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Abstract

The fact that each finite-dimensional algebra over a field is isomorphic to the centralizer of two
matrices, has suggested to investigate representation theoretical problems of finite-dimensional alge-
bras through centralizer algebras of matrices. The first natural question is to study the problems for the
centralizer algebra of one matrix, called a centralizer matrix algebra. In this paper we give complete
descriptions of the singularity categories and singular equivalences of centralizer matrix algebras,
and verify the Auslander—Reiten (or Gorenstein projective) and Cartan determinant conjectures for
centralizer matrix algebras. Consequently, all historical homological conjectures (the finitistic dimen-
sion, Wakamatsu tilting, tilting (projective) complement, strong Nakayama, generalized Nakayama
and Nakayama conjectures) are true for centralizer matrix algebras over fields. Moreover, we prove
some homological invariants of singular equivalences for centralizer matrix algebras.
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1 Introduction

The familiar fact that every finite-dimensional algebra over a field is isomorphic to the centralizer of two
matrices in a full matrix algebra (see [5]), has suggested to contemplate problems on representations of
finite-dimensional algebras through the ones of centralizer algebras of matrices, instead of working with
quivers and relations. The first fundamental step toward this direction is to investigate the centralizer of
one matrix. Such an algebra will be called a centralizer matrix algebra. In this case, a number of useful
partial results have been obtained. The earliest result on this subject could trace back to Frobenius, who
established an explicit dimension formula for a centralizer matrix algebra in terms of degrees of invariant
factors of the given matrix [15] (see [32, Theorems 1 and 2, p.105-106]). Recently, the structure of
centralizer matrix algebras was discussed in [35], it was shown that centralizer matrix algebras of Jordan
block matrices are cellular in the sense of Graham and Lehrer [17]. By a quite different approach from
[35, 36], complete characterizations of derived and stable equivalences were given in terms of new types
of matrix equivalence relations [24, 25]. Moreover, some major conjectures in representation theory,
namely the finitistic dimension conjecture, Nakayama conjecture and Alperin—Auslander conjecture, are
verified for centralizer matrix algebras [24, 37].

In the present paper we have two aims in mind, the first one is to attack the problem of how to describe
equivalences of singularity categories of centralizer matrix algebras over fields. Roughly speaking, the
singularity category of an Artin algebra is the quotient of its bounded by its perfect derived category. This
algebraical construction goes back to Buchweitz (1987) and, independently, the geometrical formulation
to Orlov (2004). The second aim, as a consequence of our discussions, is to show that the Auslander—
Reiten and Cartan determinant conjectures hold for centralizer matrix algebras. Thus, together with results
in [24, 25, 36], we know that all homological conjectures mentioned in [2, Conjectures, p. 409] hold true
for centralizer matrix algebras.

To state our results more precisely, we need a few notations. Let R be a field and M, (R) the full n x n
matrix algebra over R. For a matrix ¢ € M,,(R), we denote by S, (c,R) the centralizer matrix algebra

Su(c,R) :={x € My(R) | cx = xc}.

To describe singular equivalences of centralizer matrix algebras, we introduce a new type of equiva-
lence relation on all square matrices over a field. This relation is called an Sg-equivalence, defined in terms
of equivalence classes of irreducible factors of maximal elementary divisors of matrices together with
combinatorial data of multiplicities of elementary divisors. To solve the isomorphism problem of cen-
tralizer matrix algebras, we introduce another equivalence relation on matrices, namely the /-equivalence,
which is defined by a bijection between maximal elementary divisors of matrices together with combi-
natorics of some multisets. Both equivalence relations we introduced are in terms of linear algebra. We
refer to Section 3 for details.

For an Artin algebra A, we denote by Z,(A) the singularity category of A, which is the Verdier
quotient of the derived category 2”(A) of A by its perfect subcategory .#?(A-proj) (see Subsection 2.2
for definition).

With these conventions established we now state our first main result.

Theorem 1.1. [Theorem 5.2] Let A := S,(c,R) and B := S,,,(d,R) for c € M,,(R) and d € M,,(R). Then
(1) A and B are isomorphic R-algebras if and only if ¢ and d are I-equivalent matrices.
(2) The following statements are equivalent.
(i) Ds4(A) and Dsq(B) are equivalent as triangulated R-categories.
(ii) Dsg(A) and Dy4(B) are equivalent as R-categories.
(iii) ¢ and d are Sg-equivalent as matrices.



The proof of this result is based on a complete description of the singularity category of S,(c,R)
(see Theorem 4.11). For permutation matrices, any singular equivalence between their centralizer matrix
algebras induces a singular equivalence of their singular parts. This is given in Corollary 5.8. Furthermore,
we give sufficient conditions in Corollary 5.12, such that Morita, derived, stable and singular equivalences
induce each other between centralizer matrix algebras of permutation matrices.

In the representation theory and homological algebra of finite-dimensional algebras, homological con-
jectures have been a core set of problems. Though lots of efforts have been made in the last decades, these
important conjectures are still open to date. Applying the ideas in this article, we will verify these major
conjectures for centralizer matrix algebras.

An Artin algebra A is said to be CM-finite if it has only finitely many non-isomorphic indecompos-
able Gorenstein projective modules, and n-minimal Auslander-Gorenstein [22] if idim(,A) <n+1 <
domdim(A), where idim(,M) and domdim(,M) denote the injective and dominant dimensions of a A-
module M, respectively. For the precise statements of the homological conjectures in the following result,
we refer to Section 6 or [2, Conjectures, p.409].

Theorem 1.2. [Proposition 4.8 and Theorem 6.2]

(1) Let R be a field, f(x) an irreducible polynomial in R|x|, and A := R[x|/(f(x)"). Then, for any
finitely generated A-module M, Endy (M) is a CM-finite 1-minimal Auslander—Gorenstein algebra. Par-
ticularly, centralizer matrix algebras over fields are CM-finite.

(2) The Auslander—Reiten and Cartan determinant conjectures hold true for centralizer matrix alge-
bras over fields.

The contents of this article read as follows. In Section 2 we recall notions and terminologies, and
prepare basic facts for proofs. In Section 3 we introduce new types of equivalence relations on matrices
over fields. We also compare them with some known equivalence relations. In Section 4 we describe the
singularity categories of centralizer matrix algebras. In Section 5 we establish characterizations of singular
equivalences of centralizer matrix algebras in term of new equivalence relations of matrices. In Section 6
we recall homological conjectures stated in Theorem 1.2(2), prove the validity of these conjectures, and
show some homological invariants of singular equivalences between centralizer matrix algebras.

2 Preliminaries

In this section we recall some basic definitions and terminologies on exact categories, Frobenius categories
and triangulated categories. For our later proofs, we prove some properties of modules over quotients of
polynomial algebras.

2.1 Exact and Frobenius categories

Let C be an additive category. A full subcategory B of € is always assumed to be closed under isomor-
phisms, thatis, if X € BandY € CwithY ~ X, then Y € B.

Let X be an object in €. We denote by add(X) the full subcategory of C consisting of all direct
summands of the coproducts of finitely many copies of X.

The composition of morphisms f: X — Y and g:Y — Z in C is written as fg : X — Z. The induced
morphisms Home(Z, f) : Home(Z,X) — Home(Z,Y) and Home(f,Z) : Home(Y,Z) — Home(X,Z) are
denoted by f* and f,, respectively, while the composition of functors F : € — D and G : D — & between
categories is denoted by G o F' which is a functor from C to €.

Let D be a full subcategory of €. A morphism f: X — Y in Cis called a right minimal morphism if o €
Ende(X) is an isomorphism whenever f = a.f; a D-epic morphism if the induced map f* : Home(D,X) —
Home(D,Y) is surjective for any D € D; and a right D-approximation of Y if X € D and f is D-epic. If



f is both a right minimal morphism and a right ‘D-approximation of Y, then f is called a right minimal
D-approximation of Y. Dually, one defines the notions of D-monic morphisms and left (minimal) D-
approximations in C.

A diagram X Xy & Zof morphisms in € is called a kernel-cokernel pair (A,m) if A is the kernel of
7 and T is the cokernel of A. Given another kernel-cokernel pair (A/,7’) in €, if there are isomorphisms
a:X —X',b:Y =Y and ¢:Z — Z' in C such that Ab = a)’ and ¢ = bn’, we say that the pairs (A, T)
and (), n') are isomorphic. Let 8 be a collection of kernel-cokernel pairs in € which is closed under
isomorphisms. A morphism A : X — Y in C is called an admissible monomorphism of 8 if there is a
morphism 7t : ¥ — Z in C such that (A, ) € 8. Dually, we define admissible epimorphisms of 8. The
elements of S are called admissible exact sequences of 8. If C together with § forms an exact category, we
often say that (C,8) is an exact category. We refer to [30] for the precise formulation of exact categories.

Let (C,8) and (€', 8) be exact categories. An additive functor F : € — €’ is called an exact functor if
F sends admissible exact sequences of 8 to admissible exact sequences of 8'. In this case, we often say
that F : (C,8) — (€', 8) is an exact functor.

Let D be a full additive subcategory of an exact category (C,8), and let § be the subclass of § consist-
ing precisely of the admissible exact sequences of 8 whose terms belong to D. The pair (D, S) is called
a fully exact subcategory of (C,8) if (D,8) is closed under extensions in (€, 8), that is, for an admissible
exact sequence X — ¥ — Z of 8 with X,Z € D, we have Y € D. In this case, the inclusion (D, 8) C (C,8)
is a fully faithful exact functor.

Let (C,8) be an exact category. An object P in C is said to be S-projective if, for every admissible
epimorphism f : Y — Z of 8, the induced morphism f* : Home(P,Y) — Home(P,Z) is surjective. We say
that (C,8) has enough S-projectives if, for every object C € C, there exists an admissible epimorphism
P — X of & such that P is S-projective. Dually, one defines the notions of S-injective objects and exact
categories with enough S-injectives. We denote by Projg(C) (respectively, Injg(C)) the full subcategory
of C consisting of all S-projective (respectively, S-injective) objects.

A Frobenius category is an exact category (C,8) which has both enough S-projectives and S-injectives,
such that Projg(C) and Injg(€) coincide. In this case, the quotient C/Injg(C) is a triangulated category [18,
Theorem 2.6, p.16]. Frobenius categories (C,8) and (€', 8") are equivalent if there is an exact functor F :
(€,8) — (€',8) such that F : € — €’ is an equivalence of additive categories and induces an equivalence:
Projg(€) — Projg (€') of additive categories. More generally, if F : (C,8) — (€¢/,8) is an exact functor
between Frobenius categories (C,8) and (€’,8’) such that F sends objects in Injg(€) to objects in Injg (C),
then F induces a triangle functor F : €/Injg(C) — €’ /Injg (€ (see [23, Example 8.1]). Consequently, we
get the following result.

Corollary 2.1. Ler (C,8) be a Frobenius category, and let (C',8') be a full exact subcategory of (C,8). If
(€', 8) is a Frobenius category such that Injg (€') = € NInjg(C), then the inclusion functor F : (€', 8) —
(©,8) induces a fully faithful triangle functor F : €' /Injg(C') — €/Injg(C).

To get intrinsic descriptions of products of additive categories, we observe the following simple fact.

Lemma 2.2. Let C be an additive (triangulated) category, and let Cy and C; be full additive (triangulated)
subcategories of C. Suppose Home (C1,C,) =0=Home(C,,C)) for Cy € €y and C; € Cy. If, forany C € C,
there are Cy € C| and Cy € G, such that C ~ C| & C, in C, then C ~ C; x C, as additive (triangulated)
categories, where C1 X G, is the product of categories.

