — Y in C is
called a right B-approzimation of Y if X € B and Home (B, f) : Home(B, X) —
Home(B,Y) is surjective for any B € B; and right minimal if o € End¢(X) is an
isomorphism whenever f = af. If f is both a right minimal morphism and a right
B-approximation of Y, then f is called a minimal right B-approzimation of Y. In
this case, the object X is unique up to isomorphism and is called the minimal right
B-approximation of Y (without mentioning f). If each object of C admits a right
B-approximation, then B is said to be contravariantly finite in C. Dually, there are
the notions of (minimal) left approximations and covariantly finite subcategories
in C. If B is both contravariantly and covariantly finite in C, then it is said to be
functorially finite in C.

We recall Wakamatsu’s Lemma (see [7, Proposition 1.3]): Let S be a class of
R-modules over a ring R closed under extensions. If f : C — X is a minimal
right S-approximation of an R-module X, then Extk(L,Ker(f)) = 0 for L € S.
Dually, if ¢ : X — C’ is a minimal left S-approximation of an R-module X, then
Ext(Coker(g), M) =0 for M € S.

Next, we recall the definition of quotient categories of additive categories.

Let D be a full subcategory of C. Denote by C/D the quotient category of C
modulo D. It has the same objects as C, but its morphism set for any two objects
X and Y is given by Home 5 (X,Y) := Home (X, Y)/D(X,Y) where D(X,Y) is the
subgroup of Hom¢ (X, Y) consisting of all morphisms factorizing through objects in
D. The canonical quotient functor ¢ : C — C/D sends a morphism f: X — Y inC
to f+D(X,Y) in C/D. Clearly, if C is idempotent complete, then Ker(q) consists
of all direct summands (in C) of objects of D.

Suppose that C admits coproducts. An object X is said to be compact in C if
the functor Home (X, —) from C to the category of abelian groups commutes with
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coproducts. The full subcategory of C consisting of compact objects is denoted by
C¢. A set U of objects of C is called a compact generating set of C if each object of
U is compact in C and an object X € C is zero whenever Home (U, X) = 0 for all
U € U. When C is a triangulated category, it is said to be compactly generated if
it has a compact generating set. If U/ is a set of compact objects of C closed under
shifts, then U is a compact generating set of C if and only if C itself is the smallest
full triangulated subcategory of C containing U and being closed under coproducts.
The following result is elementary.

Lemma 2.1.

(1) Let C and D be additive categories, and let X C C and Y C D be full
subcategories. Suppose that F : C — D and G : D — C form an adjoint
pair (F,G) of additive functors. If F(X) C Y and G(Y) C X, then the
adjoint pair (F,G) induces an adjoint pair (Fy,Go) of additive functors
Fy:C/X -DJY and Gy : DJY — C/X.

(2) Suppose that an additive category C admits coproducts and X is a full sub-
category of C closed under coproducts. Then C/X admits coproducts, and
the quotient functor C — C/X preserves coproducts and compact objects.

We denote by € (C) the category of all complexes over C with chain maps, and
A (C) the homotopy category of €(C). For a chain map f®: X* — Y* in €(C),
we denote by Con(f®) the mapping cone of f®. There is a distinguished triangle
X®* = Y* — Con(f°*) —» X°*[1] in # (C). When C is a full subcategory of an abelian
category A, we denote by J#,.(C) the full subcategory of .# (A) consisting of acyclic
complexes of C. Clearly, if f* is a quasi-isomorphism, then Con(f*®) is acyclic. If
C is an abelian category, we denote by Z(C) the unbounded derived category of
C, which is the localization of J#(C) by inverting all quasi-isomorphisms. Clearly,
A (A) and Z(C) are triangulated categories.

Next, we recall the notion of recollements of triangulated categories, introduced
in [9] for studying derived categories of perverse sheaves over singular spaces.

Definition 2.2. Let 7, 7’/ and 7" be triangulated categories. T is called a rec-
ollement of T’ and T” (or there is a recollement among 77,7 and 7") if there are
six triangle functors

i

Jt
T T

Gy =1

~_ 7 >~ 7

!

it Jx

7'//

among the three categories such that
(1) (i*,i.), (i1,4"), (41, 4") and (5*, j«) are adjoint pairs,
(2) i, j« and ji are fully faithful functors,
(3) j'iy =0 (and thus also 'j, = 0 and i*j; = 0), and
(4) for an object X € T, there are two triangles 4i'(X) — X — j.5*(X) —
ii' (X)[1] and 5ij'(X) — X — i.i*(X) = 5ij'(X)[1] in T induced by the
counits and units of the adjunctions, where [1] denotes the shift functor

of T.

By a half recollement among 7', T and 7", we mean that i*,4,, ji and j' satisfy
the corresponding properties (1)-(4) involved in Definition Note that there
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is a one-to-one correspondence between equivalence classes of half recollements
(respectively, recollements) of triangulated categories and hereditary torsion pairs
(respectively, TTF triples) of triangulated categories. Recall that a torsion pair in
T is a pair (X,Y) of full subcategories X', of T satisfying the three conditions:

(a) Hom7(X,Y)=0for X e X and Y € Y;

(b) X[1] € X and Y[-1] C Y; and

(c) for any M € T, there is a triangle X - M — Y — X[1] in T with X € X
and Y € ).

A torsion pair (X,)) of T is said to be hereditary if X (or equivalently, V) is a
full triangulated subcategory of 7. In this case, the inclusion X — 7T has a right
adjoint, the inclusion ) — 7T has a left adjoint, and there is a half recollement
among X,7 and Y. If (X,)) and (Y, Z) are hereditary torsion pairs in 7, then
(X,V,2) is called a TTF (torsion-torsionfree) triple in T. In this case, there is
a recollement among X, 7 and ). Conversely, the recollement in Definition
gives a TTF triple (Im(ji), Im(i.),Im(j.)) in 7. For more details, see [30, Chap.
9], [12, Chap. I. 2] or [16 Section 2.3].

Hereditary torsion pairs can be constructed in compactly generated triangulated
categories as follows.

Let 7 be a compactly generated triangulated category. Then coproducts and
products indexed by sets exist in 7. Let S be a set of objects in 7. Denote by
Locy(S), Colocr(S) and thicks(S) the smallest full triangulated subcategories of T
containing S and being closed under coproducts, products and direct summands,
respectively. If T is clearly understood in the context, we shall write Loc(S),
Coloc(S) and thick(S) for Locy(S), Colocr(S) and thicks(S), respectively. By
S+ we denote the right orthogonal full subcategory of 7 with respect to S, that is,
St ={C € T | Homy(S[n],C) = 0,V S € S,n € Z}. Then S* is a triangulated
subcategory of T closed under products. Similarly, +S stands for the left orthogonal
full subcategory of 7 with respect to S.

In general, the opposite category of a compactly generated triangulated category
is not compactly generated, but is perfectly generated in the sense of Krause (see
[26]). Tt is worth mentioning that perfectly generated triangulated categories not
only generalize compactly generated triangulated categories, but also satisfy the
Brown representability theorem in [26] Theorem A]. This implies the following
result:

If a triangle functor from a perfectly generated triangulated category to another
triangulated category preserves coproducts, then it has a right adjoint.

The next result seems to be known. For the convenience of the reader, we include
here a proof.

Proposition 2.3. If T is a compactly generated triangulated category and S is a
set of objects in T, then (Loc(S),S8t) and (+8, Coloc(S)) are hereditary torsion
pairs in T.

Proof. The Verdier localization Qs : T — T /Loc(S) preserves coproducts and
Ker(Qs) = Loc(S). Since T is compactly generated, it is perfectly generated. Thus
Qs has a right adjoint and (Loc(S), Loc(S)7) is a torsion pair in 7 by [30, Theorem
9.1.13]. Hence (Loc(S),S%) is a torsion pair in 7, due to Loc(S)+ = St. Moreover,
it is hereditary because Loc(S) is a full triangulated subcategory of 7. This proof
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also implies that (Loc(S),St) is a hereditary torsion pair in 7 whenever T is
perfectly generated.

Clearly, Coloc(S) can be regarded as a localizing subcategory of 7°P, that is,
Coloc(8) = Locyor(S°P), where S°P := {X°P € T°° | X € S}. Since T°P is
perfectly generated, (Loc(S°P), (SOP)L) is a hereditary torsion pair in 7°P, that is,
(+8, Coloc(8)) is a hereditary torsion pair in T. O

Let F', G and H be triangle endofunctors of 7. We say that a sequence of natural
transformations
FLeLH-SFA): T—T
is ezact if for each X € T the sequence F(X) =% G(X) 25 H(X) 25 F(X)[1] is
a triangle in 7.

2.2. Cotorsion pairs and Gorenstein-projective modules. In the subsection
we recall the definitions of cotorsion pairs in abelian categories and Gorenstein-
projective modules over algebras.

Let A be an abelian category and n > 1 a natural number. Given a class S of
objects in A, we define

118 = {X € A|Ext}}(X,8) =0 for Se8}, 08:=]1"s,

n>1

Stmi={X € A|Ext’4(S,.X) =0 for S€8} and S0 := ]St

n>1
Definition 2.4.

(1) A pair (U, V) of full subcategories of A is called a cotorsion pair in A if the
following hold.
(i) U =1V and V =UtL
(ii) For each object X € A, there are exact sequences 0 — Vx — Ux Ix

X 5 0and 0 — X 2% VX & UX - 0in A such that Uy, UX € U
and Vx, VX e V.
(2) A cotorsion pair (U, V) in A is hereditary if U = +>°V and V = U+>0.

Let (U, V) be a cotorsion pair in .A. Then 7y is a right ¢/-approximation of X and
Ax is a left V-approximation of X. Let £ = NV. Then Ux and V¥ are unique up
to isomorphism in the quotient category A/E. Further, the inclusion U /€ — A/E
has a right adjoint sending X to Uy, while the inclusion V/E — A/E has a left
adjoint sending X to V. Moreover, X has a U-resolution and a V-coresolution in
the following sense.

Definition 2.5. Let C be a full subcategory of A. A C-resolution of an object
U € Ais a complex X® := (X%);cz € ¢(C) with X* = 0 for all i > 1, together with
a chain map 7° : X* — U (regarded as a stalk complex), such that Hom% (C, #*®) :
Hom?%(C, X*) — Hom%(C, U) is a quasi-isomorphism for any C' € C. In this case,
7*® is called a C-resolution of U for simplicity. Dually, a C-coresolution of U can be
defined.

Let A be an Artin algebra. We denote by A-Proj and A -Inj the full subcategories
of A-Mod consisting of projective and injective A-modules, respectively. Moreover,
we write £ (A), Hac(A) and Z(A) for £ (A-Mod), #,.(A-Mod) and Z(A-Mod),
respectively.
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An A-module X is said to be Gorenstein-projective if there is an exact complex
pe:... P2 5p 15 P05 Pl P2 ... of projective A-modules such that
X ~ Ker(P° — P') and the complex Hom?% (P*®, A) is exact. The complex P*® is
then called a complete projective resolution of X. Dually, one can define Gorenstein-
injective modules and complete injective coresolutions. Let A-GProj and A-Glnj
be the full subcategories of all Gorenstein-projective and Gorenstein-injective A-
modules, respectively. By [12, Theorem X. 2.4], (A-GProj, A-GProj*>°) and
(+>%A-GInj, A-GInj) are hereditary cotorsion pairs in A-Mod. Moreover, each
A-module admits a minimal right A-GProj-approximation and also a minimal left
A-GlInj-approximation by [10, Proposition 3.8(iv) and Corollary 6.8].

An Artin algebra A is said to be wirtually Gorenstein (see [10, Definition 8.1])
if A-GProj=>° = 1>04_-GInj. Virtually Gorenstein algebras include Gorenstein
algebras and algebras of finite representation type, and are closed under derived
equivalences and stable equivalences of Morita type.

By filtered colimits of A-modules we mean colimits of filtered diagrams I —
A-Mod with I an essentially small, filtered category.

3. RECOLLEMENTS OF STABLE MODULE CATEGORIES

In this section, we investigate an arbitrary (not necessarily self-orthogonal) gen-
erator over a self-injective algebra, and construct two pairs of triangle endofunctors
for the stable module category by means of the endomorphism algebra of the gen-
erator. When the generator is additionally self-orthogonal or Q-periodic, we show
that these endofunctors coincidentally appear in a recollement of the stable module
category determined by the generator (see Theorem [B.14] and Corollary BI5). This
recollement will be restricted to the one of a relative Gorenstein stable category in
the next section. Finally, we describe the category of Gorenstein-projective modules
over the endomorphism algebra of a self-orthogonal generator in terms of a relative
Gorenstein category (see Lemma [3.17), and provide equivalent characterizations for
the endomorphism algebra to be virtually Gorenstein (see Proposition B.I8]).

Throughout this section, let A denote a self-injective Artin algebra. Then
A-Mod is a triangulated category with a shift functor [1] : A-Mod — A-Mod, given
by the cosyzygy functor Q. Clearly, Ext’; (X1, X2) ~ Hom 4 (X1, Xz[n]) for all
n >1and Xy, X5 € A-Mod. Let ¢ : A-Mod — A-Mod be the canonical functor.
By Lemma [ZT(2) and its dual, ¢ preserves direct sums and direct products. To
emphasize objects in A-Mod, the image of X € A-Mod under ¢ is denoted by X.

A full subcategory U of A-Mod is called a thick subcategory if it is closed under
direct summands in A-Mod and has the two out of three property: if two terms of
an exact sequence 0 - X — Y — Z — 0 in A-Mod belong to U, then so does
the third. If U contains all projective A-modules, then U is a thick subcategory of
A-Mod if and only if U is a full triangulated subcategory of A-Mod closed under
direct summands.

From now on, let M = A @& My be a generator in A-mod such that M, con-
tains no nonzero projective direct summands. As M is finitely generated, we know
Add(M) = Prod(M).

3.1. Endomorphism algebras of generators over self-injective algebras. In
this subsection, we establish additive equivalences between the subcategories of the
module category of a self-injective algebra and the ones of the module category of
the endomorphism algebra of a generator over the self-injective algebra.
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Let A = Enda(M) and e be the idempotent element of A such that Ae =
Homy (M, A). Then A ~ eAe as algebras. Let S, : A-Mod — A-Mod,Y +— eY be
the Schur functor determined by e. This functor has a fully faithful left and right
adjoint functors F := Ae ® 4 — and G := Hom4(eA, —) from A-Mod to A-Mod,
respectively. Both F' and G commute with direct products and direct sums. Due
to eA ~ M as A-A-bimodules, the functor G can be identified with Hom4 (M, —).
Moreover, there is a canonical natural transformation ¢ : F' — G defined by

dx: F(X)— G(X), ae®x+ [ebr ebaex],

where X € A-Mod, a,b € A and z € X. For a full subcategory X C A-Mod and
Y C A-Mod, we define

Hac(X) :={X* € H(X) | X* € Huc(A)}
and  Hoao(V) = {Y* € (V)| Se(Y®) € Hac(A)}.

Since the functor S, is exact, # ac()) consists of those Y* € ¢ (V) with H (Y*®) €
(A/AeA)-Mod for all i € Z.

Given an Artin algebra B with the usual duality D, we denote by vp and vg
the Nakayama functor D(B)®p —: B-Mod — B-Mod and its right adjoint func-
tor Homp(D(B), —), respectively. By restriction to B-mod, we have natural iso-
morphisms vg ~ D o Homp(—, B) and vy ~ Hompe(—,B) o D. As D(B) is a
finitely presented module, Homp(D(B), —) commutes with filtered colimits, while
D(B) ®p — commutes always with filtered colimits. Since a projective B-module
is always a direct sum of finitely generated projective B-modules (see [I Theo-
rem 27.11, p.306], we can show by projective presentations of modules that, for a
self-injective Artin algebra B, both vp and v are exact and auto-equivalent on
B -Mod.

Lemma 3.1.
(1) The restriction of § to A-Proj is a natural isomorphism, that is, 0x is an
isomorphism for any X € A-Proj.
(2) There are natural isomorphisms of additive functors:
DoFovy ~Homy(—, M) : A-Mod — A°P?-Mod,
vpnoG~Fovy and vy oF ~Govy : A-Mod — A-Mod.
In particular, F(va(M)) ~ D(A) as A-A-bimodules.
(3) The functor S, restricts to equivalences of additive categories:
Add(Ae) = A-Proj, A-Proj — Add(4M) and A-Inj — Add(v4(M)).
(4) Let X € A-Mod and ¥ C A-Mod be additive, full subcategories. If the

functor S. induces an equivalence Y — X of additive categories, then
there is an equivalence Ho oc(Y) = Hac(X) of triangulated categories.