2.2 Singularity categories of algebras

Throughout this paper, R denote a field unless stated otherwise. By an algebra we mean a finite-dimensional
unital associative algebra over R. All modules are finitely generated left modules.



Let A be an Artin K-algebra over a commutative Artin ring K. By rad(A) and LL(A) we denote the
Jacobson radical and Loewy length of A, respectively. Let A" stand for the opposite algebra of A. We
write A-mod for the category of all finitely generated A-modules, and A-proj (respectively, A-inj) for the
full subcategory of A-mod consisting of projective (respectively, injective) A-modules. Let A-Gproj be
the full subcategory of A-mod consisting of Gorenstein projective A-modules. Then A-Gproj contains
A-proj and is closed under direct summands, extensions and kernels of epimorphisms. It is a resolving
subcategory of A-mod. We postpone the definition of Gorenstein projective modules to Section 4.

For a A-module M, {5 (M) denotes the composition length of M. The basic module of M is denoted
by B(M) which is, by definition, the direct sum of all non-isomorphic indecomposable direct summands
of M. Let copres(M) be the full subcategory of A-mod consisting of those modules L such that there is an
exact sequence: 0 — L — My — M| in A-mod, with My,M, € add(M).

A module M € A-mod is called a generator (or cogenerator) if add(p,A) C add(M) (or add(D(Ap)) C
add(M)), where D : A-mod — A™-mod is the usual duality of an Artin algebra, and an additive generator
if A-mod = add(M). A module AX is said to be n-self-orthogonal if Ext) (X,X) =0 for all 1 <i < n, and
self-orthogonal if it is n-orthogonal for all n > 1.

Let A-mod := A-mod/A-proj be the stable module category of A. Since A-Gproj contains A-proj,
we have the stable subcategory A-Gproj := A-Gproj/A-proj of A-mod. It is called the Gorenstein stable
category of A. We define o

S:={X AyLz | (A,m) is a kernel-cokernel pair in A-mod and X,Y,Z € A-Gproj}.

It is well known that (A-Gproj, 8) is a Frobenius K-category with Injg(A-Gproj) = A-proj. Thus A-Gproj
is a triangulated K-category. S
Analogously, replacing module categories and projective modules by derived categories and projec-
tive complexes, respectively, one gets the so-called singularity categories. Let 2”(A) stand for the bound-
ed derived category of A-mod, and let .#"”(A-proj) be the full subcategory of 2”(A) consisting of the
bounded complexes of finitely generated projective A-modules. Then .#®(A-proj) is a thick triangulated
K-subcategory of the triangulated K-category 2°(A). Let Zyq(A) := P°(A)/#° (A-proj) be the Verdier
quotient of 2°(A) by #(A-proj). This triangulated K-category is called the singularity category of A.

Definition 2.3. Artin K-algebras A and 1" are said to be

(1) stably equivalent if their stable module categories A-mod and I'-mod are equivalent as K-categories.
An equivalence F : A-mod — I'-mod of K-categories is called a stable equivalence between A and T

(2) Singularly equivalent if their singularity categories Dsq(A) and Py, (T') are equivalent as triangu-
lated K-categories. An equivalence F : Dy4(A) — D5q(T) of triangulated K-categories is called a singular
equivalence between A and T.

Singularity categories and singular equivalences were introduced and studied in [6] by an algebraical
approach, while they were formulated and investigated independently in [29] by geometrical point of
view. Since then singularity categories and singular equivalences have been intensively studied.

If an Artin algebra A is self-injective, then Z;,(A) and A-mod are equivalent as triangulated K-
categories. More generally, if A is a Gorenstein algebra (that is, the injective dimensions of oA and Ax
are finite), then Z;4(A) ~ A-Gproj as triangulated K-categories (see [6] or [19]).

2.3 Basic facts on modules over quotients of polynomial algebras

In this subsection we prove some lemmas of modules over quotients of the polynomial algebra R|x].

Let Z~ be the set of positive integers. For n € Z-, let [n] := {1,2,--- ,n} and X, be the symmetric
group of permutations of [n]. We write the image of i € [n] under 6 € X, as (i)c. The cardinality of a set
S is denoted by |S].



In the rest of this subsection, we fix an irreducible polynomial f(x) € R[x] of degree u and set A :=
R[x]/(f(x)") for n > 1. Then A is a local, commutative, symmetric, Nakayama algebra with n (non-
isomorphic) indecomposable modules M i) for i € [n], where M (i) equals R[x] /( f(x)") € A-mod for i € [n].
We set M(0) = 0. Clearly, M(i) ~ A/rad’(A) as A-modules for 0 < i < n.

For 0 <i < j <n, we denote by

fij :M(i) — M(}), K+ () = fx) x4+ (f(x)) for0 <k <ui—1, and

g5+ M(j) = M(i), x* + (f(x)7) = &+ (f(x)') for 0 <k <wj—1
the canonical injective and surjective homomorphisms, respectively. Clearly, f; jgjx =0if i +k < j.

Lemma 2.4. Let i, j,k € [n] with j,k > i, and let f: M (i) — M(k),g: M(k) — M(i) and h: M(j —i) —
M (k — i) be homomorphisms of A-modules.

(1) If k > j, then f and g factorize through M(j).

(2) There exists a homomorphism h : M(j) — M(k) such that hgy x—; = gj j—ih.

Proof. (1) Due to j > i, we have a canonical surjective homomorphism g;; : M(j) — M(i). Due
to k > j, the homomorphisms g and g;; can be regarded as homomorphisms of R[x]/(f(x)*)-modules.
Since M(k) is a projective R[x]/(f(x)¥)-module, there exists a homomorphism g; : M(k) — M(j) of
R[x]/(f(x)¥)-modules such that g1g;; = g. This shows that g factorizes through M(j). Similarly, we
show that f factorizes through M( ).

(2) Assume j > k. Then gix—;, gj ;i and h can be viewed as homomorphisms of R[x]/(f(x)/)-
modules. Since M(j) is a projective R[x]/(f(x)/)-module and g s, is an epimorphism, there exists a
homomorphism % : M(j) — M(k) such that higy x—; = g;,j—ih-

Now we assume j < k. Since the map

¢ : R[]/ (f(x)™") — Homa (Rx]/(f(x) ™), R[x]/ (f (x)*7)),
au(x) + ()77 [ ()77 = o) - £ () )]

for a(x) € R[x] and 0 <s < u(j—i)— 1, is an isomorphism of A-modules, we may assume that there
exists a polynomial o/(x) € R[x] such that 7 = (ou(x) 4+ f(x)/ ). The surjective map g; j—; supplies a
polynomial g(x) € R[x] such that (g(x) + f(x)/)g; j—i = o(x) + f(x)/~". Define

R R/ (f(x)) — R/ (F(0)), &+ (f@)7) = g(x) - f0) -2+ (f()F), for 0 <1 <uj—1.

Then one can check that 7 is a homomorphism of A-modules and ﬁgk,k,i =g j-ih. 0
Recall that two multisets {{n;,---,ns}} and {{m,--- ,m,}} are equal if and only if s = ¢ and there
exists a permutation 6 € X such that (my, -+ ,my)® := (m(1)g, -+ ,mM(5)5) = (11, ,ng) in N°.

Lemma 2.5. Let g(x) be an irreducible polynomial in R[x] and B := R[x|/(g(x)™) for some m € N*.
Suppose that I := {{ny,--- ,ns}} and J := {{my,--- ,m; } } are nonempty multisets with n; € [n] fori € |s]
and mj € [m] for j € [t]. Let n’ and m’ be the maximal elements of I and J, respectively. Let \M :=
Dicpg RIx|/(f(x)") and gN := € jcp R[x]/(§(x)™). Then the following are equivalent.

(1) Enda (M) ~ Endg(N) as R-algebras.

(2) I =J and R[x]/(f(x)") ~ R[x]/(g(x)") as R-algebras.

Proof. We may assume n' = n and m’ = m. Otherwise we replace A and B by A’ = R[x]/(f(x)") and
B’ :=R[x]/(g(x)™), respectively, and regard M as an A’-module and N as a B'-module. Further, we have
Ends (M) = Endy (M) and Endg(N) = Endg (N).



The implication (2) = (1) is clear. We prove (1) = (2). Indeed, let A := Ends (M) and I := Endp(N).
As left modules, AA = @[ Homg (M, R[x]/(f(x)") and rT" = @ jc ;) Homa (N, R[x] /(g(x)™/). The sum-
mands \Homgu (M, R[x]/(f(x)") and rHompg(N, R[x]/(g(x)™) are indecomposable projective modules for
i € [s] and j € [t]. Since A and I are isomorphic R-algebras, we have s = ¢, and there exists 6 € X, such
that Endy (Homy (M, R[x]/(f(x)")) ~ Endr(Homg(N, R[x]/(g(x)™®°)) as R-algebras. This implies that

R[x]/(f(x)") =~ Endx (Homu (M, R[x]/(f(x)")) =~ Endr(Homp(N, R[x] / (g(x)"*)) =~ R[x] / (g(x)"")
as R-algebras. Thus n; = LL(R[x]/(f(x)")) = LL(R[x]/(g(x)"®°)) = m;s for i € [s]. This implies that
I =J and A ~ B as R-algebras. [J

Lemma 2.6. Let A be an Artin algebra, : 0 — X i> Y £ Z — 0 an exact sequence in A-mod and i € N.

If g isadd (A/ rad’ (A)) -epic, then 1 induces two exact sequences:
0 — soc'(X) N soc!(Y) =5 soc!(Z) — 0 and
. A . A .
0 — X /soc'(X) AN Y /soc'(Y) £ Z/soc'(Z) — 0,

where f' and g’ are the restrictions of f and g, respectively, and where " and g" are the induced homo-
morphisms of f and g, respectively.

Proof. Given M € A-mod and i € N, the map p’, : Homa (A/rad'(A),M) ~ soc'(M), f + (1)f for
f € Homp (A/rad’(A),M), is an isomorphism of A-modules, and any homomorphism 4 : M — M’ of A-

modules restricts to a homomorphism /' : soc’(M) — soc'(M') of A-modules. We form the following
commutative diagram of 0-sequences in A-mod:

0 — Homa (A/rad'(A),X) ——> Homa (A /rad (A),Y) —5—> Homp (A/rad (A),Z) —> 0

pwz piyi: , p"ziz

0 ——=soc(X) ! soc!(Y) £ soc'(Z) 0
] ] |

0 X 7 Y 2 Z 0
" i i

0 X /soc'(X) - Y /soc'(Y) 7 Z/soc'(Z) — 0.

As g is add(A /rad’(A))-epic, the map g* is surjective. Thus the top row is exact, and therefore the second
row is exact. Since all rows and columns are exact except the last row, it follows from 3 x 3 Lemma that
the last row is exact, too. [J

Suppose that {S;,---,S,} is a complete set of non-isomorphic simple A-modules and P; is the pro-
jective cover of S; for i € [n]. For i,j € [n], let [P; : S;] denote the number of composition factors
of P; that are isomorphic to S;. Then [P; : ;] = lgna,(p) (Homa(P;,P;)) for i,j € [n]. The matrix
Ca = ([P : Sj])ijeln) € Mn(N) is called the Cartan matrix of A. The determinant of Cy is called the
Cartan determinant of A.

The following lemma is an analogy of [12, Section 8], except we remove the assumption on the ground
field. For the convienence of the reader, we include here a proof.

Lemma 2.7. Let T = {t1,--- ,t5} be a subset of [n] witht; >ty > --- > t;, sAM = @i M(t;) and T :=
Endy (M). Then the Cartan matrix Cr of I is equal to

n n Is
n n Iy
tS tS ZS



In particular, Cr is a positive definite matrix and det(Cr) = t,[T._{ (t; — ti+1). Moreover, det(Cr) = 1 if
and only if M is an additive generator for R[x]/(f(x)")-mod.

Proof. We may assume #; = n. Otherwise we consider the algebra A’ := R[x|/(f(x)") instead of A.
Note that M can be regarded as an A’-module and that the canonical surjective homomorphism A — A’
implies Endy (M) =T

The set {P; := Homua (M, M(t;)) | i € [s]} is a complete set of non-isomorphic indecomposable pro-
jective I'-modules. Since Homy (M, —) : add(M) — T'-proj is an equivalence of additive categories, we
have Homr(P;, P;) ~ Homy (M(t;),M(t;)) =~ R[x]/(f(x)"#) as R[x]/(f(x)")-modules for i, j € [s] with
mj; :=min{t;,t;}. Note that R[x]/(f(x)"#)-module structure on Homr(P;, P;) is induced by the R-algebra
isomorphism Endr(P;) ~ R[x]/(f (x)"). Thus lgaar(p;) (Homr (Pj, Pr)) = L oy (R (f (X)™7)) = mji
for i, j € [s]. Consequently, the Cartan matrix Cr of F is just the matrix in Lemma 2.7. Thus Cr is positive
definite and det(Cr) = t,[[._} (t; — t;41). Clearly, det(Cr) = 1 if and only if #, = 1 and #; — ;11 = 1 for
i € [s— 1] if and only if M is an additive generator for R[x]/(f(x)")-mod. OJ

We quote the following two results from [24, 25].

Lemma 2.8. [24, Lemma 2.11] Given {a,b,c,d} C{0,1,---,n} withb<a<c, b<d<canda+d=

b+ ¢, and X € A-mod which does not have indecomposable direct summands N with b < l4(N) < c, let

AY ;=X ®M(b) & M(c). Then there is an exact sequence 0 — M(a) <, M(b)y&M(c) 55 M(d) = 0in

A-mod, where f = (—gap, fa.c) is a left minimal add(Y )-approximation of M(a) and g = (gﬁj) is a right
minimal add(Y )-approximation of M(d).

Lemma 2.9. [25, Lemma 2.10] Let g(x) be an irreducible polynomial in R[x| and B := R|x]/(g(x)™) for
m > 2. Then the following are equivalent:

(1) A-mod ~ B-mod as triangulated R-categories.

(2) A-mod ~ B-mod as R-categories.

(3) n=mand A/rad(A) ~ B/rad(B) as R-algebras.

(4) A ~ B as R-algebras.

2.4 Centralizer algebras of matrices

Centralizer algebras of matrices can realize any finite-dimensional algebras over fields. So it is worthy to
investigate finite-dimensional algebras from this point of view. Let us recall some definitions and basic
results on centralizer algebras of matrices.

Given a field R and a natural number n € Z-, let M,,(R) be the full n x n matrix algebra over R with
the identity matrix I,. Let ¢;;, 1 <1, j < n, be the matrix units, and J,(A) € M, (R) be the Jordan block
matrix with the eigenvalue A € R.

For a nonempty subset X of M, (R), the centralizer algebra S,(X,R) of X in M,,(R) is defined by

Su(X,R) :={a eM,(R) |ax=xa,Vx € X}.

If X is a finite set, Brenner reduced the study of S,(X,R) to the case that X consists of only two ele-
ments [5, Lemma 1]. Furthermore, Brenner showed in [5, Lemma 2] that every finite-dimensional algebra
over a field is isomorphic to the centralizer algebra of two matrices. Thus it is natural and fundamental
to study first the centralizer algebra of a single matrix. This might be an important step to understanding
arbitrary finite-dimensional algebras and related topics. For simplicity, we write S, (c,R) for S,({c},R).
By a centralizer matrix algebra we always mean an algebra of the form S, (¢, R).

We have the following property of centralizer matrix algebras.



Lemma 2.10. [24, Lemma 3.2] For ¢ € My,(R), there are the isomorphisms of R-algebras:
Sn(c,R) = Sp(c",R) = Su(c,R)" ~ Endgyy (R"),
where R(c| is the subalgebra of M,,(R) generated by c, and where ¢ is the transpose of c.

Next, we point out a connection of centralizer matrix algebras with the algebras I in Lemma 2.7.
Given a monic polynomial g(x) = x" +a,_1x"' 4+ -+ aix+ ag € R[x]. The companion matrix of
g(x) is defined by

0 - 0 —ag

L 0 —a
Cgl=1|. . . . |eM(B).

0o --- 1 —anp—1

It is well known that mcie(x)] = Xcle(x)] = &(x) (see [21, Corollary, p.230]), where mc(,)(x) and Yc(g)(x)
are the minimal and characteristic polynomials of C[g(x)] over R, respectively.

Lemma 2.11. Let T ={t,--- ,t5} be a subset of [n| witht; >ty > --- >t, m:=Y7_ut; M:=@P;_ M(t;) €
A-mod and T" := Ends(M). Then there is a matrix ¢ € My, (R) such that " ~ S, (c,R) as R-algebras.

Proof. We write f(x) = a,x*+---+ajx+ap € R|x] and consider A’ := R[x]/((a; ' f(x))"). Then there
is a surjective homomorphism 7 : A — A’ of R-algebras with Ker(n) = (f(x)")/(f(x)"), and 4M can be
regarded as an A’-module. Thus Endy (M) = End4 (M). Hence we may assume #; = n and a, = 1.

Now, we consider the diagonal block matrix ¢ := C[f(x)"] & --- ® C[f(x)"] € M;y(R). Then m(x) =
F(x)", R[c] ~ R[x]/(mc(x)) ~ R[x]/(f(x)") = A as R-algebras, and R" ~ @}_, R[x]/(f(x)") as R]c]-
modules (see [10, Chapter 4]). Thus it follows from Lemma 2.10 that S,,(c,R) ~ Endg (R™) ~ T as
R-algebras. [J

2.5 Basics from number theory

In this subsection we assume that p = 0 or p > 0 is a prime number, and recall a few results on number
theory for our later proofs.

Lemma 2.12. Suppose p > 0 be a prime number and i, j, k,£ € Nwith j > k and { > i. Then

(1) p/ —pk=pt —plifand only if j = and k = i.

(2) p'— 1= prifandonly if p=2,i=1and k = 0.

(3) p/ —p*=plifand only if p=2 and i = k = j— 1. In particular, p/ — p* = 1 if and only if
p=2,j=1and k=0.

For a prime p > 0 and n € Z-, we denote by v, (n) the maximal power index m such that p™ | n. For
convenience, we define v, (n) = 0 for p =0 and all n € Z~o.

Lemma 2.13. (1) For p>0and T := {ny,na,--- ,n;} C Z=o witht >2 and v,(n;) =0 for all i € [t]. If
n; tnj forall j € [t — 1), then there is an irreducible factor f(x) of x — 1 such that f(x){x" —1 for all
jei—1].

(2) For n,m € Z~o, n | min Nif and only if x* — 1 | X" — 1 in R[x].

For a subset T := {m,mp,--- ,ms} of Z~o with m; > my > --- > m,, we associate a set Jr :=
{my,my —my,--- ,my —m,} and amultiset Hr := {{m —my,--- ;ms_1 —mg,m,}}. Let Dy be the multiset
obtained from H7 by removing all 1’s.

Lemma 2.14. For subsets T := {my,my,--- ,ms} and H := {ny,np,--- ,n,; } of Z~o withmy >my > - >
mgandny >np > - >ny, if H={r, thens=t, T = Jg and Hy = Hy.



Let #,(I) denote the multiplicity of a natural number s in a multiset /. By Lemma 2.12, we have the
following lemma.

Lemma 2.15. Suppose p > 0 and m,t,t' € N. Let T := {p™,p™,--- ., p™} and T := T U{p™} with
integers my >mp > --- >my > 0.

(1) If m > t, we have #pn_p (Dp+) > #,m_ 1y (Dr) and #,0(Dp+) > #,m(Dr). Moreover, if m > my
and p™ — p" > 1, then #m_ym (Dy+) > #m_ i (Dr), where k := max{i € [{] | m > m; }.

(2) If t > m, then #,; (D7) > #, (Dr+). Moreover, if my > m, then #ym (D7) > #,m (Dy+).

B)Ift >m>1, then#, (Dr)>4#, s (Dr+). Moreover, if { > 2 and m; > m > m; for some
i€ [6 — 1], then #pm,-,pmm ('Dr) > #pm,-,pmz'ﬂ (DT+).

3 New types of equivalence relations of matrices

In this section, we introduce two new equivalence relations on all square matrices and compare them with
other known equivalence relations.

Given a matrix ¢ € M,,(R), we denote by &, the multiset of all elementary divisors of ¢, and & the set
of elementary divisors of ¢, which is obtained from €. by removing duplicate elements. Let

M, :={f(x) € & | f(x) is maximal with respect to polynomial divisibility},

where f(x) < g(x) means f(x) | g(x) for polynomials f(x),g(x) € R[x] of positive degree. If m.(x) is
the minimal polynomial of ¢ over R and if d;(x),-- - ,d,(x) are invariant factors of ¢ with d;(x) | diy1(x),
1 <i<r—1,then M, is determined completely by d,(x) = m.(x).

Let R, := {f(x) € M, | f(x) is reducible} be the set of all reducible maximal divisors of c¢. For
f(x) € M., let B.(f(x)) be the multiset of power indices of f(x) in &, defined by

P.(f(x)) := {{i > 1| J irreducible polynomial p(x) such that p(x) divides f(x), p(x)’ € E.}},

and let P.(f(x)) be the set of power indices of f(x) in &, it is obtained from P,.(f(x)) by deleting duplicate
elements.

LetJ.:= { f(x) € Rlx] | f(x) is irreducible such that f(x)" € M, for some i with |P.(f(x)")| # max{;j €
P.(f(x)")}}. For an irreducible polynomial g(x) € R[x], P.(g(x)) is defined by P.(g(x)) := P.(g(x)") if
g(x)" € M, for some i € N, and P.(g(x)) := 0 otherwise.

Now, we define a relation ~ on J.: For f(x),g(x) € I., we write f(x) ~ g(x) provided R[x]/(f(x)) ~
R[x]/(g(x)) as R-algebras. This equivalence relation on J. gives rise to a partition of J, into its equivalence

classes J.. 1, ,Jc,r., where r. is the number of the equivalence classes. For i € [r.], let
Dei:= |J Dpsw) and Oci:=R[x]/(pe.i(x)),
()€,

where p.;(x) is a fixed representatives of the equivalence class J. ;. Note that D, ; is a union of multisets
and that Q. ; is independent of the choice of the representatives, up to isomorphism of R-algebras.

We define U, := Ug(x)eMc D Po(s(x)> where the union is taken in the sense of multisets. Clearly, U, =
Urwer. Pr.(ro)-

Now, we introduce two new types of equivalence relations on all square matrices over a field.
Definition 3.1. Two matrices ¢ € M, (R) and d € M,,(R) are said to be

(1) I-equivalent if there exists a bijection T : M, — My, such that R[x|/(f(x)) ~ R[x]/((f(x))®) as
R-algebras and P.(f(x)) = P;((f(x))x) for all f(x) € M,. In this case, we simply write c Ld.

(2) Sg-equivalent if r. = ry and there exists a permutation 6 € X, such that Q.; =~ Q4 s as R-

algebras and D.; = Dy (s for all i € [r.]. In this case, we simply write ¢ 4.
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Clearly, ¢ L dand ¢ 8 d are equivalence relations on the set of all square matrices over R. If ¢ L d,
then degm,(x) = degmy(x) and n = degy.(x) = degxq(x) =m. If ¢ % 4, then U, =U,. Moreover, I, =0
if and only if J; = 0.