Proof. (1) holds because 04 is an isomorphism and both F' and G commute with
direct sums.

(2) We need the following result, its proof is left to the reader:

() Let Ay, As and A3 be Artin algebras and let Fy, F : A1 -Mod — As-Mod be
(covariant) additive functors. If X is an A;-As-bimodule, then Fy (X) is an As-As-
bimodule, where the right As-module structure is given by the composition of as-
sociated ring homomorphisms A3z — End 4, (X) and Endy4, (X) — Enda, (F1(X)).
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Additionally, if  : F; — Fy is a natural transformation, then nx : F1(X) — F2(X)
is a homomorphism of As-Az-bimodules.

Note that Do(Fovs) = D(Ae®ava(—)) ~ Homa(va(—),D(Ae)) and D(Ae) =
DHomua(M,A) ~ D(A) @4 M = vs(M) as A-A-bimodules by (). Since v4 :
A-Mod — A-Mod is an auto-equivalence, there are isomorphisms D o (Fov,) ~
Homy (va(—),va(M)) ~ Homa(—, M) : A-Mod — A°"-Mod. This implies D o
(Fova)(M) ~ A as A°P-modules. Since M is an A-A-bimodule, it follows from (x)
that Do (Fova)(M) ~ A as A-A-bimodules. This leads to D(A) ~ F(va(M)) as
A-A-bimodules. Consequently, there are natural isomorphisms:

vAaoG=D(A)®rG(—) 2 Ae®a D(A) @4 M @5 Homy (M, —)
~ANe®y D(A)®4 — = Fouy,
vy o F ~Homp(Ae®4 va(M),Ae ®4 —) ~ Homa(va(M),—)
~Homus(M,v,(—)) =Govj.

(3) The restrictions of S. and G to the corresponding subcategories give the first
and second equivalences since S, and G commutes with direct sums. Now, we claim
that (F,S.) restricts to equivalences between A-Inj and Add(v(M)).

In fact, Sc(D(Ap)) = eD(A) ~ D(Ae) = va(M). As S, commutes with direct
sums and A-Inj = Add(D(Ap)) = Prod(D(A4)), the Schur functor S, restricts to a
functor from A -Inj to Add(v4(M)). Moreover, by (2), we have F(v4(M)) ~ D(A)
as A-modules. As F' commutes with direct sums, it also restricts to a functor
from Add(va(M)) onto A-Inj. Recall that (F,S,) is an adjoint pair and F is fully
faithful. Thus F : Add(va(M)) — A-Inj is an equivalence with the quasi-inverse
Se.

(4) Since S, : Y — X is an equivalence, it induces an equivalence £ ())
A (X). Then (4) follows from the definition of g 4c(V).

Remark 3.2.

(1) Let P1(Ae) (respectively, Iy (Ae)) be the full subcategory of A-Mod consist-
ing of all modules Y such that there is an exact sequence E1 — Ey — Y — 0
(respectively, 0 = Y — Ey — E7) in A-Mod with Fy, E; € Add(Ae). By
[3, Lemma 3.1], there are additive equivalences F : A-Mod — P;(Ae) and
G : A-Mod — I;(Ae). Thus, by Lemma [31)(2), the functor v, restricts to
an additive equivalence I;(Ae) — Py (Ae), with the inverse v .

(2) Each A-module admits a minimal right and left Add(M)-approximations.
This property will be used in Section [3.4]

Indeed, since A is an Artin algebra, each A-module admits a projective
cover. For any A-module X, let fx : @ — G(X) be a projective cover
of AG(X). Since G is fully faithful and restricts to an equivalence from
Add(M) to A-Proj by Lemma[31l(3), there is a homomorphism rx : Mx —
X of A-modules such that Mx € Add(M) and G(rx) = fx. Then rx is a
minimal right Add(M)-approximation of X.

Let F = Fovy : A-Mod — A-Mod be the composition of v4 with F.
Then F is fully faithful. By Lemma [B1i(3), F restricts to an equivalence
from Add(M) to A-Inj. Thus, if gx : F(X) — I is an injective envelop
of F(X), then there is a homomorphism £y : X — M¥ in A-Mod with
M*X € Add(M) such that gx = F(£x). One can check that £x is a minimal
left Add(M)-approximation of X.

O
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Finally, we recall some notation and facts on homotopy and derived categories
of rings.

Let 2 (A)p (respectively, # (A)r) be the smallest full triangulated subcategory
of J (A) which

(i) contains all bounded above (respectively, bounded below) complexes of pro-
jective (respectively, injective) A-modules, and

(ii) is closed under arbitrary direct sums (respectively, direct products).

Note that #(A)p C # (A-Proj) and £ (A); C #(A-Inj). Moreover, the
compositions # (A)p — H(A) = 2(A) and Z (A); — H(A) = 2(A) are equiv-
alences. This means that, for any Y'* € Z(A), there exists a complex ,Y'* € JZ (A)p
together with a quasi-isomorphism ,Y* — Y*. Dually, there is a complex ;Y* €
J (A)r together with a quasi-isomorphism Y'* — ;Y*. Moreover, ,Y* and ;Y* are
unique up to isomorphism in ¢ (A). As usual, ,Y* and ;Y'* are called the projective
resolution and injective coresolution of Y'* in J# (A), respectively. For example, if
Y is a A-module, then ,Y is a deleted projective resolution of Y.

Let Q : o (A) — 2(A) be the localization functor. Then @ has a left adjoint
@ and a right adjoint @), defined by

Qrn=p(=): Z2(0) = A (A) and Q,=i(=): Z(A) = H(A).
It is known that Im(Q»x) = £ (A)p and Im(Q,) = £ (A);.
Lemma 3.3 ([27]). (2 (A)p, #ac(A-Proj)) and (Hac(A-Inj), # (A)1) are heredi-

tary torsion pairs in A (A-Proj) and 2 (A-Inj), respectively. In other words, there
are half recollements of triangulated categories:

Ix Qx
/\ /_\
%C(A —Proj) ﬁ ,%/(A —PrOj) T .@(A)

Q J
T~ — T
(A -Inj) — Hac(A-Inj) |

and 2(A)

P

where I and J are the inclusion functors, and @ denotes restrictions of the local-
ization functor.

3.2. Construction of triangle endofunctors of stable module categories.
In this subsection we introduce two pairs of triangle endofunctors of stable module
categories for self-injective algebras, and then discuss two relevant thick subcate-
gories of module categories.

Let € : Qx 0@ — Id and 7 : Id — I o I be the counit and unit adjunctions with
respect to the adjoint pairs (@, @) and (I, ) in Lemma B3] respectively, where
Id denotes the identity functor.

Lemma 3.4.

(1) There is a half recollement of triangulated categories:

IA inc

= T — T
Hac(A-Proj) - He-ac(A-Proj) W He-ac(A-Proj) N A (N)p

where inc is the inclusion functor.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



HOMOLOGICAL THEORY OF SELF-ORTHOGONAL MODULES 7301

(2) There is an exact sequence of triangle endofunctors of He ac(A-Proj):
QroQ -1d L Toly — QroQ[l]
Proof. Since H,o(A-Proj) C o ac(A-Proj) and (U (A)p, H#ac(A-Proj)) is a hered-
itary torsion pair in J# (A-Proj), the pair (e ac(A-Proj) N2 (A) p, #ac(A-Proj))

is a hereditary torsion pair in Je ..(A-Proj). By Lemma B3] each object Y* €
A (A-Proj) is endowed with a canonical triangle

QroQ(Y*) 5 Y* T3 To I, (Y*) — QroQ(Y*)[1].
If Y* € JHeac(A-Proj), then it follows from I o I,(Y*®) € i (A-Proj) and the

exactness of S, that @y o Q(Y*) € Heac(A-Proj) N Z (A)p. Thus (1) and (2)
hold. (]

Now, let £ : # (A) — £ (A-Inj) be a left adjoint of the inclusion # (A -Inj) —
# (A). By [14, Corollary 1.3], ¢ is given by taking the total complexes of Cartan-
Eilenberg injective coresolutions of complexes over A-Mod. Moreover, it has the
following property.

Lemma 3.5. The functor £ restricts to a triangle functor Ly : Hac(A) — Hae(A-Inj)
and the composition

Oar © Hao(AdA(M)) — Hao(A) “% Hoo(A-Inj) = Hoo(A-Proj)
is a left adjoint of the inclusion Hae(A-Proj) — Hac(Add(M)).
Proof. Clearly, (Ker(¢), # (A-Inj)) and (#ac(A), # (A)r) are hereditary torsion
pairs in J#(A). Since J# (A); C #(A-Inj), we have Ker(¢) C #,.(A). This
implies that (Ker(¢), #,.(A-Inj)) is a hereditary torsion pair in #,.(A). Conse-
quently, ¢ restricts to a functor #,.(A) — Hac(A-Inj). Since 4 M is a generator,

Hac(A-Proj) C Hoc(Add(M)). Now the second part of Lemma holds because
¢ is a left adjoint of the inclusion J# (A-Inj) — S (A). O

Let X be an A-module. We denote by 7% : Py — X and A\ : X — I a
minimal projective resolution and injective coresolution of X, respectively. Then
there exists a triangle equivalence

S: A-Mod = #;.(A-Proj), X — S(X):= Con(r%\%).

This functor S is called the stabilization functor of A (for example, see [27]), while
S(X) is a complete projective resolution of X. A quasi-inverse of S is given by
taking the 0-th cocycle of complexes:

Z° . Hpe(A-Proj) — A-Mod, I°®+w Z°(I®) := Ker(I° — I*).

Further, let s : oo (Add(M)) — Hae(A-Proj) be the triangle functor defined in
Lemma B3] and let p : o ac(Add(Ae)) — o ac(A-Proj) be the inclusion induced
from Add(Ae) C A-Proj.
By Lemmas [3.4] and B.5] we can define a pair of triangle endofunctors of A-Mod
by
O =2 (08, 0(QroQ opoGoS: AMod— A-Mod,

U=2%/lpyo0S.0(Iol\)opoGoS: A-Mod— A-Mod.
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They are illustrated by the following diagram

A-Mod 2> Hpe(A-Proj) —o> Heae(Add(Ae)) "> Fi oe(A-Proj)

<I><Idl >‘1/ QroQ <Idl >IOIA
A-Mod <Z— Hye(A-Proj) < Ay (Add(M)) <o Heae(A-Proj)

where the equivalences of G and S, follow from Lemma [B13)-(4). There is the
natural isomorphism

Z%lpro08S.0ldopoGoS~Id: A-Mod — A-Mod.

This follows from the equivalence S, : # ac(Add(Ae)) = Hac(A-Proj) given by
Lemma[3T(3)-(4), together with the fact that the restriction of £; to 7. (A-Proj)
is isomorphic to Id.

Dually, we can construct another pair (®’, ') of endofunctors of A-Mod. Here,
we only list some key points of this construction, and omit the details.

By Lemma [3.3] there is a half recollement of triangulated categories:

QpoQ J
Hao(A-Tnj) O A (A) g 2= Ao oo (A-Tnj) — 2> Hao(A-Inj) .

This implies an exact sequence of endofunctors of g ac(A -Inj):

Jody <51d 5 QyoQ — Jo 1]+ Hewe(A-Inj) — Hae(A-Inj),

where €' and 7’ are counit and unit adjunctions of the adjoint pairs (J,.J,) and
(Q,Q,), respectively (see Lemma [B3). Let r : J(A) — J(A-Proj) be a right
adjoint of the inclusion J#(A-Proj) — J#(A). It is given by taking the total
direct product complexes of Cartan-Eilenberg projective resolutions of complexes
over A-Mod, due to [I4, Corollary 1.3]. Moreover, it restricts to a triangle functor
Tac : Hac(A) = Hac(A-Proj). Let

rar s Hac(Add(va(M))) — Hae(A) 225 Hoo(A-Proj)

be the composition of the inclusion with rq., and let p' : J ..(Add(Ae)) —
He-ac(A-Inj) be the inclusion induced from Add(Ae) € A-Inj. Now we define
the two endofunctors ® and ¥’ of A-Mod by

& =27%rp08.0(Q,0Q)opu' 0oFoS: A-Mod — A-Mod,
U =2 rpyo0S.0(Jod)op oFoS: AMod — A-Mod,
which are illustrated by the diagram

A-Mod —2> o (A-Proj) — o> Heao(Add(Ae)) "> He (A -Inj)

A-Mod <Z— #;o(A-Proj) < Ho(Add(va(M))) <oe H ne(A-Inj).
Similarly, there is a natural isomorphism of functors:

Z%0rp 08, 0ldop/oFoS~1d: A-Mod — A-Mod.
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By construction, ® and ¥ commute with direct sums, while ® and ¥’ commute
with direct products. Clearly, if M = A, then ® = ® =0 and ¥ =1d = V. In
general, we have the result.

Proposition 3.6. There exist exact sequences of triangle endofunctors of A-Mod:

e’

& -51d 50— 31 and V -S1d-D @ — UL,
where €, 1, ¢ and 77’ are induced from €, n, € and ', respectively.

Next, we investigate two full subcategories of A-Mod associated with the functors
¥ and 0.

S ={X €A-Mod | ¥(X)=0} and J:={X € A-Mod|¥'(X)=0}.

Since V¥ is a triangle functor commutating with direct sums, .# is a thick subcat-
egory of A-Mod containing all projective modules and being closed under direct
sums. Dually, .7 is a thick subcategory of A-Mod containing all projective mod-
ules and being closed under direct products. Also, . and Jare full triangulated
subcategories of A-Mod.

Recall that an A-module X is said to be Q-periodic it Q7 (X) ~ X in A-Mod for
a positive integer n.

Lemma 3.7.
(1) If X € Add(aM) is Q-periodic, then X € .7 and va(X) € .
(2) If A has finite global dimension, then both ® and ® are isomorphic to the
identity functor, and therefore ¥ = = A-Mod.

Proof. For an A-module X, we write G o S(X) = Y* = (Y",d")pez and F o
S(wa(X)) = Z* :== (Z",h")pez. Then Y*, Z* € Heac(Add(Ae)). Since the A-
module Ae is projective-injective, both Y™ and Z" are projective-injective. As G is
left exact, Ker(d") = G(©2,"(X)). Dually, Coker(h™) = F o QZ(7L+2)(VA(X)) since
F' is right exact.

(1) Suppose X € Add(M) and X ~ Q5(X) in A-Mod for some s > 1. Then
X ~ Q,""(X) in A-Mod for any m € N and G(X) € A-Proj by Lemma B.TI(3).
It follows that Ker(d*™) = G(2,°"(X)) ~ G(X) = Ker(d’) € A-Proj. Here, the
isomorphism is regarded in the stable category. Let T<sn(Y®) be the subcomplex
of Y*:

e Y sy syl Ker(d5™) — 0.

Then 7<gn(Y*®) € 2~ (A-Proj). Since Y'* is isomorphic in J# (A-Proj) to the ho-
motopy colimit of the sequence of inclusions: 7<¢(Y'®) < 7<s(Y'®) < 7<25(Y*) —
<o T<gm(Y'®) < - - -, there is a canonical triangle in (A -Proj):

P r<m(V*) — P r<am(Y*) — V* — P 7<am(Y*).

m=0 m=0 m=0
As #~(A-Proj) C # (A)p and # (A) p is closed under direct sums in J# (A -Proj),
we get Y* € Z(A)p. Since (£ (A)p, #ac(A-Proj)) is a hereditary torsion pair in
A (A-Proj), we obtain @y o0 Q(Y*®) ~Y*® and I o I (Y*) = 0. Thus ¥(X) =0 and
Xes.

Set U := v4(X). It follows from X € Add(M) and Lemma BI[(3) that F(U) €

A -Inj. Since X ~ ,°(X) for some s > 1 and v4 is an auto-equivalence on A-Mod,
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we have U ~ Q5™ (U) for all m € N. Thus Coker(h=275™) = FoQ™(U) ~ F(U) =
Coker(h~2) and the truncated quotient complex of Z*

T>_1-sm(Z%): -+ —0— Coker(h™27°™) — Z—5™m — Z—smH1 ...

is in # (A -Inj). Dually, Z* is isomorphic in J# (A -Inj) to a homotopy limit of the
canonical surjections:

o T 1eem(Z%) e T 06(Z2°) T _1-5(Z°) & 7> _1(2°).