The two equivalence relations are different from the equivalence relations introduced in [24, Definition
3.1] and [25, Definition 3.1]. Now let us recall these relations.

Definition 3.2. [24, 25] Two matrices ¢ € M, (R) and d € M,(R) are said to be

(1) M-equivalent if there is a bijection © : M, — My, such that R[x]/(f(x)) ~ R[x]/((f(x))®) as
R-algebras and P.(f(x)) = Py((f(x))7) for all f(x) € M. In this case, we write ¢ Xa.

(2) D-equivalent if there is a bijection T : M, — My, such that R|x]/(f(x)) ~ R[x]/((f(x))®) as R-
algebras and Hp,(f(ry) = Hp,((f(x))m) for all f(x) € M. In this case, we write c Rd.

(3) AD-equivalent if there is a bijection ©: M, — My, such that Rlx]/(f(x)) ~ R[x]/((f(x))®) as
R-algebras and either Pe(f(x)) = Py((f(x))T) or P.(f(x)) = dp,((s(x)m) for all f(x) € M. In this case,
we write ¢ %2 d.

(4) S-equivalent if there is a bijection T : R, — Ry, such that R[x]/(f(x)) ~ R[x]/((f(x))®) as R-
algebras and either P.(f(x)) = Ps((f(x))1t) or Pe(f(x)) = dp,((s(x))m) for all f(x) € Re. In this case, we

. S
write ¢ ~ d.

The interrelations among these equivalence relations are indicated in the following. In general, the
converse of all these implications are not true.

Remark 3.3. Let ¢ € M,,(R) and d € M,,,(R). Then the following implications hold.

Cfed
= N
cid:>c%d:>cé\€)d c%d
N /
c~d

Proof. Clearly, c 2 d = c X d=c®d = cR d (by Lemma2.14), and ¢ 2 d = ¢ X d. We have the
following facts.

(i) If f(x) and g(x) are irreducible polynomials and i, j € Z~ such that R[x]/(f(x)") ~ R[x]/(g(x)’)
as algebras, then i = j and R[x]/(f(x)) ~ R[x]/(g(x)) as algebras.

(i) If f(x) € M., then |P.(f(x))| = max{i € P.(f(x))} if and only if Hp (7)) = {{1,---,1}} contains
exactly max{i € P.(f(x))} elements if and only if Dp, (f(,)) = 0.

(iii) If there is a bijection 7t : J. — J4 such that R[x] /(f(x)) ~ R[x] /((f(x))®) as algebras and Dp, ( ¢(x)) =

D, (7 for all f£(x) € I, then ¢ % d.

Suppose ¢ R d. Then, by definition, there is a bijection T : M, — My such that R[x]/(f(x)) ~
R[x]/((f(x))m) as algebras and Hp, (1)) = FHp,((r(x))n) for all f(x) € M. By (i), [Pe(f(x))| = max{i €
P.(f(x))} if and only if |P.((f(x))n)| = max{j € P.((f(x))n)}. Hence 7 induces a bijection ' : I, — I,
such that R[x]/(f(x)) ~ R[x]/((f(x))n") as algebras and Hp, (f()) = Hp,((s(x))w) for all f(x) € I by ().
Hence Dp, (¢(x)) = Dp,((f(x)m) for all f(x) € J.. It follows from (iii) that ¢ 4.

Suppose ¢ ~ d. Then, by definition, there is a bijection 7 : R, — Ry such that R[x]/(f(x)) ~R[x]/((f(x))m)
as R-algebras and either P.(f(x)) = Pa((f(x))®) or P.(f(x)) = dp,((s(x)n) for all f(x) € R.. Hence
Hp.(rr)) = Hpy((f)m) for all f(x) € R.. Furthermore, for an irreducible polynomial f(x) € M., we

have |P.((f(x))n)| = max{;j € P.((f(x))r)} = 1. Similarly, we can prove ¢ 4.0
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In general, each inverse implications of the above diagram is not true. Finally, we give examples to
illustrate I-equivalences and Sg-equivalences. One of the examples shows in general that Sg-equivalences
do not have to imply D-equivalence nor S-equivalences.

Example 3.4. Let R be a field and J,(A) the n x n Jordan matrix with the eigenvalue A € R.

(1) Let ¢ := J3(0) & J3(0) € Ms(R) and d := J3(1) ® J3(1) € Mg(R), where & stands for forming
the diagonal block matrix. Then €. = {{x*,x’}},&; = {{(x—1)%,(x = 1)’} }, M. = {3}, My = {(x -
13}, P.(0%) = {{3,3}} = Py((x — 1)%), me(x) = x> ,my(x) = (x — 1)3. If we define w: M, — My, x>
(x —1)3, then ¢ L d. Since ¢ and d have different minimal polynomials, they are not similar. Thus the
I-equivalence is a proper generalization of the similarity relation of matrices.

() Let ¢ := J2(0) © J4(0) € Mg(R) and d := J,(0) ®J2(1) € My(R). Clearly, €, = {x*,x*},&4 =
2 (x— 12 =My =Ry, Mo = {x*} =R, I = {x},Ja = {x,x — 1}, re = 1 = 14, Qe ~ Rx]/(x) ~ Qa1
and D.; = {2,2} = Dy,;. Thus c and d are Sg-equivalent. Now, it follows from | M| = |R.|=1#2 =
|M,| = |R4| that ¢ and d are neither D-equivalent nor S-equivalent.

4 Singularity categories

In this section we describe the singularity categories of centralizer matrix algebras over fields. To this
purpose, we first study Gorenstein projective modules over the endomorphism algebras of generators, and
then pass to the ones of generators over quotients of polynomial algebras. In this way, we describe the
singularity categories of centralizer matrix algebras as products of stable module categories.

4.1 Gorenstein projective modules over endomorphism algebras: General theory

This subsection is devoted to the study of the category of Gorenstein projective modules over the endo-
morphism algebras of generators.

Let A be an abelian category, and let C be a full additive subcategories of A. Suppose that § is a
class of kernel-cokernel pairs in € such that it is closed under isomorphisms. The category € C A is said
to be closed under admissible push-outs of § if, for any admissible monomorphism f : X — Y of 8 and
homomorphism ¢ : X — Z in C, the push-out of (f,¢) in A belongs to C. Dually, the category C C A is
said to be closed under admissible pull-backs of § if, for any admissible epimorphism g : ¥ — Z of 8 and
homomorphism y : X — Z in C, the pull-back of (g,y) in A belongs to C.

Lemma 4.1. Let A be an abelian category with a full additive subcategory D, and let 0 — X i> Y4750
be an exact sequence in A such that f and g are D-monic and D-epic, respectively.
(1) For any morphism ¢ : X — X' in A, there is the push-out diagram in A:

f 8

0 X Y Z 0
4 e
0 bl Y' Z 0,

where f' and g' are D-monic and D-epic, respectively.
(2) Dually, for any morphism y : Z' — Z in A, there is the pull-back diagram in A:

A e
v v
0—>x-—Jtoy *.7 0,

where ' and g' are D-monic and D-epic, respectively.
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Proof. Since (2) is a dual of (1), we only prove (1).

Since g = ¢'¢ is D-epic, g’ is D-epic. It remains to show that f’ is D-monic. Let 8 : X’ — D be a
morphism in A with D € D. Since f is D-monic, there is a morphism p : ¥ — D such that fp = ¢3. By
the universal property of push-outs, there is a morphism y: Y’ — D in A such that 8 = f’y. This means
that f’ is D-monic. [

The following lemma is straightforward and its proof is omitted.

Lemma 4.2. Let C and D be full additive subcategories of an abelian category A with D C C. Define

Sy = {Cl i} G ﬁ) G ‘ (f1,/2) is a kernel-cokernel pair in A, fi and f, are } .

D-monic and D-epic in C, respectively

Suppose that € C A is closed under admissible push-outs and pull-backs of Sp. Then

(1) (C,8p) is an excat category.

(2) If D C A is closed under direct summands and if, for all C € C, there exist an admissible monomor-
phism f : C — D and an admissible epimorphism g : D' — C with D,D’ € D, then (C,8p) is a Frobenius
category with Injg_ (C) = D. Consequently, C/D is a triangulated category.

We recall the definition of Gorenstein projective objects.

Definition 4.3. Let A be an abelian category with enough projectives. An object X € A is said to be

0
Gorenstein projective if there is an exact sequence P*: --- — P~1 — P, L pl P2 of projective
objects in A such that X ~ Ker(d®) and the complex Hom 4 (P*, P) is exact for any projective object P € A.

Let A-Gproj denote the full subcategory of all Gorenstein projective objects of A. If A = A-mod for
an Artin algebra A, then Gorenstein objects in A are called Gorenstein projective A-modules. We write
A-Gproj for the category of all Gorenstein projective modules in A-mod.

Example 4.4. Let A be an Artin K-algebra and D = add(,A). Then A-Gproj C A-mod is closed under
admissible push-outs and admissible pull-backs of 8,4q(, 4, and therefore (A-Gproj, S,q4(a)) is a Frobenius
K-category with Injg == add(sA) by Lemma 4.2. Moreover, the exact structure on (A-Gproj, S,qq(a))
coincides with the usual exact structure on A-Gproj.

The following facts are standard, we leave their proofs to the reader.

Lemma 4.5. Let A be an Artin algebra, \M a generator for A-mod and T" := Ends (M).

(1) Homp (M, —) : A-mod — I'-mod is a fully faithful functor and induces an equivalence add(M) —
I'-proj with a quasi-inverse M Qr —.

(2) Mr is a projective T -module.

(3) If X lies in copres(I), then the natural homomorphism ox : X — Homp(M,M ®@rX), x — [m —
m®x] forx € X and m € M, is an isomorphism of T-modules.

Let A be an Artin algebra and M € A-mod. An exact complex
M — MM — M — M — M

of A-modules is called a complete add(M)-resolution if M' € add(M) for i € Z and both complexes
Hom} (M, M*) and Hom} (M*, M) are exact. A A-module X is said to admit a complete add(M )-resolution
if there exists a complete add(M)-resolution M* such that X ~ Ker(M° — M").

Let ¥ (M) be the full subcategory of A-mod consisting of all A-modules that admit a complete add(M )-
resolution. Clearly, add(M) C ¢ (M) and ¢ (AA) = A-Gproj.
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The M-stable category A-mod/[M] of A-mod is defined to be the quotient category of A-mod modulo
add(M). For X;,X, € A-mod, we say that X; and X, are M-stably isomorphic if they are isomorphic in
A-mod/[M], equivalently, there exist M| and M, in add(M) such that X; & M| ~ X, & M, as A-modules.
For a full additive subcategory C of A-mod, we denote by C/[M] the full subcategory of A-mod/[M]
consisting of all objects X which are M-stably isomorphic to objects in C.

The following lemma is not hard to prove, so its proof is omitted.

Lemma 4.6. Let A be an Artin K-algebra and M € A-mod, T := End (M). Then
(1) 9 (M) C A-mod is closed under direct summands and finite direct products.
(2) If M is a generator for A-mod, then
(i) (9 (M), Saqa(m)) is a Frobenius K-category with Injs 0 = add(M).
(if) Homy (M, —) : A-mod — I'-mod induces an equivalence (4 (M), S,qam)) — (I-Gproj, Saqq(r))
of Frobenius K-categories with a quasi-inverse M @r —. In particular, 4 (M) /[M] ~ I'-Gproj as triangu-
lated K-categories. o

4.2 Special case: Generators over quotients of polynomial algebras

In this subsection we consider the endomorphism algebras of generators over quotients of polynomial
algebras.

For a module M over an Artin algebra A, we write M as a direct sum of indecomposable modules,
say M = @' | M;, where all M; are indecomposable, and denote m by #(M). Clearly, #(M) is uniquely
determined by M.

Throughout this section, we fix an irreducible polynomial f(x) € R[x] of positive degree u, and set
A :=R[x]/(f(x)") for a positive integer n. We keep the notation in Section 2.3.

Lemma 4.7. Let a,b € {0,1,---,n} with a < b, and let M := @°_,M(i) and N := M(a) ® M(b) be
A-modules. Then

(1) (add(M), S,qa(n)) is a Frobenius R-category with Injs ) = add(N).

(2) add(M)/[N] ~ R[x]/(f(x)?~%)-mod as triangulated R-categories.

Proof. (1) Let K := M (b) & @i_yM(i). The proof is given by showing the statements (i)-(iii).
(i) For any X € add(M), there exist two exact sequences in A-mod:

0—x-5y2sz—0ad0—2Z 1oy E5x 0

with Y, Y’ € add(N) and Z,Z’ € add(M), such that f and f’ are left add(K)-approximations of X and Z',
respectively, and that g and g’ are right add(K)-approximations of Z and Z', respectively.
Indeed, it is enough to assume that X is indecomposable in add(M), that is, X = M(i) for some

a <i<b.Ifi=aor b, then the trivial exact sequences 0 — X DX 50-50and0—=0—X XX =0
satisfy the required conditions.

Assume thati #aand i #b. Thena <i<b,a<a+b—i<banda+b=i+ (a+b—i). It follows
from Lemma 2.8 that there are two exact sequences in A-mod:

0— M(i) L M(a)® M(b) -5 M(a+b—i) — 0, and

0— M(a+b—i) L5 M@)eMb) =5 M(i) —s 0,

such that f and f’ are left minimal add(K)-approximations and that g and g’ are right minimal add(K)-
approximations. This shows (i).
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(ii) add(M) C A-mod is closed under admissible push-outs and admissible pull-backs of Sadd(n)- This
implies that (add(M),8,qq(n)) is an exact R-category by Lemma 4.2.

Actually, since A is a local Nakayama algebra, the following facts hold for an A-module X:

1) #(X) = #(soc(X)).

2) X € add(M) if and only if /4 (soc?(X)) = a(#(X)) and LL(X) < b.

Suppose that f : X — Y is an admissible monomorphism of 8,44(y), and that ¢ : X — X’ is an arbitrary
morphism in add(M). By Lemma 4.1(1), we have the push-out diagram in A-mod:

f g

0 X Y Z 0
o b |
0 X' Y’ Z 0.

where f’ and g’ are add(N)-monic and add(N)-epic, respectively. This diagram provides an exact se-

quence: 0 — X YOy x5y~ 0in A-mod, and shows LL(Y') < LL(Y ®X’) < LL(M) < b.

To prove Y’ € add(M), we only need to show £4(soc?(Y')) = a(#(Y')) by the fact 2). The case a < 1
is trivial, so we may assume a > 1. We first show that ¢’ is add(K)-epic.

Let i : K" — Z be a homomorphism in A-mod with K’ € add(K). Since f is an admissible monomor-
phism of 8,44(n), we have Z € add(M). By (i), there is a right add(K)-approximation /" : K; — Z of Z with
K; € add(N). Since g’ is add(N)-epic, there is a homomorphism ¢’ : K; — Y’ such that ¢’g’ = /. Since
I is a right add(K)-approximation and K’ € add(K), there exists a homomorphism y : K’ — Kj such that
yh' = h. Hence y¢'g’ = Wh' = h, and therefore g’ is add(K)-epic.

Since M (1) and M(a) belong to add(K), g’ is both add(M(1))-epic and add(M(a))-epic. By Lemma
2.6, we have two exact sequences in A-mod:

(&) 0— soc(X') — soc(Y') — soc(Z) — 0 and

(O<0) 0 —soc?(X') — soc?(Y') — soc?(Z) — 0.

It then follows from 1) and ({>) that #(Y’) = #(soc(Y")) = #(soc(X")) + #(soc(Z)) = #(X') +#(Z). Since
both X’ and Z lie in add (M), we infer from ({><>) and 2) that £4 (soc?(Y")) = £4(soc?(X")) + €4 (soc?(Z)) =
a(#(X") +#(Z)), and therefore £4(soc*(Y')) = a(#(X') +#(Z)) = a(#(Y")). By the fact 2), Y’ € add(M).
Hence add(M) C A-mod is closed under admissible pull-outs of Sadd(v)- Similarly, we can prove that
add(M) C A-mod is closed under admissible pull-backs of 8,4q(v)-

(iii) (add(M), S,qa(n)) is @ Frobenius R-category with Injg w = add(N).

Thanks to N € add(K), any left add(K)-approximation of U € add(M) is add(N)-monic, and any
right add(K)-approximation of V € add(M) is add(N)-epic. By (i), for any X € add(M), there exist an
admissible monomorphism f : X — Y and an admissible epimorphism g : Y' — X of Sadd(v) With ¥V, Y "e
add(N). Thus, by Lemma 4.2(2), (add(M), S44q(n)) is a Frobenius R-category with Injg w = add(N).

(2) Any homomorphism f : X — Y in A-mod restricts to a homomorphism f” : soc?(X) — soc?(Y).
Thus there exists a unique homomorphism f” : X /soc?(X) — Y /soc?(Y) of A-modules, fitting into the
exact commutative diagram:

(x) 0——=soc’(X) —=X AX/SOC”(X) —0

7| /| ] |
0 ——=soc*(Y) —=Y — =Y /soc*(Y) —=0,

where Ty and Ty are the canonical surjective homomorphisms. Hence we can define a functor

F: add(M) — R[x]/(f(x)’~*)-mod,
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X — X /soc?(X) for X € add(M), f+ f" for f:X —Y inadd(M).

It is easy to see that F is a well-defined R-functor and F (add(N)) = add(R[x]/(f(x)?~4)).
Let B := R[x]/(f(x)?~%). Since add(N)-epic morphisms are add(M(a))-epic morphisms, the functor
F sends admissible exact sequences in Syqq(y) to exact sequences in B-mod by Lemma 2.6. Moreover, F
induces a triangle R-functor F : add(M)/add(N) — B-mod. Now, we show that F is an equivalence.
Clearly, F is dense. For X,Y € add(M) C A-mod, we denote by Hom, (X,Y) the Hom-set of X and Y
in add(M)/add(N), and will show that F : Homy (X,Y) — Homg(X,Y) is an isomorphism of R-modules.
We may suppose that X and ¥ are indecomposable. If X € add(N) or Y € add(N), then F is clearly an
isomorphism. Now suppose X = M(i) and Y = M(j) witha < i,j <b. Then F(X) =M(i—a),F(Y) =
M(j—a) and gg; j—a = 8ii-ag" = gii—aF (g) for g: X — Y in add(M) (see the diagram (x)). For f :
F(X) — F(Y) in B-mod, Lemma 2.4(2) guarantees a morphism f : X — Y € add(M) such that F(f) = f.
This shows that F is full. -
To see that F is faithful, we pick up a homomorphism g : X — Y in add(M) such that F(g) =0 in
B-mod, that is, F(g) = 0 in B-mod. This means that F(g) factorizes through a projective B-module,
and therefore through a projective cover §: B — F(Y) of F(Y). Hence there exists a homomorphism
o : F(X) — B of B-modules such that F(g) = af. By Lemma 2.4(2), there exist two homomorphisms
0:X — M(b) and B :M(b) — Y of A-modules such that 6.gp p—q = &ii—a® and Gg”_a = gpp—aP. Thus
we get the following commutative diagram in A-mod:

X—% o mp)— Loy
\Lgi.i—a . \Lgb‘b—aﬁ i/gj.j—a
F(X) B F(Y).

Here, B-mod is regarded as a full subcategory of A-mod. Due to gg; -« = gii—aF (g), we get (g —
aB)gij,a = 88j.j—a — ngj,jfa = g,-,,-,aF(g) — ()'Lng,_aB = g,-ﬂ-,aF(g) — gi7i,a0(,[3 = (0. This shows that
g — G factorizes through Ker(g; j—a) ~ M(a). Consequently, there exist two homomorphisms A; : X —
M(a) and hy : M(a) — Y in A-mod such that g — ap = hyhy. Let y:= (h1,&) : X — M(a) ®M(Db) and
d:= (’g) :M(a)©M(b) — Y. Then g = Y3, that is, g = 0 in add(M) /add(N). Hence F is faithful. [J

Recall that an Artin algebra A is said to be CM-finite if it has only finitely many non-isomorphic
indecomposable Gorenstein projective modules, and n-minimal Auslander-Gorenstein [22] if idim(,A) <
n+ 1 < domdim(A), where idim(,M) and domdim(,M) denote the injective and dominant dimensions
of a A-module M, respectively. An algebra A is n-minimal Auslander-Gorenstein if and only if so is A”
(see [22, Proposition 4.1(b)]). Thus n-minimal Auslander-Gorenstein algebras are always Gorenstein.

The next lemma characterizes the singularity categories of the endomorphism algebras of a generators
over quotient algebras of polynomial algebras.

Proposition 4.8. Let T = {1, - ,t;} be a subset of [n] witht, >ty > --- > t,, and set M := @j_, M(t;),
I':=Ends(M). Then T is a CM-finite 1-minimal Auslander-Gorenstein algebra, and there is a triangle
equivalence of the triangulated R-categories:

Dsg(T) == [T R/ (f (x)")-mod.
i€Dr

Proof. By Lemma 2.11, I' is a centralizer matrix algebra, and therefore I" is a 1-minimal Auslander-
Gorenstein algebra by [36, Theorem 1.1(2)]. This implies that I" is also a Gorenstein algebra.

Without loss of generality, we may assume ¢; = n. Since I is a Gorenstein algebra, it follows from
Lemma 4.6 that Z,(I") ~ I'-Gproj ~ ¢ (M) /[M] as triangulated R-categories, where the triangulated R-
category structure of & (M) /[M] is induced by the Frobenius R-category (< (M), Saqq(my) With Injg o =
add(M). Now we divide the rest of the proof into three steps (1)-(3).
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(1) We first show ¢ (M) = A-mod. Consequently, it follows from Lemma 4.6 that I'-Gproj ~ ¥4 (M) =
A-mod. Moreover, since A is a representation-finite algebra, I" is a CM-finite algebra.

Indeed, we take an A-module M (i) with i € [n]. If i € T, then M (i) € add(M) C ¥4 (M). If i ¢ T, then
i <n =t and there is b € [s] such that 7, | < i < t,. Here, for convenience, we understand ;| = 0. Let
a:=b+1.Thent, <i<ty, t,<tg+tp,—i<tyandt,+1t, =i+ (t,+1,—i). By Lemma 2.8, there exist
two exact sequences in A-mod:

0 — M(i) -1 M(t2)  M(ty) - M(t,+1, — i) — 0, and

0 — M(ta+1p— i) 5 M(t2) & M(1) -5 M(i) — 0

where f and g are left minimal add(M)-approximations, and where f’ and g are right minimal add(M)-
approximations. Hence we have a complete add(M)-resolution of M (i):

B M) e M) LS M) o M) 25 M) o M) L5 M) oM (1) 5 .-
that is, M (i) € 4 (M). Thus ¥ (M) = A-mod.

(2)Forie [s|, M= @’;ZZM M(j) and Niy ; :=M(tir1) ©M(t;), we prove that the pair (add(M; ),
Sadd(N;,,)) 18 an exact R-subcategory of (A-mod, 8 4q(um))-

Actually, by Lemma 4.7, (add(M 1), 8add(n;,,,)) is @ Frobenius R-category with Inj Swiahysy ) = add(Nij1,).
To show that the embedding functor A, ; : add(M;,;) — A-mod sends any admissible exact sequence
of Sadd(n;,, ) to an admissible exact sequence of Syqq(pr), We first prove that add(Nj41,;)-monic (or epic)
morphisms in add (M ;) are add(M)-monic (or epic) in A-mod.