We can show Z°* € J#(A);. Hence Q, 0 Q(Z*) ~ Z* and J o J,(Z*) = 0. Thus
U'(U)=0and U € J.

(2) Suppose that A has finite global dimension. Then J,.(A-Proj) = 0,
Hae(A-Inj) = 0, H (A-Proj) = # (A)p and # (A-Inj) = J# (A);. Hence Q) 0 Q
and @, 0@ are naturally isomorphic to Id. This implies that ® and ®’ are naturally
isomorphic to Id, while ¥ and ¥’ are zero functor. O

Proposition 3.8. Let X be an A-module. Then the following hold.

(1) If X € M*>Y then X € % if and only if for any A-module Y,
Hom ¢ (4)(Con(u% ), Con(my,)) = 0, where p% : My — X is an Add(M)-
resolution of X.

(2) If X € *>OM, then va(X) € 7 if and only if for any A-module Y,
Hom 4 (4)(Con(Ay,), Con(c%)) = 0 where 0% : X — M% is an Add(M)-
coresolution of X.

Proof. (1) Let * := 7%, A* := A% and p® := u%. Then S(X) = Con(n®*A*®). Since
p® is an Add(M)-resolution of X (see Definition ZH), G(u®) : G(M%) — G(X) is
a quasi-isomorphism; equivalently, Con(G(p*)) is exact. Moreover, Con(G(u®)) =
G(Con(p®)). As aM is a generator, Con(u®) is exact. It follows from Py €
A~ (A-Proj) that the identity map of X can be lifted to a unique morphism
h® : Py — M% in J#(A) such that h®u® = w*. This implies G(h®*)G(u*A®) =
G(m*)®). By the octahedral axiom for triangulated categories, there exists a trian-
gle in JZ ue(A-Proj):

(¥): Con(G(h*)) — poGoS(X) — Con(G(p*A®*)) — Con(G(h®))[1],
where 10 G o S(X) = Con(G(n*\®)). Since X lies in M*>% the morphism
G(\*) : G(X) — G(I%) is a quasi-isomorphism. Thus G(u*A®) = G(u*)G(\®) is a
composition of two quasi-isomorphisms. This means Con(G(u*\®)) € Hae(A-Proj).
It follows from Con(G(h®)) € &~ (A-Proj) C J# (A)p that
QroQ(uoGoS(X))~Con(G(h*)) and Ioly(poGoS(X))~ Con(G(u°A*)).

Since the composition of G with S, is isomorphic to the identity functor, we apply
S to the triangle (x) and get another triangle Con(h®) — S(X) — Con(u*A®) —
Con(h®)[1] in A4 (Add(M)). Further, by applying the functor £)s (see Lemma B.5])
to this triangle, we are led to a triangle in JZ;.(A-Proj):

L (Con(h®)) — £yr 0 S(X) — Lpr(Con(u®A®)) — £ (Con(h®))[1].
Clearly, {3 0 S(X) = S(X) since S(X) € Hy(A-Proj). From Z%0 S(X) ~ X, we
obtain a triangle in A-Mod:

Z% 00y (Con(h®)) — X — Z%0 £/ (Con(p®\*)) — Z° o £3,(Con(h®))[1].

Thus ®(X) = Z%0 £/ (Con(h*)) and ¥(X) = Z°% 0 £3;(Con(u®A*)). Note that Z° :
Hac(A-Proj) — A-Mod is an equivalence. Hence ¥(X) = 0 (equivalently, X € .%)
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if and only if £37(Con(u®*A®)) = 0 if and only if Hom , (4)(Con(u*A®), Q%) = 0 for
any Q°* € H,.(A-Proj).

Since Con(A\*) € #f(A) and #(A) C +#(A-Inj), there holds
Hom  (4)(Con(A®),Q%[n]) = 0 for any n € Z. Applying Hom 4 4)(—,Q%[n]) to
the triangle

Con(p®) — Con(p®*A®) — Con(A*) — Con(u®)[1]
in Hoc(A), we get Hom y(4)(Con(u®A®), Q%) =~ Hom s (4)(Con(p®), Q). Now, let
Y be the kernel of the 0-th differential of Q®. Taking the canonical truncation on Q*®
at degree 0, we obtain a subcomplex 7<oQ*® of @°, which is acyclic and isomorphic
to Con(my) in J (A). Since the inclusion 7<(Q* C Q° induces

Hom () (Con(p®), 7<0@®) ~ Homy (4)(Con(u*), Q°),
it follows that Hom ,(4)(Con(u®), Con(ny)) ~ Hom x(4)(Con(u®A®),Q®). So X €
& if and only if Hom s (4)(Con(u®), Con(ny,)) = 0. This shows (1).

(2) Let v :=wa, Z :=v(X) and 0® := 0%. Then FoS(Z) = F(Con(v(7®*\*))) =
Con (F(vm®)F(vA®)). Since X € +>9M and v is an auto-equivalence of A-Mod,
there hold D Tor{*(Ae, Z) ~ Ext%(Z, D(Ae)) ~ Ext’y(Z,vM) ~ Ext’,(X, M) = 0
for any ¢ > 1. Hence F(v7®) is a quasi-isomorphism, that is, Con(F (v7*®)) is exact.
Thus F o S(Z) ~ Con(F(rA®)) in Z(A), where vA® : Z — v(I%) is an injective
coresolution of Z. To calculate Q, 0 Q o ¢/ (Con(F'(¥A*®))) in He.ac(A-Inj), we show
that F'(vo®) : F(Z) — F ov(M%) is an injective coresolution of F(Z), and then
replace F(Z) by its deleted injective coresolution.

In fact, by the proof of Lemma [31](3), the adjoint pair (F, S.) induces an equiv-
alence Add(vM) —» A-Inj. This implies F(v(M$%)) € # t(A-Inj). Tt remains
to show that F(vo®) is a quasi-isomorphism. Since D : A-Mod — A°P-Mod is
exact and detects zero objects, we only need to show that DF(vo®) is a quasi-
isomorphism. However, by Lemma BI(2), DF (vo®) ~ Homa(c®, M) which is a
quasi-isomorphism by the construction of o. Thus F'(vo*®) is an injective coresolu-
tion of F(Z).

Now, let f®: M% — I% be a chain map which lifts the identity map of X. Then
there is a canonical triangle

Con(F ov(n*0®)) — p/ o F 0 8(Z) — Con(F o v(f*)) — Con(F ov(r*c*))[1]

in i ac(A-Inj), where the first term lies in J#,.(A-Inj) and the third one lies in
T (A-Inj). Thus

JoJ,ou'0oFoS(Z) ~ Con(Fov(f*)) and Q,oQou oFoS(Z)~ Con(Fov(n*c®)).

Since the composition of F' with S, is isomorphic to the identity functor, it follows
that

U(Z) = Z° orp(Con(v(n®0®))) and @'(Z) = Z° o rpr(Con(vf®)).

Dually, by the equivalence of Z° and the inclusion & (A) C # (A-Proj)*, we
can show that Z € .7 if and only if Hom , (4)(Con(Af;), Con(vo®)) = 0 for any
A-module U. Since v is an auto-equivalence of A-Mod, it follows that

Hom -(4)(Con(Afr), Con(vo®)) ~ Hom s (4)(Con(Ag;), v(Con(c®)))
~ Hom y (4)(Con(Ay ), Con(c®))
with Y := v~ (U). Thus (2) holds. O
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The following result is a consequence of Lemma [3.7(1) and Proposition B.8

Corollary 3.9. If oM is self-orthogonal or Q-periodic, then M € % and
I/A(M) €.

3.3. Recollements of stable module categories induced by self-orthogonal
modules. In this subsection, we apply the triangle endofunctors in Section to
construct a recollement of the stable module category of a self-injective algebra from
a generator with conditions that are satisfied for a self-orthogonal or an 2-periodic
generator.

As is known, A-Mod is compactly generated and the inclusion of A-mod —
A-Mod induces a triangle equivalence from A-mod to the full subcategory of A-Mod
consisting of all compact objects. Since 4 M is finitely generated, M is compact in
A-Mod. For a set A of integers, let

M*2 = {X € A-Mod | Hom 4(M, X[n]) = 0 for any n € A},
LAM = {X € A-Mod | Hom 4 (X, M[n]) = 0 for any n € A}.
For simplicity, we write M + and LM for M*% and +2M, respectively. Then M +

is a full triangulated subcategory of A-Mod closed under direct sums and direct
products.

Lemma 3.10. Let X be an A-module.
(1) X € M* if and only if G o S(X) (equivalently, F o S(X)) is an ezact

complex.
(2) If X € M™*, then ®(X) =0 and ®'(X) = 0.

Proof. By Lemma BI(1), F and G are naturally isomorphic on A-Proj. Thus
G o S(X) ~ F o S(X) as complexes. So we show (1) for G o S(X). Let 0 —
X7 = P — Xy — 0 be an exact sequence of A-modules with P € A-Proj. Then
0 — G(X1) = G(P) — G(Xp) — 0 is exact if and only if Hom 4 (M, X() = 0. This
implies (1). Moreover, (2) follows from (1) and the definitions of ® and &’. O

We need the following result which is concluded from the Auslander-Reiten for-
mula (see [6]).

Lemma 3.11. If X € A-mod, then there is a natural isomorphism
DHom 4 (X, —) = Hom y(—, va(X)[~1]) : A-Mod — End ; (X)° -Mod.
Proof. Since X is finitely generated, it follows from [6], Proposition 2.2] that
DHom 4 (X, —) = Ext}y (—, DTr(X)) : A-Mod — End 4(X)°?-Mod,

where DTr is the Auslander-Reiten translation on A-mod. Since A is self-injective,
DTr ~ Q2 ovy as functors on A-mod (see [8, Proposition 3.7, p. 126]). This implies
that

Extl(—, DTr(X)) =~ Ext(—, Q% ova(X)) =~ Hom4(Qa(—), 0% o va(X))
~ Hom 4 (—, Q24 o va(X)) = Hom 4 (—, va(X)[-1])

on A-Mod. Thus Lemma [3.17] holds. O

To construct recollements of A-Mod from compact objects, we establish a result
on torsion pairs.
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Lemma 3.12.

(1) (Loc(M), ML) and (ML,COIOC(VA(M))) are hereditary torsion pairs in
A-Mod.

(2) If AM € .7, then . = Im(®) = Loc(M) and Im(¥) = M~.

(3) Ifva(M) € 7, then 7 = Im(®') = Coloc(va(M)) and Im(¥') = M.

Proof. (1) Since 4 M is finitely generated, we have M+ = *v4(M) C A-Mod by
Lemma B.I1]l Clearly, A-Mod is compactly generated by simple modules because
each A-module has a radical series of length less than or equal to the Loewy length
of A. Thus (1) holds by Proposition

(2) Let 2 :=Loc(M) and % := M. Suppose M €.#. Then 2 C .¥ because
< is a full triangulated subcategory of A-Mod closed under direct sums. By Lemma
BI0(2), # C Ker(P).

Let N € A-Mod. By (1), up to isomorphism, there is a unique triangle X —
N — YY — Xy[l1] in A-Mod such that Xy € 2 and YV € #. This yields
U(Xy) =0=®(YY). Now, we apply Proposition to the triangle and obtain
the commutative diagram in A-Mod:

~

(Xy) — ®(N) 0 (X n)[1]
XITX: ENN YN XN[N1]

0 T;V(N) = U\YI:Y;) — U(Xy)[1]

®(Xn)[1] —> 2(N)[1] 0 O(Xn)[2]

where all rows and columns are triangles. Thus ®(N) ~ Xy € 2" and U(N) ~
YN € #. This implies Im(®) C 2 and Im(¥) C #. Note that if N € 27, then
N ~ Xy, and therefore N ~ ®(N) € Im(®). Similarly, if N € Z, then N ~ YV,
and therefore N ~ U(N) € Im(¥). Thus Im(®) = 2 and Im(¥) = #. Since
2 C . CIm(P), we have & = Im(D).

(3) Similarly, we can show (3) by Lemma [BI0(2), together with the pair (ML,
Coloc(va(M))) in (1). O

A consequence of Lemma B.12] and Corollary is the following,.

Corollary 3.13. Suppose that 4 M is self-orthogonal or Q-periodic. Then & is the
smallest thick subcategory of A-Mod containing M and being closed under direct
sums, while J is the smallest thick subcategory of A-Mod containing va(M) and
being closed under direct products.

Now, we are in position to prove the following main result of this section.

Theorem 3.14. Suppose A is a self-injective Artin algebra and oM is genera-
tor in A-mod. If sAM € ¥ and va(M) € 7, then there exists a recollement of
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triangulated categories:

4 inc
Mt ¢ > A-Mod —— Loc(M)
~ ¥~ ~_2" _~
such that
d=incod, W=incoW, ¥ =incoW and &"=d oinc.

Moreover, ®" restricts to a triangle equivalence Loc(M) — Coloc(v4(M)).

Proof. Suppose aM € .. By Lemma [B12[2), we have the factorization of ® and
v

d: A-Mod -2 Loc(M) < A-Mod
and U: A-Mod -5 ML < A-Mod.

By Lemma BI2(1), (Loc(M), ML) is a hereditary torsion pair in A-Mod. Then
the proof of Lemma B.I2[2) together with [I2] Chapter I, Prop. 2.3] implies that
disa right adjoint of the inclusion Loc(M) — A-Mod and that U is a left adjoint
of the inclusion M+ — A-Mod.

Suppose v4(M) € 7. Dually, from the torsion pair (ML,COIOC(VA(M))) in
Lemma BT2(1) and from Lemma BI2(3), we obtain the factorizations of ®' and
o'

®' : A-Mod 25 Coloc(va(M))—> A-Mod and ¥': A-Mod - M* < A-Mod

such that @ is a left adjoint of the inclusion Coloc(va(M)) — A-Mod and U s

a right adjoint of the inclusion M L 5 A-Mod. Recall that there is a correspon-
dence between TTF (torsion-torsionfree) triples and recollements of triangulated
categories (see, for example, [12) Chapter I. 2] or [16] Section 2.3]). Thus Theorem
BI4 follows from Lemma [BT2[(1) and [16, Lemma 2.6]. O

Combining Theorem BI4] with Corollary 3.9, we obtain the corollary.

Corollary 3.15. Let A be a self-injective algebra. If 4 M is self-orthogonal or
Q-periodic, then there exists a recollement of triangulated categories:
M+ " 5 A-Mod Loc(M),

~ v - ~_2%" _~

in which the functors are the same as the ones in Theorem [B.14l.

>@

Later we will see that the above recollement restricts to the one of relative stable
categories.

3.4. Categories of Gorenstein-projective modules. In this subsection we de-
scribe the category of Gorenstein-projective modules over the endomorphism alge-
bra of a self-orthogonal generator.

Recall that the M-stable category A-Mod /[M] of A-Mod is defined to be the
quotient category of A-Mod modulo Add(M). From now on, we set

2 = A-Mod /[M] and Hom,,(X1,Xs) := Homg (X1, X2)
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for X7, Xo € A-Mod. We say that X; and X5 are M-stably isomorphic if they are
isomorphic in 2. For a full subcategory % of A-Mod, we denote by % /[M] the
full subcategory of 2 consisting of all objects X which are M-stably isomorphic to
objects of % .

As M is finitely generated and Add(M) = Prod(M), we know that Add(M) is
a functorially finite subcategory in A-Mod. According to [12, Chap. II. 1], Z is a
pretriangulated category mainly consisting of the following data:

(1) An adjoint pair (Q,,, Q) of additive endofunctors ,,,Qxr : Z — 2.

For an A-module X, Q,,(X) is defined to be the cokernel of a minimal left
Add(M)-approximation £x : X — MX of X, while Q;(X) is defined to be the
kernel of a minimal right Add(M)-approximation ry : Mx — X of X. The exis-
tence of minimal approximations follows from Remark Moreover, £,,(X) and
Qp(X) are unique up to isomorphism.

(2) A collection of right triangles (up to isomorphism) of the form X Ly o

z - Q,,(X) arising from an exact commutative diagram in A-Mod:

0 x-Jloy ¢ g 0
Lk
0 X X X Q7 (X) —=0

where Homy (f, M) : Hom4 (Y, M) — Homu4 (X, M) is surjective.

(3) A collection of left triangles (up to isomorphism) of the form Qp(Z) — X —
Y — Z which is defined in a dual way as in (2).

(4) Right triangles (respectively, left triangles) satisfy all the axioms for trian-
gulated categories, except that €2}, (respectively, Q) is not necessarily an equiv-
alence.

In the following, 5 is called the M -syzygy functor on . For an A-module X,
we put Q9,(X) 1= X, and Q},(X) := Qu ()1 (X)) for n > 1. The functor Q},
is called the n-th M-syzygy functor on Z. Dually, Q;, is called the M -cosyzygy
functor and the n-th M-cosyzygy functor Q)" is defined dually. If M is a self-
orthogonal generator for A-mod, then (Q,,*,Q%;) : 2 — Z is an adjoint pair for
n > 2, see [I5 Lemmas 3.2 and 3.3].

The following simple observation will be used in later discussions.

Lemma 3.16.

(1) Let X and Y be A-modules. Then X and Y are M-stably isomorphic if
and only if there are My, My € Add(M) such that X ® My ~Y & M in
A-Mod.

(2) Let X Ly %z X[1] be a triangle in A-Mod. If Z € 1M, then there

is a right triangle X Ly 7 Oy (X) in 2.
Proof. (1) This can be proved similarly as done in A-Mod.

(2) Up to isomorphism of triangles in A-Mod, we can assume that the sequence

0=2X5Y %7 50isexact. 7 e 1M, then Homy(f, M) is surjective. This
implies (2). O
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By Lemma B.I6 if % is a full subcategory of A-Mod containing Add(M) and
being closed under both direct summands and finite direct sums, then % /[M] is
closed under direct summands in 2.

Let

G :=M>ON>O0M, € :=9/M], % :=%N(A-mod).
Then ¥ is always closed under filtered colimits in A -Mod, that is, colimits of filtered
diagrams I — A-Mod with I an essentially small, filtered category.

In fact, since M is finitely generated, the functor Ext’s (M, —) commutes with
filtered colimits for each n > 0. Then M+>% C A-Mod is closed under filtered
colimits. Thanks to M ~ D(DM) as A-modules, M is pure-injective. It follows that
Ext’ (—, M) sends filtered colimits to filtered limits, and therefore +>°M C A-Mod
is also closed under filtered colimits. Thus ¢4 C A-Mod is closed under filtered
colimits.

Let hgl%o denote the full subcategory of A-Mod consisting of all filtered colimits

of modules in 4. Then lim%, C ¥.
—

In the rest of this subsection, we assume that 4 M is self-orthogonal.
The following result is an unbounded version of [I5] Lemma 3.5].

Lemma 3.17.

(1) The category 4 (respectively, %) is a Frobenius category with the shift
functor given by Q. The full subcategory of projective-injective objects of
G (respectively, %) equals Add(M) (respectively, add(M)). In particular,
9 /[M] is a triangulated category.

(2) The functor G : A-Mod — A-Mod restricts to equivalences of Frobenius
categories:

4 =3 A-GProj and % — A-Gproj.
In particular, there are equivalences of triangulated categories:
% —» A-GProj and % /[M] — A-Gproj.
Proof. For n > 1, we define

4, = {X € A-mod | Ext’y(M,Q,] (X)) = 0 = Ext’, (%, (X), M)
forany 7 >0 and 1 <i<n}

(see also [I5], Definition 3.4]). Then ¥, is a Frobenius category and there is a chain
of full subcategories of A-mod: 4 2% 2O --- 2%, 2 9,41 2 ---. Moreover,
G restricts to an equivalence of Frobenius categories: ¢, —» A-Gproj for n > 1.
It follows that the inclusions %,11 — ¥, are equivalences of additive categories.
Since ¥, are closed under isomorphisms in A-mod, we have ¥, = ¥, for all
n > 1. As M is self-orthogonal, % is closed under taking Qs and Q,; in A-mod.
Consequently, % C (3,9, C %. This implies % = ¥,, and thus Lemma 317
holds for %. -

Note that the functor G commutes with direct sums and restricts to an equiva-
lence Add(M) —» A-Proj. As in the proof of [I5, Lemma 3.5], we can show that
Lemma [317 holds first for

G, = {X € A-Mod | Ext’y(M,Q,/ (X)) =0
for >0 and 1<i<n}
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and then for ¥. O

Consequently, we get a characterization of virtually Gorenstein algebras in terms
of compact objects.

Proposition 3.18. Let A be a self-injective algebra and M a self-orthogonal gener-
ator for A-mod. Then End (M) is virtually Gorenstein if and only if ¢ = lim ¥, if
—

and only if each compact object of € is M -stably isomorphic to a finitely generated
A-module.

Proof. By [13l Theorem 5] and [I0l Theorem 8.2], A := End4(M) is virtually
Gorenstein if and only if A-GProj = h_n}(A -Gproj) if and only if each compact
object of A-GProj is isomorphic to an object of A-Gproj. Note that the functor G :
A-Mod — A-Mod is fully faithful and commutes with filtered colimits. Moreover,
since 4 M is a generator, two A-modules X and Y are isomorphic if and only if

G(X) and G(Y) are isomorphic. Now the equivalences in Proposition B.I§] follow
from Lemmas [B.17] and O

A complex P* € J# (A-Proj) is called totally acyclic if both P* and Homj (P*, A)
are acyclic. Let J,.(A-Proj) be the full subcategory of J# (A-Proj) consisting
of totally acyclic complexes. It is known that there is a triangle equivalence
A-GProj — Hiac(A-Proj) which sends a Gorenstein-projective A-module to its
complete projective resolution. Composing this equivalence with the equivalence
% —» A-GProj in Lemma [BI7(2), we obtain a triangle equivalence

Homu (M, M®): € — Hiac(A-Proj), X — Homa(M, M%),

where M% = (M%)nez € Hac(Add(M)) is defined by concatenating an Add(M)-
resolution --- — My? — My' — M$ — X — 0 of X with an Add(M)-
coresolution 0 — X — MY — M% — M3 — -+ of X at the position X. The
complex M¥ is called a complete Add(M)-resolution of X. For each n € Z, there
is an additive functor

W, := H"(Hom,(M,M*)) : € — I'-Mod, X +— H"(Hom ,(M,MY))

which is homological in the sense that applying ¥,, to every triangle X; — Xo —
X3 — Q) (X1) in € yields an exact sequence --- — U, (X;) — ¥,(X) —
\I/n(Xg) — \I’n+1(X1) —

Remark 3.19. By Lemma [BT7(1) and Remark 32(2), we have the following obser-
vation.

For each X € ¢, there are isomorphisms X ~ Q3,Q(X) ® My ~ QuQ5,(X) &
M, in A-Mod with My, My € Add(M) such that Q,,Q,/(X) and Qa,Q,,(X) have
no nonzero direct summands in Add(M). Thus, if X € ¢ has no nonzero direct sum-
mands in Add(M), then we can choose the n-th differential d% : M} — My such
that the induced map M% — Im(d%) is a minimal right Add(M )-approximation of
Im(d%).

Lemma 3.20.

(1) The functor Fovy : A-Mod — A-Mod restricts to an equivalence: 9 —»
A-GInj of Frobenius categories.

(2) (¢,9+Y) and (£19,9) are cotorsion pairs in A-Mod such that 9 NG+1 =
Add(M) =9 NY. In particular, 9 is functorially finite in A-Mod.
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(3) The inclusion € — 2 admits a left adjoint T : 9 — € which is induced
from minimal left 4-approximations of modules. Moreover, T preserves
compact objects, sends right triangles to triangles and commutes with the
functor Q.

(4) The set {T(X)| X € A-mod} is a compact generating set of €.

Proof. (1) Since the adjoint pair (va,v, ) induces quasi-inverse equivalences
A-GProj — A-GInj, (1) follows from Lemmas BI7(2) and B(2) together with
Remark B:2(1).

(2) Since 2,,(¢4) € ¢ by Lemma BI7(1), the sequence 0 — X BRI VR
Q,;(X) — 0 splits whenever X € ¢ N %+, This implies ¥ N ¥+ C Add(M).
Clearly, Add(M) C ¥ N¥*+1. Thus ¢ N ¥9+! = Add(M). Dually, *'9 N¥ =
Add(M).

Next, we show that (¢,%+1) is a cotorsion pair in A-Mod. Since A-Mod is an
abelian category with enough projectives and injectives, it suffices to show that, for
any A-module X, there is an exact sequence 0 — X5 — X; — X — 0 in A-Mod
such that X; € 4 and X, € 91! (for example, see [12, Lemma V. 3.3]).

Since each A-module admits a minimal right A-GProj-approximation, we take
a minimal right A-GProj-approximation of G(X), say g : Y — G(X). By Lemma
BI7(2), we can assume Y = G(X7) for some X; € 4. As G is fully faithful and
M is a generator, there is a surjective map f : X7 — X of A-modules such that
g =G(f) and f is a minimal right ¢-approximation of X. Since ¢ is closed under
extensions in A-Mod, it follows from Wakamatsu’s Lemma that Ker(f) € ¢!
Hence the sequence 0 — Ker(f) - X7 — X — 0 is a desired one.

Similarly, to show that (+1¥¢,%) is a cotorsion pair in A-Mod, it is enough to
prove that there is an exact sequence 0 — X — T% — CX — 0 of A-modules such
that 7% € 4 and CX € 119,

Let F = Fovy : A-Mod — A-Mod. Then F is fully faithful and restricts to
an equivalence ¥4 — A-GInj by (1). Since each A-module admits a minimal left
A -GInj-approximation, there is a map h* : X — T%X in A-Mod with T¥ € ¢ such
that F'(hX) is a minimal left A -GInj-approximation of F'(X). This implies that A~
is a minimal left ¢-approximation of X. Moreover, A~ is injective. This is due to
D(A) € 4 and Coker(h™X) € +'¢& by the dual of Wakamatsu’s Lemma. Thus the
sequence 0 — X — TX — Coker(hX) — 0 is the one as desired.

(3) Since (+1¢,9) is a cotorsion pair with 11¢N% = Add(M) by (2), the functor
T : 9 — € exists (see the comments after Definition [Z4]). As the inclusion functor
€ — 2 preserves direct sums, we know that T preserves compact objects. It is
known that % is a triangulated category, Z is a pretriangulated category and € is
a pretriangulated subcategory of . Thus the last assertion follows from the dual
version of [12, Proposition II. 2.6].

(4) We show that A-mod /[M] is a compact generating set of 2. Clearly, if
X € A-mod, then X is compact in A-Mod, and also compact in 2 by Lemma
211(2). Let Y € A-Mod such that Hom,,(X,Y) = 0 for all X € A-mod. Then each
map from X to Y factorizes through an object of Add(M), and particularly, through
My via the minimal right Add(M)-approximation ry : My — Y of Y. Recall that,
for an Artin algebra B, an exact sequence 0 — X; — X -5 X3 — 0 of B-modules
is called pure-ezact if Homp(Z, g) is surjective for any Z € B-mod; equivalently,
0—-L®g Xy > L®gXs — Leg X3 — 0is exact for any L € B°?-Mod. This
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implies that 0 — Qp(Y) — My — Y — 0 is pure-exact in A-Mod. Note that
there is a natural isomorphism Homp (U, G(—)) ~ Homy (M ®p U, —) for any A-
module U and that 4M @, U € A-mod if U € A-mod. Hence 0 — G(2p(Y)) —
G(My) — G(Y) — 0 is pure-exact in A-Mod. Since G(My) is projective, there
holds Tor}(V,G(Y)) = 0 for all V € A°°-Mod. Thus G(Y) is flat, and therefore
projective since A is an Artin algebra. It follows that G(Y) is a direct summand
of G(My). Then Y € Add(M) due to A € add(4M). Hence Y = 0 in 2 and
A-mod /[M] is a compact generating set of Z.

By (3), if X € A-mod, then T'(X) is compact in . Moreover, since T is a left
adjoint of the inclusion ¥ — &2, one can check that T always preserves generating
sets. This shows (4). O

4. RESTRICTIONS OF RECOLLEMENTS TO RELATIVE STABLE CATEGORIES

In this section we prove Theorem[I.5l As a preparation of the proof, we first show
that the recollement in Corollary B.I5] restricts to a recollement of 4. Throughout
this section we set up the following.

Assumption. Let A be a self-injective Artin algebra and 4 M a self-orthogonal
and Nakayama-stable generator for A-mod.

We set I' :== End 4(M). By Lemma BIT] there exists a natural isomorphism of
additive functors:

(0) DHom,(M,—) ~Hom,(—,va(M)[-1]): A-Mod — I'°?-Mod.

We define the following categories related to M:

% :={Y € A-Mod | Hom 4 (M,Y[n] =0 for any n <0},

Z ={X € A-Mod | Hom 4(X,Y) =0 for any Y € #},

H =X N1

Then & is the smallest full subcategory of A-Mod containing M and being closed
under [1], extensions and direct sums, (2, %) is a torsion pair in A-Mod, and 5%
is an abelian category and called the heart of (27, %) (see [9]). Clearly, M+ C &

and 2" C Loc(M). In general, 2 has not to be a triangulated subcategory of
A-Mod since it is not necessarily closed under [—1].

Proposition 4.1. 2 = M*>'N, & =12-1M and # = M7 N 7.

Proof. Since s M is self-orthogonal, it follows from Lemma BI2(2) that & =
Loc(M). As M*>° contains M and is closed under [1], extensions and direct
sums in A-Mod, we have 2" C M*>°. Thanks to 2 C Loc(M), we obtain 2" C
M*+>°NLoc(M). To show the converse inclusion, we pick up X € M>>°NLoc(M)
and show Hom 4 (X,Y) =0 for any Y € #.

Actually, it follows from M1>% = ML>9 that X € M+>9. Note that X lies
in .. Let u% : M% — X be an Add(M)-resolution of X. It follows from
Proposition B.8(1) that Hom 4 (4)(Con(u%), Con(ny)) = 0 for any Y € #. Since
Hom , (M, Q%(Y)) = Hom4(M,Y[-n]) = 0 for any n > 0, the chain map #y :
Py — Y is an Add(M)-resolution of Y. Thus each homomorphism f: X — Y in
A-Mod can be lifted to a chain map f* : Con(u%) — Con(ny) in #(A). From
Hom - (4)(Con(u% ), Con(wy,)) = 0, we see that f factorizes through the projective
module P2. Thus f =0 in A-Mod and Hom 4(X,Y) = 0.
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By definition, # = M*+=°. Tt follows from add(va(M)) = add(4M) and (¢)
that # = +2='M. Since # = 2 N#[1] and #[1] = M=%, one gets # =
M7 NLoc(M) = M*+7°n.7. O

4.1. Restrictions of recollements. In this subsection we consider the restriction
of the recollement in Corollary to relative stable categories. This leads to a
part of the proof of Theorem

We begin with the following preparation.

Lemma 4.2.
1) Mt =+M, @=M70"1 =LAV gnd # CYNS C L.
(2) Let m: 4 — € be the canonical quotient functor. Then the following are
true.

(a) The composition M~ — 4 = € is a fully faithful triangle func-
tor. In particular, the image of this composition is a full triangulated
subcategory of €.

(b) The composition # — GN.7 = (4 N.7)/[M] is a fully faithful
additive functor.

Proof. (1) Since add(va(M)) = add(aM), (1) follows from (¢) and Proposition
zm1}

(2) If X € M*, then X € LM by (1). In this case, Hom,(M,X) = 0 =
Hom 4 (X, M), and therefore Hom 4 (M, X)=0=Hom 4 (X, My) for My € Add(M).
This implies that Q4(X) ~ Qu(X), Q4 (X) ~ Q) (X) in 2 and Hom 4 (X, X') =
Hom,, (X, X’) for any A-module X’. Thus the composition in (a) is fully faithful.
It is a triangle functor since M~ is a full triangulated subcategory of A-Mod. This
shows (a).

Now, let X € J#. Then Hom , (M, X[-1]) = 0. Since DHom 4 (M, X[—1])
Hom 4 (X,v4(M)) by (¢) and add(va(M)) = add(M), we have Hom 4 (X, M)
0. It then follows from Add(M) = Prod(M) that Hom,(X,M’') = 0 for M’ €
Add(M). Thus Hom,(X,Y) = Hom,,(X,Y) for any A-module Y. This implies
(b).