Indeed, for an add (N4 ;)-monic morphism f: X — Y in add(M;, ;), we have a left add(M)-approximation
fi: X — M, of X with M; € add(Nj;1,) (see the proof of (1)). Thus there exists a homomorphism
f2:Y — M, such that ff, = fi. For g; : X — M, of A-modules with M, € add(M), there exists a homo-
morphism g, : M; — M, such that fig, = g;. Therefore g; = f1g> = ff>g> and f is add(M)-monic in
A-mod. Similarly, we show that add(N;y ;)-epic morphisms in add(M; ;) are add(M)-epic in A-mod.

It remains to show that admissible exact sequences of S,qq() are closed under extensions. Precisely,

given an admissible exact sequence X i> Y % Z of Sadd(my With X, Z € add(M,; 1), we have to show
Y € add(M;1,). In fact, by the proof of (1), we have an admissible exact sequence of S,qq(y, ) 0=
7 M — 7 0with M € add(N;y1 ;) and Z' € add(M; ;). Since g is add(N;y ;)-epic, we can get
the exact commutative diagram in A-mod:

0 7w Z 0
| |
ol ‘ H
Y - Y
0 x— .y _f.7 0.

This diagram is a push-out diagram in A-mod. Since / is an admissible monomorphism of Syqq(y;, ;) and
¢ € add(M;1 ), we deduce from (1)(ii) in the proof of Lemma 4.7 that Y € add(M; ;). This implies that
(add(Mi41.1),8add(n,,,)) is closed under extensions in (A-mod, 8,q4(a))-

(3) Finally, we show A-mod/[M] ~ [T;cp, R[x]/(f(x)')-mod as triangulated R-categories. As a conse-
quence, we have the triangle equivalence of triangulated R-categories:

T (T) = ] R/ (f(x)")-mod.
€Dy

Actually, Corollary 2.1 and Lemma 4.7(1) show that the embedding functor A;;; induces a fully

faithful triangle R-functor

A : add(M,-H_j)/add(N,-H_,i) — A—mod/[M].

i+1,i
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Thus we obtain the full triangulated R-subcategories Im(A,1),Im(A37),--- ,Im(Asy1 ) of A-mod/[M].
By Lemma 2.4(1), there are no nonzero morphisms between such two distinct subcategories. Trivially,
we have A-mod = add(M» | & --- @& M, 5). Now, it follows from Lemma 2.2 that there is a triangle e-
quivalence A-mod/[M] ~[T_, add(M;;;;)/add(Ni;1,;) of triangulated R-categories. By Lemma 4.7(2),
add(M;y, ;)/add(Nit1,;) ~ R[x]/(f(x)"~"+1)-mod and A-mod/[M] ~ T;_, R[x]/(f(x)"~f+1)-mod as trian-
gulated R-categories. Due to R[x]/(f(x))-mod = 0, we rewrite the latter equivalence as A-mod/[M] ~
[Ticp, R[x]/(f(x)")-mod as triangulated R-categories. [J

Corollary 4.9. Let T = {t1,--- ,t;} be a subset of [n] withty > 1, > --- > t, M = @j_(M(t;)) and
[':=End4(M). Then

0, ifti =1,
gldim(I') = ¢ 2, ifty # 1 and M is an additive generator for R|x|/(f(x)")-mod,

otherwise.

In particular, gldim(I") < oo if and only if T is the Auslander algebra of R[x]/(f(x)").

Proof. For an Artin algebra A, gldim(A) < oo if and only if Z,(A) = 0. By Proposition 4.8, we know
Dsg(T) 2 [Liep, RIx]/(f(x)")-mod as triangulated categories. Thus Zs,(I") = 0if and only if D =0 if and
only if T = [t;]. Equivalently, Z,(I") = 0 if and only if M is an additive generator for R[x]/(f(x)")-mod.
In this case, I is a semisimple algebra if and only if R[x]/(f(x)") is a semisimple algebra if only if 7; = 1.
O

Remark that if ¢ has a Jordan normal form then Corollary 4.9 follows from the cellularity of S,(c,R)
by [35]. For an arbitrary field R, however, there may not exist any Jordan normal forms of matrices.

4.3 Singularity categories of centralizer matrix algebras

For ¢ € M,,(R), let m.(x) be the minimal polynomial of ¢ over R and A, := R[x]/(m.(x)). We write
L
me(x) := Hﬁ(x)”" forn; > 1 and U; :=R[x]/(fi(x)") fori € [I]
i=1

where all f;(x) are distinct irreducible (monic) polynomials in R[x]. It is known that U; is a local, symmet-

ric Nakayama R-algebra for i € [I.], and the isomorphism of R-algebras holds: A, ~ U} x Uy X --- x U,
Since A ~ R]c] and the R[c|]-module R" = {(a1,az, - ,a,)"" | a; € R,i € [n]} can be regarded as an

A.-module, we can decompose the A.-module R", according to the blocks of A., in the following way:

I s
(*)  R"=DD R/ (fi(x)"),
i=1 j=1
where s; and ¢;; are positive integers. Note that this is also a decomposition of R[x]-modules and {{ f;(x)¢" |
i €l],j € [si]}} is the multiset of all elementary divisors of ¢ (see [10, Chapter 4], where (x) is stated in
terms of invariant subspaces of a linear transformation).
Let M; := @j’: , Rix]/(fi(x)¢) be the sum of indecomposable direct summands of the A.-module R"
belonging to the block U;, and A; := Endy, (M;) for i € [I.]. Then all algebras A; are indecomposable.
Since R" is a faithful M, (R)-module, R" is also a faithful R[c]-module, and therefore R" is a generator
for R[c]-mod, and M; is a faithful U;-module for i € [I.].

L I,

lc
Sn(c,R) ~ Endgi(R") ~ Ends (D M;) = [ | Endy, (M;) = [ ] A
i=1 i=1 i=1

This is a decomposition of blocks of S,(c,R). The following lemma is an immediate consequence of ().
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Lemma 4.10. [24, Lemma 2.16] There is a bijection T from & to the set of non-isomorphic, indecompos-
able direct summands of the A.-module R", sending h(x) € & to the A.-module R[x|/(h(x)).

Now, we state the description of the singular categories of centralizer matrix algebras.

Theorem 4.11. For ¢ € M,,(R), we have the triangle equivalence of triangulated R-categories:

Zu(SueR)~ [T I Rb/(F(x))-mod

F(x)€c J€EDp(f(x))

Proof. Note that S,(c,R) ~ [T, Endy,(M;) as R-algebras, where U; := R[x]/(fi(x)"). Clearly, for
i € [Ic], we have Pe(fi(x)) = {e;j | j € [si]} and B(M;) ~ @D,cp.(1(x) RIx]/(fi(x)") as U-modules. Note
that Endy,(M;) and Endy, (B (M;)) are Morita equivalent. Thus Z,(Endy,(M;)) ~ %, (Endy,(B(M;))) as
triangulated R -categories. By Lemma 4.8, we know

12

Psg(Endy,(M;)) = Dso(Endy;,(B(M))) [T RK/(fix))-mod

JEDPe(f(0)

as triangulated R-categories. Thus Py, (S,(c,R)) ~ [T, [jem,, ) R/ (fi(x)! )-mod as triangulated R-
categories. If |P.(fi(x))| = max{j € P.(fi(x))} for i € [I.], then Dp (1(x)) = 0. So we get the triangle
equivalence of triangulated R-categories:

I '
[T II RE/(fitx))-mod~ T] RI/(f(x)))-mod. OJ

i=1j€Dp, (10 F@)€Te JEDR(1(x))

5 Singular equivalences

In this section, we characterize the singular equivalences of centralizer matrix algebras.
We follow the notation in [24, Section 4] and keep the notation in Subsection 4.3. Now, let ¢ € M, (R)
and d € M,,(R), we write

la

mg(x) = I_Ilgj(x)mf form; >1, V;:=R[x]/(g;(x)™) for j € [l4],
=

where g (x), - - -, g, (x) are pairwise distinct monic irreducible polynomials in R[x]. Clearly, M, = { f;(x)" |
€ [lc]} and My = {gi(x)" | i € [la]}. Moreover, A, ~U; XUy X --- x Uy, and Ag =~V X Vo X - XV,
where U; and V; are local, symmetric Nakayama R-algebras.

Due to A ~ R|c], we can view R" as an A.-module. According to block decompositions of A, and A,
we decompose the A.-module R" and the A -module R™ as

I la
= @Mi and R" = @Nj,
i=1 j=1

respectively, where M, is the direct summands of R" belonging to the block U;, and where N; is the direct
summands of R" belonging to the block V;. Note that M; and N; are generators for U;-mod and for V;-mod,
respectively. It follows from Subsection 4.3 and Lemma 4.10 that

Mi= @ RN/(fi)) and N= P R/(&x)),

JEP(fi(x)"T) JEPa(8i(x)")
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() BM)= O RH/(f(x)) and BN;)= P  REK/(g;())
reP(fi(x)") SEP(g;(x)"7)
as U;-modules and V;-modules, respectively. We set A; := Endy,(M;) and B;:= Endy,(N;) fori € [I.] and
Jj € [ls]. Then A; and B; are indecomposable algebras for i € [I.] and j € [I;]. By Lemma 2.10,

la

le
~ [ [ Endy, (M;) HA and S, (d,R) HEndv, =118/
i=1

i=1 i=1

5.1 Main result on singular equivalences

In this subsection we study singular equivalences of centralizer matrix algebras.
Firstly, we recall the Auslander-Reiten quiver of stable module category of an Artin algebra A. Let
I's denote the Auslander-Reiten quiver of A, and let I} be the subquiver of I'y obtained from I'y by
removing all vertices corresponding to indecomposable projective modules and all arrows starting with or
ending at projective vertices. For the local, symmetric Nakayama algebra A = R[x|/(f(x)") with f(x) an
irreducible polynomial and n > 2 an integer, the quiver I'} of A is a connected quiver with n — 1 vertices.
We note the following immediate consequence of [2, Lemma X.1.2(d), p.336].

Lemma 5.1. Suppose that G is a stable equivalence between Artin algebras [T;_, C; and [T’ i=1Dj, where
Ci and Dj are indecomposable non-semisimple algebras for i € [s] and j € [t|. Suppose that the quivers
It and FD are connected for all i € [s| and all j € [t]. Then G preserves non-semisimple blocks, and
therefore s=t.

Now we state our main result on singular equivalences of centralizer matrix algebras.

Theorem 5.2. Let R be a field, c € M, (R) and d € M,,(R). Then we have the following.
(1) Su(c,R) and Sy, (d,R) are isomorphic if and only if c and d are I-equivalent.
(2) The following statements are equivalent.
(i) Dsg(Sn(c,R)) =~ Dyo(Sm(d,R)) as triangulated R-categories.
(if) Dsg(Su(c,R)) ~ Dsg(Sm(d,R)) as R-categories.
(iii) ¢ and d are Sg-equivalent.

Proof. Recall that we have the following isomorphisms of R-algebras:

,
Sa(c,R) HEndU, HA and S,(d,R) ~ HEndV ]‘l B;.
i=1

() IfS,(c,R) ~ Sp(d,R) as R-algebras, then they have the same number of blocks, that is, I, = ;. We
may assume that A; and B; are isomorphic as R-algebras for i € [I.|. By Lemma 2.5, A; ~ B; if and only if
U; ~ V; and P.(f;(x)") = P;(gi(x)™). Therefore, S,(c,R) and S,,(d,R) are isomorphic if and only if the
matrices ¢ and d are [-equivalent.