Proposition 4.3. The recollement in Corollary B.I5] induces a recollement of tri-
angulated categories:

R

O

v inc
/—_\ =
art e o TR R g )
~ ®

Proof. We first show that the recollement in Corollary B.15] can be restricted to a
“recollement” of additive categories with six additive functors:

which satisfy the conditions (1)-(3) in Definition 222l Obviously, inc : M+ — & has
left and right adjoints which are the restriction of the functors ¥ and ¥’ in Corollary
to &, respectively. Now, we claim that ®(%) C ¥ N.7 and ®" (¥ N.7) C ¥.
Then (inc, ®) and (®,®”) in (#) are adjoint pairs.
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By Corollary B3| . = Loc(M). By Theorem B.I4], each A-module X is en-
dowed with a triangle ¥(X)[-1] — ®(X) - X — ¥(X) in A-Mod such that
®(X) € .7 and U(X) € M. Note that & contains M~ and is closed under exten-
sions of triangles in A-Mod, due to Lemma Since ¥(X) and ¥(X)[—-1] lie in
M*, we see that X € ¢ if and only if ®(X) € @. Thus i(g) =d(¥)C¥Yn.s.
Similarly, by the triangle ¥'(X) — X — ®'(X) — ¥/(X)[1] in Proposition 3.0]
X € ¢ if and only if ®'(X) € . This implies (¥ N.Y)=d'(¥N.Y) C Y.

Next, we show that the functors in () induce triangle functors among quotient
categories.

By Corollary BI3, . contains Add(M) and is closed under taking Qs and €,
in A-Mod. Since Add(M) C ¢ and ¥ is a triangulated category by Lemma BI7]
(¥ Nn)/[M] is a full triangulated subcategory of . Note that ®(Add(M)) =
Add(M) and V(Add(M)) = 0 due to M € . By Lemma 2.1(1), the adjoint pairs
(inc, ®) and (¥, inc) in (#) induce adjoint pairs (inc, @) and (¥o, woinc) of additive
functors among triangulated categories:

‘I’o inc
L e < o
() M ¢

(@ ns)/[M].

In this diagram, both inc and 7 o inc (see Lemma [2](2)) are fully faithful triangle
functors. It is known that any left or right adjoint of a triangle functor between
triangulated categories is again a triangle functor. Thus &)0 and \Tlo are triangle
functors. In the following, we show that both 7 o inc and ®, have right adjoints.

According to Lemma B12(3), 7 = Coloc(va(M)) = Im(®’). By the definition
of 7,ift X € 7, then ¥/(X) =0 and ®'(X) ~ X. This means that

U/ (Prod(va(M))) =0 and @' (Prod(va(M))) = Prod(va(M)).

Since add(va(M)) = add(M) and 4M € A-mod, there holds Prod(v4(M)) =
Prod(M)=Add(M). It follows that ¥'(Add(M)) = 0 and ®'(Add(M)) = Add(M).
Since Add(M) C ¢ N ¥ and ®” = &' oinc, we have @”(Add( )) = Add(M). Due
to LemmaR.I(1), " : ¥ 0. — & induces a functor &g : (¥N.Y)/[M] — ¢ which
is a right adjoint of <I>0, while U’ : ¢ — M* induces a functor \I" € — M~ which
is a right adjoint of 7 o inc.

When acting on objects, <I>0 and <I> are the same. So we denote <T>0 by ® for
simplicity. Similarly, we denote Wy, ¥’y and O by T, U and @, respectively.

To show the existence of the recollement of % in Proposmon 43 it remains
to show the existence of two canonical triangles in Definition 22)(4). Let X €
%. We have shown that there is a canonical triangle inc o ®(X) — X — inc o
U(X) — inco®(X)[1] in A-Mod such that ®(X) € ZN.7 and ¥(X) € M. Since
M+ = +M C 1M by Lemma EZ(1), it follows from Lemma B.I6(2) that this
triangle induces a triangle inco ®(X) — X — inco U(X) — QO (inco ®(X)) in €,
which is the required second triangle in Definition [Z2[(4). Similarly, by the triangle
V(X)) = X = &'(X) — U(X)[1] with ¥/(X) € M+ and &' (X) € & and by the
inclusion M - C M1 we can obtain the first triangle in Definition [Z2[(4). Thus
the proof of Proposition 3] is completed. O

Now, we define a full subcategory & of ¢, which contains both ¥4, and A -Proj.
&:={X e€¥%|Hom,(M,X), Hom ,(M[1], X) € I'-mod}.
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Lemma 4.4.
(1) &={X €9 |Hom, (M, X) € I'-mod, Hom 4 (X, M) € T'°P -mod}.
(2) & is a thick subcategory of 4 and & /[M] is a full triangulated subcategory
of €.

Proof. (1) As A is an Artin algebra over a commutative Artin ring R and 4 M is a
finitely generated A-module, I' is an Artin algebra over R. Moreover, a I'-module N
is finitely generated if and only if gV is finitely generated as an R-module. Thus (1)
follows from DHom 4 (M[1], X) ~ Hom 4 (X,va(M)) and add(va(M)) = add(M).

(2) Clearly, & is closed under direct summands in 4. Now, let 0 — X; —
X5 — X3 — 0 be an exact sequence in A-Mod with X; € 4 for 1 < i < 3. Since
@ = M7t by Lemma 2] there is a long exact sequence in R-mod:

0 — Hom 4, (M1}, X1) — Hom 4, (M[1], X2) — Hom 4 (M[1], X3) — Hom 4 (M, X;)
— Hom 4 (M, X3) — Hom 4 (M, X3) — 0.

This implies that & has the two out of three property in ¢4. Thus & is a thick
subcategory of ¥.

By definition, & /[M] consists of all objects X € ¥ which is M-stably isomorphic
to an object of &. To show that &/[M] is a full triangulated subcategory of €, it
suffices to show that & /[M] is closed under taking Qs and Q, in €.

Let X € &. Due to Hom 4 (M, X) € I'-mod, we see that X has a right Add(M)-
approximation f : My ® Py — X such that My € add(M) and Py € A-Proj.
Note that & contains add(M) and A-Proj. This forces My @ Py € &, and further
Ker(f) € &. Tt follows from Q,;(X) ~ Ker(f) in € that Qp(X) € &/[M]. Since
Hom , (X, M) is a I'°P-module, we can show Q,(X) € &/[M].

The proof of (2) also implies that if X € ¢4, then X € & if and only if it has a
complete Add(M)-resolution M % := (MY );cz satisfying that Mi = N @ P* with
Ni € add(M) and P € A-Proj. O

Corollary 4.5. The recollement in Proposition [A.3] can be restricted a recollement
of &/ M):
v inc

\‘Ii//\qy,/

Proof. Note that (¢ N.%)/[M]) N (&/[M]) = (&N .%)/[M] and the image of

the functor 7 o inc : M+ — % is contained in &/[M]. Thus Corollary EH is a
consequence of Proposition O

4.2. Compacts objects and representability of homological functors. In
this subsection, we find out a special compact object in € (or even in a bigger
relative stable category) and establish a series of homological functors from % to
I'-Mod (see Theorem FATI4]).

From now on, let L : A-Mod — % be the left adjoint of the inclusion " C A-Mod
and let R : A-Mod — 2 be the right adjoint of the inclusion Z~ C A-Mod. Define

H?:=[lloLo[-1]oR: A-Mod — 4, N:=H(M) € # and
H'® = (X € A | Hom 4 (M, X) € T -mod}.
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Then H? is a homological functor, that is, for a triangle X; — X, — X3 —
X1[1] in A-Mod, the sequence H?(X;) — H?(X3) — HY(X3) is exact in 7.
Moreover, s = # N & by Proposition Bl and Lemma EZ(1). Note that
DHom , (M, N[-1)) ~ Hom (N, v(M)) by (0). Since add(4(M)) = add(M)
and N € s, we get Hom 4 (N, M) = 0. This implies End 4, (N) = End¢ (N).

Lemma 4.6. Let X € 2.
(1) There is a canonical triangle [1]oRo [-1](X) = X =5 H?(X) — [2]oRo
[—1](X) in A-Mod.
(2) If Y € #[1], then Hom 4 (7x,Y) : Hom 4 (H?(X),Y) — Hom 4 (X,Y) is an
isomorphism. In particular, there is a natural isomorphism

Hom , (a7, —) : Hom (N, —) = Hom (M, —): # — T'-Mod.

Proof. Since (27, %) is a torsion pair in A-Mod, each A-module W is endowed with
a triangle R(W) - W — L(W) — R(W)[1] in A-Mod. We take W = X[—1] and
get a triangle R(X[-1]) —» X[-1] —» L(X[-1]) = R(X[-1])[1] in A-Mod. Shifting
this triangle by [1] yields another triangle

(1) RX[=1)[] = X = LX[-1))[1] = R(X[-1])[2].

Due to X € 27, we have R(X) ~ X. Thus H?(X) = [1]]oLo [-1] o R(X) =~
L(X[—1])[1]. Then the triangle (1) can be rewritten as [1] o Ro [-1](X) — X =5
H?(X) — [2) o R o [—1](X). This shows (1).

Since 2" C A-Mod is closed under [1], it follows from R(X[—1]) € 2" that both
[1] o R o [-1](X) and [2] o R o [-1](X) belong to Z". As Hom,(X,Y) = 0 for
X e Z and Y € %, the first part of (2) holds by (1), while the second part of (2)
follows from both M € 2" and s C #[1]. O

The next result follows from [I2, Chap. III, Lemma 3.3 and Theorem 3.4]; see
also [24] Theorem 1.3(3)] for the assertion (3).

Lemma 4.7.

(1) For any X € &, the morphism Tx in Lemma EO(1) induces an isomor-
phism of I'-modules:

Hom , (M, 7x) : Hom 4 (M, X) — Hom , (M, H?(X)).

(2) The functor H® induces an isomorphism T' — End 4(N) of algebras such
that y 7o = Tar H2(y) for any v € T. In this sense, T' can be identified with
End 4 (N).

(3) The object N is a small projective generator of ¢ and the functor
Hom 4 (N, —) : 2 — I'-Mod is an equivalence of abelian categories.

An easy observation is the following result, of which (2) conveys that N has only
finitely many indecomposable direct summands in %.

Corollary 4.8.

(1) There is a fully faithful functor © : T'-mod — (& N .7)/[M] which sends T’
to N.

(2) Let M = Ao @], M;, where m € N and M; are indecomposable and non-
projective. Then N ~ @~ HY(M;) in € and HY(M;) are indecomposable
in €.
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(3) Let X € 9N .. Then there is a triangle Xo — X — H2(X) — Q3,(Xo)
in € such that Xo € ¢ N and Qp(Xo) € H. Further, if X € £N .7,
then Q]V[(Xo),HE(X) S e

Proof. (1) By Lemma E2(2)(b), the composition U : £ = #N& — £N.7 —
(&N.7)/[M] is fully faithful. Moreover, from Lemmas [L.6(2) and E7|(3) it follows
that Hom 4 (M, —) ~ Hom 4 (N, —) : ' — T'-mod, which is an equivalence of
abelian categories sending N to I'. In particular, N € % Now, let © : I'-mod —
(& N.7)/[M] be the composition of a quasi-inverse of Hom 4 (M, —) with U. Then
O is fully faithful and sends I" to N.

(2) By Lemmas [6(2) and [74(1), H? induces an isomorphism Hom 4 (M, M;) ~
Hom , (N, H2(M;)). Thus End 4(M;) ~ End 4, (H?(M;)) as algebras. It then follows
from H?(M;) € # that End ,(HO(M;)) ~ End¢ (H?(M;)) as algebras by Lemma
[42(2). As M; is indecomposable and non-projective, it is also indecomposable in
A-Mod. Thus H?(M;) is indecomposable in €.

(3) Let Xy := R(X[—1])[1]. Then Xo[—1] € 2 and there is a triangle Xo —
X X5 HY(X) — Xo[l] in A-Mod by Lemma E6(1). Thus Hom 4, (M, Xo[n]) = 0
for all n > 0 by Proposition EIl In particular, Ext! (M, Xo) = 0. Since both X
and H?(X) lie in ¢ N .7, we see that X € ¥ N.% and the above triangle induces
a triangle Xo — X — H2(X) — Q3,;(Xo) in ¢ by Lemma BI6(2). Further,
Hom 4 (M, Xo[—2]) = 0 by Lemma 2(1), and Xo[—1] = Qa(Xo) ~ Qu(Xo) € ¢
by Hom , (M, X,) = 0. Thus Xo[—1] € 5 by Proposition Il Suppose that X
is in & N.”. Then Hom 4, (M|[1], Xg) ~ Hom 4, (M, Xo[—1]) ~ Hom 4 (M, R(X[-1]))
~ Hom 4 (M, X[—1]) € I'-mod, where the last isomorphism follows from the fact
that R : A-Mod — £ is the right adjoint of the inclusion 2" C A-Mod. Now, it
follows from Xy € 4 and Hom 4, (M, Xy) = 0 that Xy € &. Thus Xp € £N .. By
Lemma [A4(2), both Qp/(Xo) and H?(X) belong to . O

Corollary 4.9. 4 M is projective if and only if (& N.)/[M] = 0 if and only if
(@ ns)/[M]=0.

Proof. If 4 M is projective, then . consists of projective A-modules by Corollary
[B.I3, which implies (& N.%)/[M] =0= (¢ N.%)/[M]. If (§N.%)/[M] =0, then
I'-mod = 0 by Corollary [L8(1), that is, I' = 0, and therefore 4 M is projective. [

Lemma 4.10. The object N has a complete Add(M)-resolution:

s M3 M2 Pt L MePY P M2 M

satisfying
(1) N = Coker(9), M* € Add(M) for all |i| > 2 and P* € Adda(A) for all
li] <1; and

(2) Ker(9) € and Hom (M, Ker(9))~D(Hom 4(M,va(M))) as T'-modules.

Proof. (1) Let Tpy : M — N be the morphism in A-Mod in Lemma [£6(1). Up to
projective direct summand, we may assume that 75, is a homomorphism in A-Mod
and a preimage of the 737 in A-Mod. Let f : P° — Coker(ras) be a projective
cover of Coker(rps). Then there exists a homomorphism fy : P° — N such that
f is the composition of fy, with the quotient map N — Coker(rys). Moreover,
the map mo = (7ar, fo) : M ® P° — N is a right Add(M)-approximation of N.
Let K := Ker(m) with a projective cover m; : P71 — K. Then K =~ Qu(N) in
9. By the proof of Corollary L8(3), we see that K € ¥ N.%, Hom,(M,K) =0
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and K[—-1] = Qa(K) ~ Qp(K) € 5. Consequently, m is a right Add(M)-
approximation of K. Now, let  : P~' — M @ P° be the composition of m; with
the inclusion \; : K — M @ PY. Then Coker(9) = N and Ker(d) ~ K[-1] in
A-Mod. Since Hom 4 (N, M) = 0 and Add(M) = Prod(M), a minimal injective
envelope N — P! is a left Add(M)-approximation of N. Thus (1) holds.
(2) Thanks to N € #, there holds Hom 4 (M, N[—1]) = 0 = Hom 4, (M, N[-2]

by Proposition Il This implies that Hom 4 (M, \1[—1]) : Hom 4(M, K[-1]) —
Hom 4 (M, M[—1]) is an isomorphism. By (¢),

Hom , (M, M[~1]) = D(Hom 4 (M [~1],va(M)[~1])) =~ D(Hom (M, va(M)))

as I'-modules. Thus Hom 4 (M, Ker(9) ~Hom 4 (M, K[—-1])~ D(Hom 4 (M, va(M))).
O

Corollary 4.11. If A is a symmetric algebra and T' is a Frobenius algebra, then
Q2 (N)~N in%.