(2) By Theorem 4.11, we have the equivalences of triangulated R-categories:

Dsg(Sale.R)~ [T 11 Rk )-mod and D4 (S, ~ ] I RRK/(g(x))-mod.

F()€Te €D, (1)) 8(¥)€Ja J€Dp,(g(v))

(i) = (i1) This is clear since triangulated R-categories are R-categories.
(ii) = (iii) Suppose Zs4(Sn(c,R)) =~ Ds(Sm(d,R)) as R-categories. Then the algebras

[I Il RW/(F@))and T I Ri/(sx))

F(X)€Ti€Dp, (£(x)) 8(x)€34 J€EDp, (g(x))
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are stably equivalent. Suppose

F H H R[x]/(f(x)")-mod —» H H R[x]/(g(x)’)-mod
Fx)€c i€Dp(f(x) 8(x)€34 J€Dp, (g

is a stable equivalence. Since R[x]/(h(x)’) is not a semisimple algebra for any irreducible polynomi-
al h(x) € R[x] and integer i > 2, it follows from Lemma 5.1 that F preserves non-semisimple blocks,
that is, for f(x) € J. and i € Dp ((y)), there exist an unique g,(x) € Iz and j; € Dpd(gf(x)) such that
R[x]/(f(x)")-mod and R[x]/(g,(x)/)-mod are equivalent as R-categories. This implies that R[x]/(f(x)) ~
R[x]/(g,(x)) as R-algebras and i = j; by Lemma 2.9. Thus r. = r; and there is a permutation ¢ € X, such
that Q. ; >~ Q4 (i)s as R-algebras and D.; = Dy ;). By definition, ¢ and d are Sg-equivalent.

(iii) = (i) Suppose that ¢ and d are Sg-equivalent, that is, r. = r; and there is a permutation ¢ € X,
such that Q.; := R[x]/(pc,i(x)) =~ Qu i)s := R[X]/(Pa,i)s(x)) as R-algebras and D.; = D, ;) for i €
[re] (see Section 3 for notation). For i € [r.], we deduce from Lemma 2.9 that the following triangle
equivalences of triangulated R-categories hold:

R[] /(f(x)*)-mod ~ R[x]/(pc.i(x)*)-mod =~ R[x] / (pa,(i)s(x)")-mod ~ R[x] / (¢(x)")-mod

for f(x) € Jci,8(x) € J4,(i)o and s € N. It follows from D ; = Dy () for i € [r.] that

Dsg(Su(e;R) = [T T[] RW/(f(x))-mod=~ [T [] R/ (pe,(x)')-mod

f(x)ch iE‘DP[’,(f(x)) iE[}’(;] jG@C‘,'
~ ] TI RKl/(pas(x)’)-mod, and
i€[re] i€Da,iyo
Dsg(Su(@R) = [T [l RK/(¢x))mod~ [T T RE]/(pai(x)))-mod
g(x)ejd jEDPd(g(x)) iE[rC] jEDd.i

as triangulated R-categories. Hence Z4(S,(c,R)) ~ Py (Sm(d,R)) as triangulated R-categories. [

Though Morita, derived and stable equivalences preserve the number of non-semisimple blocks of
centralizer matrix algebras, singular equivalences may not, in general, preserve the number of non-
semisimple blocks of centralizer matrix algebras.

Example 5.3. Let R be a field and J,(A) the n x n Jordan matrix with the eigenvalue A € R. We take
¢ =J2(0) ®J4(0) € Mg(R) and d = J,(0) © Jo(1) € My(R). Then m.(x) = x* my(x) = x*(x— 1), &, =
(24,8 = {2 (x— 1)} =My =Ry, Mo = {6} =R, I = {x},9a = {x,x— 1},re = 1 = 74,001 ~
R[x]/(x) >~ Qg1 and D, = {2,2} = Dy ;. Thus c and d are Sg-equivalent, but not D-equivalent nor S-
equivalent. By Theorem 5.2, S¢(c,R) and S4(d,R) are singularly equivalent, but they are neither derived
equivalent by [24, Theorem 1.1], nor stably equivalent by [25, Theorem 1.1].

In fact, we have Sg(c,R) ~ EndR[x]/(xz;)(R[x]/(x‘l) @ R[x]/(x?)) is indecomposable, while S4(d,R) ~
R[x]/(x*) x R[x]/((x — 1)?) has two blocks of infinite global dimension. This shows that singularly equiv-
alent centralizer matrix algebras may have different numbers of non-semisimple blocks in general.

5.2 Singular equivalences for permutation matrices

In this subsection, we study singular equivalences between centralizer matrix algebras of permutation
matrices. We first prepare several useful lemmas.

Throughout this subsection, R denotes a field of characteristic p > 0.

Let 6 = G) - 05 € X, be a product of disjoint cycles, and let A = (A1,...,A) be its cycle type with
A; > 1foralli€ [s].
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If p > 0, then a cycle o; is said to be p-regular if p+\;, and p-singular if p | ;. If p =0, all cycles are
regarded as p-regular cycles. Let (o) (respectively, s(G)) be the product of the p-regular (respectively,
p-singular) cycles of 6. We consider both r(c) and s(G) as elements in X,. The permutation G is said to
be p-regular (or p-singular) if 6 = r(c) (or 6 = s(c)). For p =0, we have r(6) = ¢ and s(G) = id, the
identity permutation.

Let ¢ 1= Y| € (i) € My(R) denote the permutation matrix of 6 over R, where e;; is the matrix with
1 in (i, j)-entry and O in all other entries.

The elementary divisors of permutation matrices can be described as follows.

Vp(Ai)

Lemma 5.4. [24, Lemma 2.17] &, = {g(x)?"""" |i € [s], g(x) is an irreducible factor of x* — 1}.

By Lemma 5.4, the matrix ¢ always has a unique maximal elementary divisor of the form (x — 1)”1
for some i € N. This elementary divisor is called the exceptional elementary divisor of cg.

Lemma 5.5. If p # 2 or both p =2 and P, ,(f(x)) # {1,2} for all f(x) € M,,, then
(1) s(o) = id if and only if r(c) = G if and only if I., = 0.

(2) Je.., = Teos Feye) = Teq and, for flx) €.,

s(o)

Py (f(%)), if f(x) =x—1,
P (f(x)\ {1}, otherwise.

Proof. Without loss of generality, we may assume p > 0.

(1) We show the statement: For f(x) € M, the equality |P. (f(x))| = max{i € P, (f(x))} holds if
and only if P._(f(x)) = {1}.

Indeed, if P, (f(x)) = {1}, then |P. (f(x))| =max{j € P.,(f(x))}. Conversely, suppose | P, (f(x))| =
max{j € Poy (£(x))}. Then Pey (£(x)) = [ |Pey (f(3))]]. We write £(x) = g(x)J € M., with g(x) € R[x] an
irreducible polynomial and j the maximal power index of g(x). By Lemma 5.4, we have P, (f(x)) =
{p¥r®) | i € [s], g(x) is a divisor of x — 1}. Thus it consists of p-powers. By Lemma 2.12(2)-(3), if
p#2and p >0, then P, (f(x)) ={1}; orif p=2, then P, (f(x)) ={1,2}. Hence it follows from either
p#2,0r p=2and Pe,(f(x)) # {1,2} that e (f(x)) = {1}.

Therefore s(c) = id if and only if r(6) = ¢ if and only if P, (f(x)) ={1} for all f(x) € M,, if and
only if |P., (f(x))| = max{j € P.,(f(x))} for all f(x) € M,, if and only if I, = 0. This shows (1).

(2) This follows from the above statement and Lemma 54.0

Peyo (f(2) = {

Given T :={n,na, -+ ,ng} C Z=o withn; >np >--- >nyand s > 2, we denote by L,(T') := {n,_1,ns}
the last two elements of 7', and by Ly,;(T) := {n,_; } the second to last element of 7. We define a multiset
@lT = DT\{nS}. y N

For c € Mn(R) andi e [rc], let Jc,i = {f(x) € jc,,' | 1e PL(f(X»} and ﬂc,i = Uf(x)ei.,,- ®L2(Pc(f(x))‘ For
the definitions of D7 and J..;, we refer to Subsection 2.5 and Section 3, respectively.

Lemma 5.6. Suppose p #2 or p =2 and P, (g(x)) # {1,2} for all g(x) € M,,. Let j € [re,]-

De., ) (10 if f(x) =x—=1or f(x) ¢ Iy )y

D/

N1 €Je i, then Dp. ) = ~
( ) ff(x) o, j» €N Pc_v(o-) (f(x)) () lff(X) #x_ 1 and f(X) c JCGJ'
[ (6) g

(2) Assume jcs(s);,j =J¢,,j- Then
(i) Ifx—1€ ., j, then

i = Pnpgeey U U L2na(Pes(8(5))) U (Dey i\ Deg ),
xflig(x)ej[,c,l

where the unions are taken in the sense of multisets.
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(ii) If x—1 ¢ 3., j, then
Dcs(c),j = u LGd (PCG (g()C))) U (DCGJ \ fb(fcﬁj)’
g(x)ejfc«,j
where the unions are taken in the sense of multisets.

Proof. If J., ; = 0, then (1) and (2) are trivial. So we suppose J., ; 7 0. In this case, p > 0.
(1) This follows from 5.5(2) and the definition of D o (@)

)
(2) By the definition of @ +.j and the assumption f] = J¢g,j» WE know
Degi= U Do et = U De
8()€ey 5. 8(¥)€e,j

where the unions are taken in the sense of multisets. To complete the proof, we consider the two cases.
(1) x—1€J.,, ;. According to (1), we divide the polynomials in J. ; into the three parts:

U e 6o =Pt U DheopV U Degewm
g(x)ejcc-j X—= l#g() co.Jj g(x)ejvcﬁj\jc'csj

=Dnpee-1y Y U Lond(Pee(8(x))) U (Deg i\ Dy ),
x—l;ég(x)ejcc‘j

where the unions are taken in the sense of multisets.
(i) x—1¢ I, ;. By (1), we partition the polynomials in J. ; into two parts:

U Pr 6= U DPrweeoy? U Drgw

g(x)ejt?c«,j g(x)ejra,j g(x)ejfcﬁj\jc‘c-,./
U Lan (PCG (g()C))) U (®6(57j\®c(37j)’
g(x)ejfc«j

where the unions are taken in the sense of multisets. [J

Now, let T =1, -1, € ¥, be a product of disjoint cycles, and let u = (uj, .. .,u ) be its cycle type with
ui > 1 for all i € [t]. Assume that ¢ and c; are Sg-equivalent. Then r., = r.. and, by definition, there is
a permutation 8 € ¥, such that Q. ; >~ Q.. (i)s as R-algebras and D, ; = D, (s for i € [r,,]. Under this
assumption, we have the following lemma.

Lemma 5.7. Assume that cs and c; are Sg-equivalent. Suppose p #2 or p =2 and v,(A;) # 1 # Vv, (u;)
foralli€ [s] and j € [t]. Then the following hold.

(1) For any f(x) € J., with 1 € P.(f(x)), there exists j € Z~q such that p/ > 2 and {1,p’} =
Ly (Pey (f()))-

(2) Let j € [re,)- Then
(i) c(;j5"é®lfand0”lylfjcT 6#0
(i
(i

11 ) Co‘]\pboj S\D 3 and @L J = D (j)S-

iii) There is a bt]ectlon T JCGJ — 7. ..(j)s Such that Lz(P (f(x)) = LZ(P ((f(x))m})) for all
filx) e 5%] Moreover, x — 1 € JCG] ifand only if x—1 € fJ s Ifx—1¢€ JCG j» then we may assume
(- )y = x 1.