Proof. Since A is symmetric, v4(M) ~ M as A-A-bimodules. By Lemma [10(2),
Hom , (M, Ker(d)) ~ D(Hom,(M,M)) = D(T') as I-modules. Note that
Hom,(M,N) ~ I" by Lemmas [46[2) and A7(2). Since I' is a Frobenius alge-
bra, I' ~ D(T") as I-modules. Moreover, Ker(9) € # and Ker(9) ~ Q32,(N) in ¢
by Lemma I0l Tt follows from Lemmas 6(2) and 7] that Ker(9) ~ N in 7.
Thus Q3,(N) ~ N in €. O

Lemma 4.12. Let X € Y>M and lx : X — MX be a left Add(M)-approzimation
of X. Then there is an exact sequence of I'-modules:

0 — Hom 4(N, X) 24" Hom, (M, X) ©% Hom, (M, M%),
Proof. Keep all notations introduced in the proof of Lemma Recall that
Prod(M) = Add(M) and Hom 4 (N, M) = 0. If My € Add(M), then Hom 4 (N, My)
= 0. It follows from M* € Add(M) that Hom (N, M*) = 0. This implies that
the composition of (7as). with (Ix)* is 0. Thus Im((7as)«) C Ker((Ix)*).
Applying Hom 4(—, X) to the triangle K — M 2% N — K[1] in A-Mod yields

(Tar )«

an exact sequence Hom 4, (K[1],X) — Hom 4 (N, X) — Hom, (M, X). By (0),
we have 220M = M*=72? = #/[2]. Moreover, K[—1] € # C % by the proof of
LemmaI0l Thus K[1] € 27[2]. Since X € £>°M and (2", %) is a torsion pair in
A-Mod, we have Hom 4 (K[1], X) = 0. Thus (7as)« is injective. It remains to show
Ker((Ix)*) C Im((7ar)+)-

Suppose that g € Hom 4 (M, X) = Hom 4 (M & Py, X) with glx = 0. Let 0 —
X 2o Q% % Q7 (X) — 0 be a short exact sequence of A-modules in which ) is
an injective envelope. We claim that the pair (g\g,0) with gh\g : M & P° — Q°
and 0: N — Q7 (X) can be completed into the commutative diagram

0

M3 M2 p-! MeP'—" s N 0
| | |
|f*3 |f*2 [ f=t lg)\o lO
\ \ Y "

Q3 Q2 Q! Q) —— Q4 (X) —0,

in which the first arrow is an Add(M)-resolution of N (see Lemma ET0) and the
second arrow is a minimal projective resolution of Q2 (X). In other words, there is
a chain map f* := (---, f73, 72, f71,g)0,0). To show the existence of the chain
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map, one splits the long exact sequences into a series of short exact sequences,
and then construct relevant homomorphisms together with commutative diagrams
between these sequences. We carry out the details as follows.

For K := Ker(m), let A\; : K — M @ P° be the canonical inclusion, and let
a : K — X be the composition of \; with g : M & P° — X. Since P! is
projective, there exists a map f~': P~' — Q! making the diagram commute:

0— > Qu(K) p-1 K 0
| | |
| Qa(a) |f*1 |
Y Y H1 Y
0—>QA(X) Qil X 0.

To construct f~2, we will show that Hom, (M, a[-1]) : Hom, (M, K[-1]) —
Hom 4 (M, X[—1]) is 0, where [—1] denotes 24 in A-Mod.

By the proof of Lemma HI0(2), Hom,(M,\[—1]) is an isomorphism.
It is enough to show that the map Hom ,(M,g[—1]) : Hom, (M, M[-1]) —
Hom 4 (M, X[-1]) is zero. Applying D : T'-Mod — T°P-Mod to this map, we
see that (Q) yields DHom 4 (M, g[—1]) ~ Hom 4(g,va(M)) : Hom 4(X,va(M)) —
Hom 4 (M,va(M)). Although D may not be an equivalence in general, it is al-
ways exact and reflects zero objects. Thus Hom 4 (M, g[—1]) = 0 if and only if
Hom 4 (g, va(M)) = 0. Since add(va(M)) = add(M) C Prod(M), Hom 4(g,va(M))
= 0 is equivalent to saying that Hom 4 (g, M’) : Hom 4 (X, M’) — Hom 4 (M, M') is
0 for any M’ € Prod(M). By assumption, x is a left Add(M )-approximation of X
and glx = 0 in A-Mod. This leads to Hom 4 (g, M’) = 0. Thus Hom 4, (M, a[-1]) =
0, and therefore Hom 4 (M2, a[-1]) = 0, due to M2 € Add(M). Hence there are
two homomorphisms f~2 and § such that the diagram is commutative:

0 —— Qu(Qa(K)) M2 Qa(K)——0
[ ' |
I8 lf=2 1 Qa(a)
N Y A
O—>Q?4(X) Q2 Qa(X)——=0.

Since X € 2>0M = M=% we have Hom , (M, Q% (X)) = Hom 4 (M, X[-n]) =
0 for all n > 2. Then Hom,(M "~} Q% (X)) = 0, due to M~ "1 € Add(M).
Consequently, the components f~"~1 : M~""1 — Q=71 for n > 2 in f* can be
constructed.

Since N € 2 C M*>° N .7 by Proposition Bl it follows from Proposition
B.8(1) that f* = 0 in #(A). Therefore there are homomorphisms h : N — Q°
and s : M @ P° — Q! such that g\g = sy \g + moh and hug = 0. Since
Ao is the kernel of g, there is a unique map hg : N — X satisfying h = hgAg.
Since )¢ is injective, ¢ = s%uy + moho. This forces ¢ = Tarho in A-Mod and
shows g € Im((7ar)«). Thus Ker((Ix)*) C Im((7ar)+). Finally, via the isomorphism
I' ~ End 4(N) in Lemma [£7(2), Hom 4 (N, X) becomes a I'-module and (7a7). is a
homomorphism of I'-modules. O

Corollary 4.13. The object N is compact in =M.

Proof. Tt suffices to show that the functor Hom 4 (N, —) : £>°M — T'-Mod com-
mutes with direct sums. Let {X;};c; be a set of A-modules in +>°M with I
an index set. For each i, let ¢g; : X; — M, be a left Add(M)-approximation of
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X;. According to Add(M) = Prod(M), the direct sum g = (g:)ier : D,;c; Xi —
@D.c; Mi of all these g; is a left Add(M)-approximation of €, ; X;. Note that
Hom 4 (M, —) : A-Mod — I"'-Mod commutes with direct sums since M is compact
in A-Mod. By Lemma .12l we can construct the following commutative diagram

with exact arrows and canonical vertical maps:

0—— @ HO_mA(Na Xi) - @z‘el HO—mA(Ma Xi) — @iez HO—mA(M, Mi)

| ; ;

0 —— Hom (N, P, ; Xi) —— Hom (M, P, ; X;) — Hom , (M, P, ; M;).

el

icl iel

Thus the first vertical map is an isomorphism. O

Theorem 4.14.
(1) The object N belongs to (& N.7)/[M] and is compact in (+>°M)/[M]. In
particular, N is compact in €.
(2) For eachn € Z, there exists a natural isomorphism of homological functors:

H"(Hom (M, M?*)) — Hom,, (4, (N),—) : ¢ — T'-Mod,
where M% is a complete Add(M)-resolution of X € %.

Proof. (1) By Lemma 2] N € (¢ N.¥)/[M]. Note that Hom ,(M[1],N) = 0
by Proposition 1] and Hom 4 (M, N) ~ Hom ,(M, M) by Lemma ET(1). This
shows N € &. Since ->°M contains Add(M) and is closed under direct sums in
A-Mod, we see that ~>°M, as an additive category, has coproducts. Moreover, by
Lemma )(2), the quotient functor +>°M — (+>9M)/[M] preserves coproducts
and compact objects. Now (1) follows from Corollary £13l

(2) Let My := (M%,d%)nez be a complete Add(M)-resolution of X. Then
X =~ Coker(dy') and Homa (M, M%) is acyclic. Clearly, there is a canonical ring
homomorphism A — T" and the functor Hom 4 (M, —) : A-Mod — T'-Mod is nat-
urally isomorphic to the composition of G with I ®y —. Then Hom , (M, M%) ~
I' @ Homa (M, M%) as complexes. Since I' @ — is right exact, the sequence

mn—1yx*

Hom , (M, My ") % Hom,y (M, M) — Hom (M, 037(X)) — 0
is exact for all n. As the inclusion A, : Q/(X) — M%! is a left Add(M)-
approximation of Q,"(X), it follows from Lemma T2 that the sequence

0 — Hom (N, Q37(X)) 24" Hom , (M, Q57(X)) 2% Hom (M, M3+

is exact. Consequently, H"(Hom ,(M,M%)) ~ H™(I' ®x Homa (M, M$))
Hom 4 (N, Q3 (X)). Since Hom 4 (N, M") = 0 for any M’ € Add(M), we have

Hom 4 (N, /" (X)) = Homy, (N, Q7" (X)) ~ Hom,, (€ (N), X).
This shows (2). O

1R

4.3. Compact objects from left approximations. In this subsection, we char-
acterize compact objects in € in terms of M-filtered modules (see Proposition [Z.17])
and show that all objects of (£ N .%)/[M] are compact in €. We then establish a
connection between (9 N.%)/[M] and (£N.7)/[M] by employing strong generators

(see Corollary ATT)).
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As a preparation, we recall the constructions of L(X) and R(X) from the proof
of [I2] Theorem III.2.3].

Let 20 := {M]n] | n > 0} € 2Z". Denote by Add(2() the full subcategory of
A-Mod consisting of direct summands of arbitrary direct sums of objects of 2. For
a full subcategory % of A-Mod, we denote by Z*™ = U x U x---* U (n-factors)
the category of n-extensions of % by % in A-Mod.

Let X € A-Mod. We construct a right Add(2()-approximation f; : @1 — X
of X as follows: Consider the set Ix of the union of Hom 4, (P, X) with P running
over 2, define 1 = @)\GIX P, and take f; to be the morphism induced by Ix,
where A is a morphism from Py to X with Py € 2. Then we extend f; to a triangle
Q1 LI QN X1 — Q1[1] in A-Mod. Now, we can repeat this construction
by replacing X by X; € A-Mod. In general, for each n > 0, we can inductively
construct a triangle

In 9n
Qna1 ™5 X, 5 X1 — Qi [1]
in A-Mod such that f,; is a right Add(2)-approximation of X,, with Xy := X.
Setting T} := @1 and hy := f1, we then construct inductively a tower of objects

Ty =5 Ty 2 Ty —» --- which is embedded into the following tower of triangles
in A-Mod:

T M x 0 x, T[]
™ 92 (1
(30k) T, M2 x 99 x, T3[1]
™ g3 (1]
Ty M2 x D929y T3]

Applying the octahedral axiom for triangulated categories for each n yields a series
of triangles
(00) Ty =% Tri1 2% Quir — Th[l].
This implies T, € Add(2)*™ C 2 for n > 1.
Let Hocolig(Tn) be the homotopy colimit in A-Mod of the tower of objects

T, BTy B T, S Ty — -
defined by the triangle
® P @T. — Hocoli(T,,) — P Tal1).

n>1 n>1 n>1
where the morphism (1—7,) is induced by (Id7,,, —7) : T, = T, ®Th41 D,,51 Tn-
Now, we choose 7,, as a representative in A-Mod and denote by lim T}, the colimit

—
of the direct system {(T},,7,) | n > 1} of A-modules. Then there is a short exact
sequence
(1—74) .
O—>@Tn = @Tn—>h4r)nTn—>O

n>1 n>1
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which induces a canonical triangle in A-Mod:

Pr. = Pr. — lim 7, — @ T [1].

n>1 n>1 n>1
This implies that Hocohg(Tn) ~ h_n>1T n in A-Mod. Since the homotopy colimit of

a tower of triangles in A-Mod is a triangle (for example, see [31], Lemma 4.2]), there
is a triangle in A-Mod:

1) Hocolig(Tn) — X — Hocolig(Xn) — Hocolig(Tn)[l}.
By the proof of [12] Theorem II1.2.3 and Remark I11.2.7], we can show Hocolim (T)
€ Z and Hocolig(Xn) € %. Since (Z°,%) is a torsion pair in A-Mod, there are

isomorphisms
R(X) ~ Hocolin (T,,) and L(X) ~ Hocolin (Xn).

Recall that T' : 2 — ¥ stands for the left adjoint of the inclusion € — 2 (see
Lemma [3.20(3)) and N is defined to be H?(M).

Lemma 4.15.
(1) If X € +>°M, then R(X) lies in 9 N .7 and is isomorphic in € to T(T3).
(2) If X €9, then L(X) € M*. If further X € &, then T3 € A-mod.
(3) Qy(N) = Q4 (N) ~T(Q,(M)) in €.

Proof. (1) Recall from Section that 2 = M*>9N.% and & = 121 C
L>0M = L>0M. Let X € 1>0M. Since there is a triangle R(X) — X — L(X) —
R(X)[1] in A-Mod with R(X) € 2" and L(X) € %, we see that R(X) lies in
+>0M, and therefore in ¥ N.7.

Set A, := {i € N | Hom,(M][i], X,,) # 0} for n > 0. Since add(aM) =
add(v4(M)), it is clear that 2>M = M*="% by (¢). This implies Ay C {0,1}.
So we can choose @ = MU1.0) @ M[1]U1.1) in A-Mod for some index sets I; o and
I ;. For a natural number n, we apply Hom 4 (M[i], —) for i > 0 to the triangle

fn 9gn
Qni1 =5 X ™5 X1 — Quia[1]

in A-Mod. This yields an exact sequence of abelian groups:

*

Hom , (M[i], Qny1) "™ Hom , (M[i], X,,) “Y" Hom , (M[i], Xns1)
— MA(M[ZL QnJrl [1])

Since fn41 is a right Add(2l)-approximation of X, the map (f,+1)* is always
surjective, and so there is an injection Hom 4 (M [¢], X, 41) < Hom 4 (M[i], Qn+1[1])
for ¢ > 0. Using the fact Add(M) C ¥4 = M*7%71 we then can show A,, C {i e
N|n <i<2n+1} by induction on n and choose Q,,+1 = P M[j]Un+15) for
some index sets I, 1 ;.

Consider n > 3. Then Hom 4 (@41, M[1]) = 0. It follows from (¢¢) and Lemma
BI06(2) that there is a triangle T,, — 41 — Qny1 — Qy (1) in 2. We apply
the functor T to this triangle and produce another triangle T(T},) — T(T,+1) —
T(Qn+1) = Qy(T(T},)) in €. Since Hom 4 (M[m],¥) = 0 for any m > 2, the
minimal injective envelope M[m]| — I™ of M]i| is a left ¥-approximation of M[m)].
This means T'(M[m]) ~ I"™ = 0 in € for any m > 2. Since T' commutes with
direct sums by Lemma [B20(3) and [37, Theorem 2.6.10], we have T(Qn41) =~

JEAR
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Djca, T(M[j])In+15) = 0. Thus T(T},) ~ T(Ty41). Consequently, the homotopy
colimit Hocolig(T(Tn)) in € of {(T(T,),T(m,) | » > 1} is isomorphic to T(T3).
Moreover, due to R(X) € 1M, we see from Lemma [BI6(2) that R(X) is also
the homotopy colimit in Z of {T,,}. Since R(X) € ¢4 and T commutes with
homotopy colimits by Lemmal[3.20(3), there are isomorphisms R(X) ~ T(R(X)) ~
Hocolig(T(Tn)) ~T(T3)in ¥.

(2) If X € &, then L(X) € M*>° This implies L(X) € M* because L(X) €
Y = M"=°. Let

o/ = {U € A-Mod | @HomA(M[n],U) € I'-mod}.

n=0

Since I' is an Artin algebra over a commutative Artin ring R, a I-module N is
finitely generated if and only if N is finitely generated as an R-module. This im-
plies that an A-module U lies in & if and only if @, , Hom 4 (M [n],U) € R-mod.
The latter is equivalent to saying that there is a non-negative integer 6y such that
Hom,(M[n],U) = 0 for n > éy and Hom ,(M[n],U) € R-mod for 0 < n < dy.
Moreover, o7 is closed under direct summands, finite direct sums, the shift [—1]
and extensions of triangles in A-Mod. Now, it follows from M € M +70-1 and
Hom (M[1], M) ~ DHom 4(M,vs(M)) that M[j] € & for any j € Z. Conse-
quently, for U € o7, there is a right Add(2l)-approximation fy : Qu — U of U such
that Qu € add(]"_, M[n]) for some m > 0 and the third term Cy of the triangle

Qu 1% U = Oy — Qull] in A-Mod still lies in 7.

By Lemma 2] there holds & C «7. If X € &, then I, ; can be chosen to be
finite sets and Qn11 € add(P;c5, M[j]) € A-mod.

(3) In the proof of (1), we take X = N. Then X € & by Theorem[d.14[(1). Recall
that X € # C M*7° by Proposition Bl and that Hom , (M, M) ~ Hom ,(M, X)
by Lemma [7(1). Further, we even have

(a) Ag C {0}, Q1 = M and X;[—2] € S (see the proof of Lemma ATI0)), and

() Ap C{i € N|n+1<i<2n} and Qui1 € add(:”,,,, Mli]) € A-mod for
n>1.

Since M lies in & = M*7%~1  there holds Hom 4(Qs, M[1]) = 0. By Lemma
BI6l(2), there exists a right triangle Th — T3 —2 Q3 — Q;,(T2) in 2. This gives
rise to another triangle T'(T2) — T(T3) — T(Q3) — Q3 (T(T3)) in €. Clearly,
T(Qs3) =0 by Q3 € add(M[3] @ M[4]). Thus T(Tz) ~ T(T3). It then follows from
(1) and X € s C 2 that X ~R(X) ~T(T) in ¥.

By Lemma [£10, X[1] = Q,(X) ~ Q,,(X) in €. Further, we will show T5[1] =
Q4 (T2) ~ Q(Tp) in €. Actually, it suffices to prove that any homomorphism
from T5 to a module in Add(M) factorizes through the injective envelope of T, or
equivalently, Hom 4 (72, M) = 0. Thanks to add(M) = add(va(M)), we will show
Hom , (T, 4 (M) = 0.

Indeed, Hom , (T3, v4(M)) ~ DHom 4 (M[1], T3) by (O). We apply Hom , (M 1],-)
to the triangle Xs[—1] — To — X — X (see the diagram (xx)) and obtain an iso-
morphism Hom 4 (M[1], Xo[—1]) ~ Hom ,(M][1],T2). Here, we use the fact X €
A C M 70, So it is enough to show Hom 4(M][1], X5[—1]) = 0. Recall that the

triangle Q2 EEN X1 — X2 — @2[1] has the following properties: Q2 € add(M]2])
by (b), X1 € J[2] by (a), and there exists an injection Hom 4(M[2], X3) —
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Hom 4 (M[2], Q2[1]) by the proof of (1). It follows from Hom 4 (M, M[1]) = 0 that
Hom 4 (M[1], X2[—1]) ~ Hom 4(M[2],X3) = 0. Thus Hom ,(M][1],T2) = 0, and
therefore Hom 4 (T, v4(M)) = 0.

By the facts that Q2 € add(M[2]) and Hom 4 (M[2], M) = 0, we have

Extjy(Q2[1], M) ~ Hom 4 (Q2[1], M([1]) ~ Hom, (Q2, M) = 0.

By Lemma BI6(2), the triangle M1] nly T5[1] gl Q2[1] — M|[2] in A-Mod can

be extended to a right triangle M|1] 1 0 Th[1] — il Q2[1] — Q,;(M]1]) in 2. This

yields the triangle in €

T(nll) (o1 [1])

T(M][1)) T(T>[1]) T(Qo[1]) — Q) (T(M1]))

by Lemma B20(3). It then follows from T(M][3]) = 0 that T(Q2[1]) = 0 and
T(M[1]) ~ T(Tx[1]) in €. Moreover, T(T5[1]) ~ T(,,(T2)) ~ Q,,(T(T2)) ~
Q,,(X) in €, where the second isomorphism is due to the fact that 7" commutes
with Q. Thus T(Q,(M)) =T (M[1]) =~ Q,,(X) in €. O

Now, we state a property of finitely M-filtered A-modules introduced in Defini-
tion [l

Lemma 4.16. If X is a finitely M-filtered A-module, then X € 9+>° and has an
add(M)-resolution of finite length. Moreover, if the A-module X lies in &4, then
X € add(M).

Proof. Since ¥1+>° contains M and is closed under both cosyzygies and extensions
in A-Mod, we have X € 4+>% Now, let .# be the full subcategory of A-mod
consisting of all those modules having an add(M )-resolution of finite length. Then
Y € # if and only if Hom 4 (M,Y) € 92<°°(A), the category of all finitely generated
A-modules of finite projective dimension. Since 4M is a self-orthogonal generator,
Y € # if and only if there is an exact sequence 0 — M,, = M,,_1 — --- — My —
Y — 0in A-mod for some n € N such that M; € add(M) for all 0 < j < n. Clearly,
M C M0 C ML As 2<°(A) is always closed under extensions in A -mod, .4
is closed under extensions in A-mod. So, to show that the finitely M-filtered module
X belongs to .#, it suffices to show Q;*(M) € .# for each i > 0. However, this
follows from the exact sequence 0 — M — [0 — ... — [*71 Q:‘i(M) — 0, where
I7 is injective and therefore in add(M) for 0 < j <i—1. As to the last statement in
the lemma, we notice .#N+>°M = add(M), ¥ C 1>°M and ¥N.# = add(M). O

In the following, we describe zero objects and compact objects in 4. This is re-
lated to pure-projective modules. It is known that a module over an Artin algebra is
pure-projective if and only if it is a direct sum of finitely generated, indecomposable
modules.

Proposition 4.17. The following hold for X € &N .7.

(1) X is compact in € and isomorphic in A-Mod to an M-filtered module.

(2) If X1 is closed under direct sums of countably many, finitely M -filtered
A-modules in A-Mod, then X € Add(M). In particular, if X is pure-
projective, then X € Add(M).

(3) If X € 2N (A-mod), then X is projective.
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Proof. Let X € &N .. We keep all notations in the proof of Lemmas [4.15](1)-(2).

(1) By Lemmaf2] X € 2 and X ~ R(X) in A-Mod. Moreover, by Lemmas
AI5(1)-(2), R(X) ~ T(T3) in € with T3 € A-mod. Each object of A-mod is
compact in A-Mod and the quotient functor A-Mod — & preserves compact objects
by Lemma [ZT[(2). Hence T3 is compact in 2. As T preserves compact objects by
Lemma [B:20(3), both T'(T3) and X are compact in €.

It follows from X € & that the proofs of Lemma [LI8(1)-(2) yield Qp+1 =
Djcn, M[j]U+15), where A, C {i € N | n < i < 2n+ 1}, M[j] = Q7 (M)
and I,41; are finite sets. This implies 7,, € A-mod for n > 1. Since triangles
in A-mod (up to isomorphism) are induced from short exact sequences, we can
add finitely generated projective modules to T, and assume that the associated
map 7, : T, — T,41 is injective and Coker(7,) is isomorphic to a finite direct
sum of modules in {4A} U {Q,*(M) | i € N}. Now, let X’ be the colimit of the
direct system {(T},,7,) | » > 1} in A-Mod. Then the canonical map T,, — X' is
injective. Thus T;, can be regarded as a submodule of X’ and T,, C T},+1. Moreover,
X' =U,~, T, and is M-filtered. Now (1) follows from X ~ R(X) ~ X’ in A-Mod.

(2) Since all T;, are finitely M-filtered and X € ¢, we have T}, € X! by Lemma
Let Z := @, >, Tn. The assumption of (2) implies Ext}(X,Z) = 0. So
(1-7.)

the exact sequence 0 — Z %) 7 5 X' 5 0 induced by {7, | n > 1} splits, and
therefore X' is isomorphic to a direct summand of Z. Since T), is a finitely generated
A-module, it is a direct sum of finitely many indecomposable submodules with the
local endomorphism rings. Thus, by [, Corollary 26.6], we have X' ~ @, -, T»,
where T" is a direct summand of T},. Moreover, by Lemma[I6] T}, has an add(M)-
resolution of finite length, and so does T),. It follows from X € 4 and X ~ X’ in
A-Mod that X’ € ¢, and therefore T}, € 4. Consequently, T, € add(M) by the
proof of Lemma [L.T61 Hence X’ € Add(M) and X € Add(M).

For any V € A-mod, V is clearly finitely presented, and therefore V1! is always
closed under arbitrary direct sums in A-Mod. This implies that if X is pure-
projective, then X! is closed under arbitrary direct sums in A-Mod, and therefore
X € Add(M).

(3) By Lemmas [£2(1) and E4(1), 2 N (A-mod) C £&N.%. It follows from
X € A-mod that X*! is closed under arbitrary direct sums in A-Mod. Further,
X € Add(M) by (2), and Hom 4 (N, M) = 0 by Lemma T0 Due to Add(M) =
Prod(M), we have Hom 4 (N, X) = 0. It follows from Lemma [ 7(3) and X € %
that X ~ 0 in A-Mod. Thus X is projective. (]

Now, we describe compact generators of the right-hand side in the recollement
of Theorem

Let 7 be a triangulated category. For a full subcategory U of T, we denote by
(U) the smallest full subcategory of T containing I and being closed under finite
coproducts, direct summands and shifts. Let V be another full subcategory of T.
Recall that U %V is the full subcategory of T consisting of objects X such that there
is a triangle U - X — V — UJl] with U € Y and V' € V. Following [32, 3.1], we
set U oV := (U~ V), and then define (U)o := 0 and (U) 41 := U)n o (U) for n >0
inductively. Clearly, the objects of (U),+1 are the direct summands of the objects
obtained by taking (n + 1)-fold extensions of finite direct sums of shifts of objects
of U. Following [32 Definition 3.1], the dimension of T, denoted by dim(7), is
defined to be the minimal natural number n such that there is an object X € T
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with 7 = (X),+1. If no such X exists, one defines dim(7) = oco. If dim(7) is
finite, then such an object X is called a strong generator of T.

For a pair of integers ¢ < j, we denote by (U)Z_i]l the full subcategory of (U}, 11
consisting of all objects which are obtained by taking (n + 1)-fold extensions of
finite direct sums of objects in the class {U[—s] |U € U,s € Z,i < s < j}. Here,

we do not require taking both direct summands and arbitrary shifts in <U>£:Jﬁ]1

Corollary 4.18.

(1) Let S be the finite set of isomorphism classes of simple objects of F, and
let n be the Loewy length of the algebra T'. Then (9 N.7)/[M] is a compactly
generated triangulated category:

(4 0.7)/IM] = (Add(S))3,"" and (4 0.7) /M) = (6 0.7)/[M] = (S)3,"".

(2) If A is symmetric and T is semisimple, then there are triangle equivalences

(@ N.7)/[M] =Add (N & Q,(N)) — (I x I') -Mod,

(&N.7)/[M] =add (N & Q;(N)) — (I x I') -mod,
where (I'xT")-Mod, as a triangulated category, has the shift functor induced
from the automorphism of the algebra I' x T' by permutating the first and
second coordinates.

(3) If T(X) lies in &/[M] for all X € A-mod, then the recollement in Propo-

sition restricts to a half recollement of triangulated categories:

4 inc

(M) v (£0.5)/[M).

Proof. (1) Let Z := (¢N.%)/[M]. By LemmalL2]2)(b), we can identify J# with its
(essential) image in £ under the quotient functor ¥ N.¥ — Z. It follows from the
first part of Corollary A.8(3) that #Z = J#[1]x, where [1] denotes the functor ;.
To characterize Z in terms of S, we use the functor Hom 4 (N, —) : 7 — I"'-Mod
which is an equivalence of abelian categories and sends N to I' by Lemma [A7)(2)-
(3). Recall that s := {X € 2 | Hom,(M,X) € I'-mod} = # N&. By
the proof of Corollary [£8(1), the functor Hom 4, (N, —) restricts to an equivalence:
' =, T'-mod. This equivalence clearly sends simple objects of J# to simple
I-modules. Since I' is an Artin algebra, it has only finitely many isomorphism
classes of simple modules and each (respectively, finitely generated) I'-module is
generated by simple modules under arbitrary (respectively, finite) direct sums and
taking mn-fold extensions. Consequently, S is a finite set and each object of J7
(respectively, #8) is generated by S under arbitrary (respectively, finite) direct
sums and taking n-fold extensions. Note that each short exact sequence in 7
induces a triangle in % by Lemma BI6(2). Now, thanks to #Z = J[1] x I,
the first equality in (1) holds, and therefore Z = Loc(S). Similarly, from the
equality (& N.7)/[M] = s#'2[1] x s#'8 by the second part of Corollary L8(3), we
see that (& N .)/[M] is generated by S under taking the shifts [i] for ¢ = 0,1
and (2n)-fold extensions. This implies the third equality in (1). By Proposition
AI7(1), each object of J#'8 is compact in ¢ and thus also in %#. Hence Z is
compactly generated. By [30, Theorem 4.4.9], we have #¢ = thick(S). Clearly,

thick(S) € (& N.7)/[M] = (S)L 1% C thick(S). Thus 2° = (S)5 1.

n
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(2) Suppose that A is symmetric and I" is semisimple. Then I' is symmetric. By
Corollary 1] Q3,(N) ~ N in 4. Moreover, by Lemma ETI0, Q,(N) ~ Q5 (N)
in €. Tt follows that Q%) (N) ~ N and Q3" (N) ~ Q;(N) for any i € Z. Let
W:=Na&Q,(N)and # := Add(W). Then # = Qu(#'). Clearly, # contains
N and is closed under direct sums in €. As I is semisimple, there holds add(N) =
add(S) € #Z. To show Z = ¥, it suffices to show that # is a triangulated
subcategory of €. Since # is closed under 2);, we only need to show that, for any
morphism f: X; — X5 in # and triangle X; —f> Xo = X3 — Q,(X4) in G, the
term X3 belongs to 7. 4

Since . is the heart of the torsion pair (27,%) in A-Mod, Ext’, (U, V) ~
Hom 4 (U, V[j]) for any U,V € 5 and j = 0,1. Since N is a projective object
in # by Lemma B7(3), we have Hom 4(N, N[1]) =~ Ext%,(N,N) = 0. Further,
by Lemma [BI7 and [15, Lemma 3.5], if V4 and V5 lie in ¢, then
Hom 4 (Vi, Va[n]) >~ Hom,,(V1, Q" (V2)) for all n > 1. This implies Hom 4 (N, N[1])
~ Hom,, (N, ,,(N)), and therefore Hom,,(N,Q,,(N)) = 0 = Hom,,(Q,,(N), N).
Let B :=End,(W). Then B ~T @&T as algebras. Since B is semisimple and W is
compact in € by Theorem [I4{(1), the functor Hom,, (W, —) : # — B-Mod is an
additive equivalence. By this equivalence and the fact that B-Mod is a semisimple
abelian category, it can be proved that f as a morphism in # is isomorphic to a
direct sum of the identity map of Z; with the zero map Zs — Z3, where Z; lies
in # for 1 < i < 3. Consequently, X5 ~ Q,,(Z2) ® Z3. It then follows from
W = Qu(#) that X5 € #. Thus # is a triangulated subcategory of %, and
therefore Z = #. By (1), #° = add(W).

(3) By Lemma B.20(4) and [30, Theorem 4.4.9], the assumption of Corollary
[LI8(3) implies ¥° C &/[M]. Combining Corollary with Proposition [£I7)(1),
we see that ® sends compact objects of %’ to objects of (£€N.%)/[M] which are also
compact in €. Note that V% — Mt always preserves compact generating sets.
Thus the first two lines of functors in the recollement of Corollary restrict to
the half recollement in Corollary ELTg|(3). O

Corollary 4.19.
(1) dim ((€N.#)/[M]) <2 LL(T) — 1, where LL(T') is the Loewy length of T
(2) dim (& N.7)/[M]) < 2 gl.dim(T) + 1, where gl. dim(T') is the global di-
mension of I .

Proof. (1) follows from Corollary EI8(1).

(2) If gl. dim(T") is infinite, then the inequality in (2) holds trivially. Now, let
m = gl.dim(T') < oco. In the following, we follow the notation in the proof of
Corollary LI8(1) and show that (& N.7)/[M] = <add(N)>[2:n7i§1’O]. This implies
dim ((&N.7)/[M]) <2m+ 1.

By the second part of Corollary E8(3), (& N.%)/[M] = #%[1] » #'. So, it
suffices to control the objects of 7% by N. We take an object X € . Since
the functor Hom 4 (N, —) : s — T'-mod is an equivalence of abelian categories
sending N to I' and since each finitely generated I'-module has a projective resolu-
tion of length m by finitely generated projective I'-modules, there is a long exact
sequence (%) : 0 = N, = --- = N; = Ng — X — 0 in 2™ with N; € add(N) for
0 < i < m. Note that each short exact sequence 0 -+ X — Y — Z — 0 in 52 gives
rise to a triangle X — Y — Z — Q;(X) in A-Mod with the terms X,Y, Z € 2.
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Since # C 4N.¥ C *'M by Lemma 2(1), this triangle induces a triangle
X —>Y = Z — X[1] in € by Lemma[316(2). So, we divide the sequence (x) into a

series of short exact sequences in #8 and then obtain X € (add(N ))L;fl’o]. Thus
(£0.57)/[M] = (add (V)55 0

Proof of Theorem [LH. The existence of the recollement in (1) follows from Propo-
sition 3] while (2) and (3) are exactly Corollaries L] and LT9] respectively. O

Proof of Proposition [0l (2) and (3) follow from Corollary [I8(1), while the first
part of (1) is Proposition ET7(1). Let & := &N . N (A-mod). Clearly, add(M) C
. If X € &, then X € Add(M) by Proposition IT7(2) because all finitely

generated A-modules are pure-projective. As X is finitely generated, it lies in
add(M). Thus & = add(M). This implies the second part of (1). O

5. TACHIKAWA’S SECOND CONJECTURE

In this section we prove Theorem and Corollary [[4l As a consequence, we
show that the Nakayama conjecture is true for Gorenstein-Morita algebras (see Def-
inition [[3(ii)). Moreover, we introduce two homological conditions (CI) and (CII).
They are connected with finitistic dimension (see Lemma [B.1]). Also, the invari-
ance of (CII) under different types of equivalences between algebras is discussed in
Corollary

Let B be an Artin algebra. The dominant dimension of B, denoted by
dom. dim(B), is by definition the largest natural number n or oo such that, in
a minimal injective coresolution 0 — pB — I® — I' — ... — ™ — ... all these
module I? are projective for 0 < i < n. The unsolved Nakayama Conjecture says
that an Artin algebra is self-injective whenever its dominant dimension is infinite.
Related to this conjecture, Tachikawa proposed two conjectures in [35] p. 115-116].

(TC1) If an Artin algebra B satisfies Extz(D(B), B) = 0 for all n > 1, then B is
self-injective.

(TC2) Let B be a self-injective algebra and Y a finitely generated B-module. If
Exts(Y,Y) =0 for all n > 1, then Y is projective.

As pointed in Section[I] the two conjectures (TC1) and (T'C2) hold true for all
algebras if and only if so does the Nakayama conjecture for all algebras. Moreover,
it was shown in [28] that, given a pair (B,Y) with B a self-injective algebra and YV’
a finitely generated, self-orthogonal B-module, the algebra Endg(B @ Y') satisfies
the Nakayama conjecture if and only if Y is projective.

By [28], algebras of dominant dimension at least 2 are exactly endomorphism
algebras of generator-cogenerators over algebras. Recall that a finitely generated
module X over an algebra C is called a generator-cogenerator if C @& D(C) €
add(¢cX). If B is the endomorphism algebra of a generator-cogenerator X over an
algebra C, then, by Miiller’s theorem (see [28, Lemma 3]), dom. dim(B) =n > 1 if
and only if Exti(X, X) = 0 for 1 <i < n — 1. In particular, dom. dim(B) = oo if
and only if X is self-orthogonal, that is, Exté(X, X)=0foralli>1.

Proof of Theorem [L2 (1)= (2)—(5). Suppose the module 4M is projective. Then
¢ = A-Mod and W = Q7 (M) = 0. This implies (4) and (5). Since each A-module
is always a filtered colimit of finitely generated A-modules, (2) holds. Note that
A-filtered modules are projective. Thus (3) holds.

(2)= (4). This is clear since W € .
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(4)= (5). Let f: Q, (M) — W be the minimal left ¥-approximation of Q, (M)
with W € ¢. Assume that W is a filtered colimit of {W; | ¢ € I} with I an
essentially small, filtered category and with all W; € %,. We show that W= is
closed under countable direct sums in A-Mod. This implies (4).

Let \; : W; — W Dbe the canonical homomorphism of the colimit W. Since
Q4 (M) is finitely generated and even finitely presented, the canonical map
hngomA(QZ(M),Wi) — Hom4 (2, (M), W) induced by {Hom4(Q, (M), \;) | i €

I} is an isomorphism. As I is a filtered category, the colimit lim Hom 4 (Q, (M), W;)
—

of abelian groups is a quotient group of the direct sum P, ; Hom 4 (02 (M), W;) and
each of its elements can be represented by a homomorphism of Hom(Q (M), W;)
for some index i € I. Consequently, there is an index ¢ € I and a homomorphism
fi : Q4 (M) — W, such that f = f;\;. Further, due to W; € ¢, the approximation
implies that there is a homomorphism g; : W — W; such that f; = fg;. It follows
that f = fg;f;. Since f is left minimal, g;f; is an isomorphism. Thus g; is split-
injective. Since W; is finitely generated, W is also finitely generated (presented).
Hence, W1 is closed under arbitrary direct sums in A-Mod.

(5)= (1). By Lemma [I0(3), T(Q,(M)) ~ Q3,;(N) in €. Thus W ~ Q,(N)
in . By Lemma BI6|(1), there are M;, Ms € Add(M) such that W & My ~
Q,;(N)® M. Let .# be the full subcategory of A-mod consisting of modules with
add(M)-resolutions of finite length. It follows from M € 41> and W € ¢ that
M C G20 C WL For X € Add(M), since 4 M is self-orthogonal and finitely
presented, X! contains .# and is closed under arbitrary direct sums in A-Mod.
Thus (3) implies that 5, (N)*! is closed under countable direct sums in A-Mod of
modules in .#. By Lemma 16 Q,,(N)*! is closed under countable direct sums
in A-Mod of finitely M-filtered A-modules. Further, it follows from N € &N .7,
Corollary and Lemma [£4Y2) that Q,(N) € & N.¥. By Proposition @17(2),
Qy(N) € Add(M). This shows Q,,(N) = 0 (and thus also N = 0) in €. By
End (V) = End,,(N), we have N =0 in A-Mod. Since End 4 (M) ~ End 4(N) by
Lemma [£7(2), M = 0 in A-Mod. In other words, 4M is projective.

(3)= (1). By Proposition [[.6]1), the module N is M-compact (that is, compact
in ) and isomorphic in A-Mod to an M-filtered module X. Then there are pro-
jective A-modules P and @ with N & P ~ X @ Q. Since projective A-modules are
zero in €, X is M-compact. By (3), X lies in Add(M), and therefore N =0 in %
By Lemma [£7)(2), we have M = 0 in A-Mod. Thus 4 M is projective. O

Recall that #2<°°(B) denotes the category of finitely generated B-modules with
finite projective dimension. Let B-GProj, be the category of countably gen-
erated, compactly Gorenstein-projective B-modules. Clearly, finitely generated,
Gorenstein-projective B-modules are in B-GProj,,. Note that the category of
countably generated B-modules is a Serre subcategory of B-Mod. This is due
to the fact: A ring R has the property that each submodule of each countably
generated left R-module is countably generated if and only if each left ideal of R is
countably generated.

We consider the following two homological conditions:

(CI) The direct sum of countably many B-modules from &2<°°(B) belongs to

B-GProj ;"

(CII) Any compactly Gorenstein-projective, compactly filtered B-module is pro-

jective.
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The finitistic dimension of an Artin algebra B is the supremum of projective
dimensions of all B-modules in #<°°(B). The well-known finitistic dimension con-
jecture says that an Artin algebra B should always have finite finitistic dimension.
The validity of this conjecture for B implies the one of the Nakayama conjecture
for B. However, the finitistic dimension conjecture is still open.

Lemma 5.1.

(1) If (CI) holds, then so does (CII).
(2) If an Artin algebra B has finite finitistic dimension or is a virtually Goren-
stein algebra, then (CI) holds.

Proof. (1) Let Y be a compactly Gorenstein-projective B-module which is com-
pactly filtered by a sequence {Y; | i € N} of submodules of Y. Set X := @,y Yi.
Then there is a canonical exact sequence 0 - X — X — Y — 0 in B-Mod. Since
Y; is finitely generated for all 4, the module Y is countably generated. This im-
plies Y € B-GProj,,. Moreover, since Y; € &2<>°(B) for all i € N, the condition
(CI) implies that the sequence splits and Y is isomorphic to a direct summand of
X. Note that Y; is a direct sum of finitely many indecomposable submodules with
the local endomorphism rings. By [I, Corollary 26.6], Y ~ @, Y/, where Y} is
a direct summand of Y; for each i. Since #<°°(B) N B-GProj = add(B), Y/ is
projective for all ¢. Thus Y is projective. This shows that (CII) holds.

(2) Clearly, B -GProj*>? contains all B-modules of finite projective dimension.
For a virtually Gorenstein algebra B, B-GProj>% = +>0B-GInj, and therefore
B-GProj->? is closed under arbitrary direct sums in B-Mod. Thus (2) holds. [

Lemma 5.2. Let B and C be Artin algebras and X a finitely generated C-B-
bimodule. Suppose that ¢ X and Xpg are projective and the tensor functor X®pg —:
B-Mod — C-Mod induces a triangle equivalence B—GProj — C'—GProj. If C
satisfies (CII), then so does B.

Proof. Let F := ¢X ®p —. Since both ¢«X and Xp are projective, the functor
F : B-Mod — (C-Mod is exact and preserves projective modules. This yields
F(2<*(B)) C 2<>(C). Since F commutes with filtered colimits, it sends com-
pactly filtered B-modules to compactly filtered C-modules. Further, since F' in-
duces a triangle equivalence B—GProj — C'—GProj, it reflects projective modules
and sends compactly Gorenstein-projective B-modules to compactly Gorenstein-
projective C-modules. This implies Lemma [5.2 a

Next, we point out that the condition (CII) is preserved by several classes of
equivalences between algebras. For the unexplained notions below of stable equiva-
lences of adjoint type and singular equivalences of Morita type with level, we refer
to [38] and [36], respectively. Given a finitely generated B-module N, we denote
by thick(pN) the smallest thick subcategory of B-mod which contains N.

Corollary 5.3. Let B and C be finite-dimensional algebras over a field. Suppose
that

(a) B and C are derived equivalent, or

(b) B and C are stably equivalent of adjoint type, or

(¢c) B and C are singularly equivalent of Morita type with level defined by a
pair of bimodules (¢ X g, pYc) such that Home (X, C) € thick(pB® D(B))
and Homp (Y, B) € thick(cC @ D(C)).
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Then B satisfies (CII) if and only if so does C.

Proof. (a) follows from Lemma and [25] Example 4.7 and Corollary 5.4]. The
case (b) is a special case of (c). In the case (c), the modules ¢ X and Xp are finitely
generated and projective by the definition of singular equivalences of Morita type
with level. By Lemma [(£.2] it suffices to show that the functor F := ¢ X®p —:
B-Mod — C'-Mod induces a triangle equivalence B—GProj — C'—GProj. Note
that for finitely generated Gorenstein-projective modules, the triangle equivalence
B—Gproj — C'—Gproj is known in [36, Proposition 4.5] under a stronger assump-
tion that Hom¢ (X, C) € 2<°(B) and Hompg(Y, B) € £2<°°(C). Since our discus-
sions involve infinitely generated Gorenstein-projective modules, we have to check
whether ' and G can be regraded as functors between B-GProj and C'-GProj.

Let U € B-GProj with a complete projective resolution P®. Then F(P°®) :=
(F(P%);ez) is an exact complex of projective C-modules. Moreover, Homg, (F(P*), C)
~ Hom%(P*, Hom¢ (X, C)) as complexes. By [13] Theorem 2|, thick(g B&D(B)) =
B-GProjt”° NB-mod. Since each cocycle of P* lies in B-GProj and Home (X, C)
€ thick(gB® D(B)), the complex Hom% (P*, Hom¢ (X, C)) is exact. Consequently,
F(P*) is a compete projective resolution of F'(U), and therefore F(U) € C-GProj.
In other words, F restricts to a functor B-GProj — C'-GProj. Similarly, the func-
tor G := gY®c —: C-Mod — B-Mod also restricts to a functor C'-GProj —
B -GProj.

Recall that B—GProj is a triangulated category with the shift functor ¥ 5 which
is a quasi-inverse of the syzygy functor Qp. This implies Y @c X @p — ~ Q% (—) =~
Y5" : B—-GProj — B—GProj, where n is the level of the singular equivalence
in (c¢) and X% denotes the n-th shift functor of B—GProj. Similarly, there are
equivalences X ®p Y ®c — ~ Q¢(—) ~ X" : C—GProj — C—GProj. Thus F
induces a triangle equivalence B—GProj — C'—GProj with a quasi-inverse X% oG:
C—-GProj — B—GProj. O

Recall from Definition [[3{(ii) that an algebra B is said to be compactly Gorenstein
if (CII) holds; and Gorenstein-Morita if B is both strongly Morita and compactly
Gorenstein. By Lemma 5] a strongly Morita algebra is Gorenstein-Morita if it is
virtually Gorenstein or has finite finitistic dimension.

Proof of Corollary [L4l. Suppose that A is a Gorenstein-Morita algebra. Then there
is a self-injective algebra A and a finitely generated A-module M which is a gen-
erator such that A = Ends(M) and add(M) = add(va(M)). Further, suppose
dom. dim(A) = oco. Then 4 M is self-orthogonal by [28, Lemma 3].

In the following, we show N := H!(M) = 0 in € (see Section 2. If it is
the case, then End 4 (M) ~ End 4 (V) by Lemma [L7)(2), and therefore M = 0 in
A-Mod, that is, 4 M is projective. Thus A is Morita equivalent to A and must be
self-injective, and therefore the first part of Corollary [[L4] is proved.

Now, let M = A® EB?; M; with m € N and M; indecomposable and non-
projective for 1 < i < m. By Corollary @3(2), N ~ ", H?(M;) in € and HY (M)
is indecomposable in % for 1 < i < m. Clearly, HS(MZ) as an A-module does not
contain nonprojective direct summands in Add(M), due to Hom 4(N, M) = 0. So
we can assume that H?(M;) = P; @ N; as A-modules, where P; is a projective
A-module, and Nj; is either zero or an indecomposable A-module that does not lie
in Add(M). Now, we turn to showing N; = 0 for all 4. This implies that N is
projective, and thus N =0 in %.
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By Theorem [£.I4(1) and Proposition I7(1), N; is isomorphic in A-Mod to an
M-filtered A-module X. Now, suppose that X is filtered by a sequence {X,, | n €
N} of submodules of X (see Definition [[I]). Then X = ILm X, =Up—oXn. By

n o0

Lemma @16l X,, € M+ and has an add(M )-resolution of finite length. Applying
G := Homyu (M, —) to the inclusions X,, — X, 411, we obtain G(X,) € Z<>(A)
and injective homomorphisms G(X,) — G(X,41). Since 4M is finitely pre-
sented, G commutes with filtered colimits. It follows that G(X) = nh_}n;@ G(X,) =

U,—, G(X,). In other words, G(X) is compactly filtered.

Assume N; # 0. Then N; is indecomposable and does not belong to Add(M).
It follows from X ~ N; in A-Mod and N; € ¢ that X € ¢ and Q),Qn(X) ~
QyQa(N;). By Remark BI9, Q5,Qn0(N;) >~ N;, and therefore X ~ N; & M,
for some My € Add(M). As N is compact in ¥ by Theorem [ZT4{(1), X is also
compact in €. It follows from Lemma B.17(2) that G(X) is compactly Gorenstein-
projective, but not projective. Since A is compactly Gorenstein, G(X) must be
projective. This leads to a contradiction. Thus N; = 0.

If A is gendo-symmetric, then A can be assumed to be symmetric. Since gendo-
symmetric, virtually Gorenstein algebras are Gorenstein-Morita, the second part of
Corollary [[.4] follows from the first part of Corollary [[L4l a

To end this section, we mention the following questions related to the results in
this paper.

Question 1. Find necessary and sufficient conditions for Artin algebras to be
compactly Gorenstein.

Finitely generated Gorenstein-projective modules over an Artin algebra are com-
pactly Gorenstein-projective. The next question is about countably generated
Gorenstein-projective modules.

Question 2. Describe the class of countably generated, compactly Gorenstein-
projective modules over an Artin algebra.

Question 3. Find more new examples of Gorenstein-Morita algebras.
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