Proof. For p =0, it follows from Lemma 5.4 that all maximal elementary divisors of cs are irreducible.
This shows J., = 0. So all conclusions in Lemma 5.7 are trivially true. So we assume p > 0.
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Suppose p = 2. Then v, (A;) # 1 for all i € [s] by assumption. According to Lemma 5.4, we know
that P, (f(x)) consists of p-powers for f(x) € M. This implies 2 ¢ P, (f(x)) for all f(x) € M,,, and
therefore P, (f(x)) # {1,2} for all f(x) € M,,. Hence, both ¢s and c; satisfy the conditions of Lemma
5.6.

(1) Suppose f(x) € I, with 1 € P._(f(x)). In this case, we assume i € P (f(x)) such that f(x)' €
M,,. It follows from |P. (f(x))| # i that i # 1 and |P. (f(x))| > 2. Then there exists j € [s] such that
La(P, (f(x))) = {1,p"»*)} with v, (A;) # 0. By assumption, p # 2 or p =2 and v, (A;) # 1 for all i € [s].
This implies p¥»*) > 2. Thus (1) follows.

(2)(i) Suppose I, ; # 0. Then there is f(x) € I, ; such that 1 € P, (f(x )) By (1), there exists j' € Z~g
such that p/ > 2 and {1,p/'} = Ly(P.,(f(x))). Hence p/ —1€ D, ; = (the equahty follows by
the Sg-equivalence of ¢ and ¢;), and therefore, there is g(x) € Jee (/)8 such that pf —1=pt—pF " with
p*, ¥ € P.(g(x)) for some k > k' € Nor p/ — 1 = p' € P, (g(x)) for some i € Z-¢. By Lemma 2.12, we
have // =kand kX’ =0;0or p=2,j/=1and i =0. Thanks to 2! —1 =1 ¢ Dy (j)s (see the definition of
Dr), the latter cannot occur. Hence L, (P, (g(x))) = {1, p/'} that is, ﬁcﬁ( j)s # 0. Similarly, we can show
Jeo.j # 0if I, (jy5 # 0.

(2)(ii) It follows from D, ; = D, ()5 and the proof of (2)(i) that Dcc’j\icmj Deo(j 5\®CT »s and
Deoj = Dee (s i

(2)(iii) By definition, 1 € P.(f(x)) for f(x) € J., ;. Due to Uf T Diap(fx)) = Degj = =De(j)5 =

Ui, 0 Di,(p.(g(x)) and (1), there is a bijection 7; : Jeoj— e .,(j)s such that, for f(x) € I, ;,

Ly (Pey (f(x))) = Lo (Po.(f(2))T))) -

Suppose x — 1 € jcm j- Then ﬁch( 78 7 0 by (2)(i), and therefore there is g(x) € I, (j)5 such that 1 €
P..(g(x)). It then follows from (1) that there exists j' € Z- such that p/' > 2 and {1, p/'} = Ly(P..(g(x))).
This implies that v,(1;) = 0 and Vv, (uy) = j' for some i,/ € [t]. By Lemma 5.4, we have {1,p/'} C
P.(x—1) = {p"®) | i € [f]}. Hence P. (x—1)\1 # 0. Thanks to p # 2 or p =2 and v, (u) # 1 for
all k € [t], we get min{k € P, (x—1)\1} > 2. This implies x — 1 € J.. By the definition of equivalence
classes of J.,, we have x— 1 € J,_(j)5. Since 1 € P, (x— 1), we have x—1 € J,_(js. Similarly, we can
show thatx — 1 € JCG jifx—1¢€ Jch( )8

Now we assume x— 1 € I j and (x—1)1; # x— 1. Then there are f(x) € J., ; and g(x) €J.._ ;)5 such
that (x — 1)m; = g(x) and (f(x))n; =x— 1. Clearly, f(x) # x — 1 # g(x). By (1), there are k,k’ € Z~
such that Ly (P, (x— 1)) = {1,p*} = Ly (P, (g(x))) and Ly (P., (f(x))) = {1,p¥} = Lo(P..(x— 1)). This
implies that v, (A;) = k" and v, (uy) = k for some i € [s] and i’ € [¢] . By Lemma 5.4, we have P,_(x—1) =
{p¥r?) | ie[s]} and P. (x—1) = {p¥»®) | i € [t]}. Thus p¥ € P._(x—1) and p* € P._(x— 1), and therefore
k =k'. Now we define a map:

(g())mj, ifq(x) € {x—1,f(0)},

) Jeaj — jct_(j)g, g(x)— < x—1, if g(x) =x—1,

8(x), if g(x) = f(x).
Then 7', is a desired map. [J

Corollary 5.8. Suppose p #2 or p =2 and v,(N;) # 1 # Vv, (uj) for all i € [s] and j € [t]. If Sp(cs,R)
and Sy,(ct,R) are singularly equivalent, then so are S,(cy(c),R) and Sy (cy(x),R).

Proof. Note that all algebras involved in Corollary 5.8 are semisimple if p = 0. Thus there is nothing

to prove. So we may assume p > 0. By Theorem 5.2(2), it suffices to show that ¢ (g % Cs(r) 1f € % 1.
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Now suppose cg % ¢r. Then r., = r, and there is a permutation § € Y, such that Q. ; ~ Oc..(i)s as
R-algebras and D, ; = D, (s for i € [r.;]. Recall that r, denotes the number of equivalence classes of
Jes (see Section 3). If p =2, then v, (A;) # 1 for all i € [s]. By Lemma 5.4, P, (f(x)) does not contain 2
for all f(x) € M,,, and therefore P, (f(x)) # {1,2} for all f(x) € M,,. Thus both ¢ and c; satisfy the
conditions of Lemmas 5.5-5.7. It then follows from Lemma 5.5(2) that jcs(o') =J., and jcs(‘:) =J.,. Now
we consider the two cases.

(1) s(c) =id. Then J., = 0 by Lemma 5.5(1). Hence r., =0, and therefore r,, =r,, =0. Thus J,, =0

and J., ., = 0. By Lemma 5.5(1), we get s(t) = id. Hence ¢ % Cs(n)-

(2) s(o) # id. Then J., # 0 by Lemma 5.5(1). Thus r., # 0 and Feyay = Tor = Teg = Teyg # 0. Thus
s(t) # id. In this case, let r := = re,, and assume that I ;= Je; and I ;= I, ; forall i € [r]. We
already know Qc, i ~ Qc (i)s as algebras for i € [r]. It remains to show D i = @ o8 fori € [r].
For this purpose we cons1der the following two cases:

Hx—1¢€ JCG ;- Then it follows from Lemma 5.7(2)(iii) that x — 1 € jc ()3 and there is a bijection
T : g = Jo iy Such that (x — 1)m; = x — 1 and Ly (P, (f(x))) = Lo (Pe,((f(x))m;)) for all f(x) € Jeq .
According to Lemmas 5.6(2)(i) and 5.7(2)(ii), in order to prove D, DCA ()85 it suffices to show:

A((S)7

(1) DLz(PCG(X_l)) U U ] Lona (Pey (h(x))) :DLZ(P(T(X_I)) U U ) Lona (P, (8(x)))-
x—1£h(x)€Jeq i x—1#£g(x)€Jcr (15

In fact, m; gives rise to the equality L (PCG (x— 1)) =L, (PCT (x— 1)) . Thus D ( =D

Ly (P (x-1))
Moreover, due to Ly (P, (h(x))) = Lo (P.,((h(x))7;)) for h(x) € I, i\ {x — 1}, we have

U  LwPe®) = U Low(Pu(s).
x—1£h(x)Ed g, x—17#8(x)€Je (s

Lo (Pee(x-1))”

This shows (f).

(ii) x — 1 ¢ I, ;. In this case, by Lemma 5.7(2)(iii), x — 1 ¢ J._ (j5 and there is a bijection 7t; : J¢; ; —
Jer (iy8 such that Lo (P, (f(x))) = La (P, ((f(x))m:)) for all £(x) € I, ;- Now, we prove D, i =D, (is-
By Lemmas 5.6(2)(ii) and 5.7(2)(ii), it suffices to show

U Loa(Pe,(h(x) = U Lowa(Pe (W (x))).

h(x)ejt?mi h/(x)ejcr.(i)ﬁ

But this follows immediately from the bijection ;.

Thus we have shown D, i =D, s forall i e [r], and therefore cy(q) X Cy(r)- U

The example shows that some assumptions in Corollary 5.8 cannot be removed.

Example 5.9. Let R =, be the field of two elements, 6 € X9 of the cycle type (6,3), and T € X3 of the
cycle type (3). Then vo(6) = 1,v2(3) =0, = {x—1,(x = )2 x> +x+1,(x* +x+1)*}, P ((x—1)?) =
(1,2 = 2o (2 4+ D), [P = 1) = 2 = max{i € P (x = 1)), and [Py (62 43+ 1)7)] =
2 max{i € PC (x> +x+1)%)}. Thus J., = 0. Clearly, s(c) € Xg is of the cycle type (6,1,1,1) and
={x—1,(x— 1) (x*+x+1)? }and I, ={¥®+x+1}.

By calculations, €., = {x — 1,x> +x+ 1} JCT =0, &, = {x—1}and ., = 0. Hence Sy(c(),R)
and S3(cy(r), R) are not singularly equivalent, while So(cs,R) and S3(cz, R) are singularly equivalent by
Theorem 5.2(2). Thus Corollary 5.8 may be false without the requirement on v, (A;) and v, (u;).

Note that S,(cs,R) and S, (¢, R) are Morita equivalent if and only if they are derived equivalent
(see [24, Corollary 1.3]). If © and T are p-singular permutations for a prime p > 0, then S,(cs,R) and

25



Sm(cg,R) are stably equivalent if and only if they are Morita equivalent (see [25, Corollary 4.20]). The
next example demonstrates that singular equivalences are substantially different from Morita, derived and
stable equivalences even for the centralizer algebras of permutation matrices.

Example 5.10. Let R be an algebraically closed field of characteristic p > 11, n="7p+ 15p> +7p>,m =
8p+15p> +7p. We take 6 € £, of the cycle type (7p3,7p*,5p,3p%,7p), and 1 € ¥, of the cycle type
(7p,7p%,5p*,3p*,5p,3p). Then both 6 = s(c) and T = 5(t) are p-singular. We will show that S, (cs, R)
and S,,(cz, R) are singularly equivalent, but not Morita equivalent.

Let ; be a primitive i-th root of unity over R for i € {3,5,7}. By Lemma 5.4, we have &, =
{(x= D)7, (x=1)", =17 r (x=C3)" P =GP (= Cs) e (= C)P (=GP (=GP (-
)P, (=G (=G (= ) and &, = {(x= 1), (x— )P (e = 1P (0= G)P (x -
O L P A AT 2 o M R N Ly
G, (x—L8)P" ). Tt follows that

My = {(x =17, (x=53)" , (x = )7, (x = s)7 o, (x = CO7 (= )P (= )P} = M,

Py ((x = 1)) = {p, P2, P} = Peo(x = G5)"), P (x = 1)) = Pe (x = E)7") = {p*} for i € [2],j €
4],k € [6); Per((x = 1)7) = {p,p%, p*}, Pee(x = §5)7") = Peo(x = §)7°) = {p,p*}, Pe((x — Gh)1°
{p?,p*} fori€ [2],j € [4],k € [6].

Therefore, I, = {x — 1,x—{3,x — G,x— {5, ,x = x—C7,--- ,x = L5} = J.... Since R is an al-
gebraically closed field, we know 7., =1 =r..and D, | = D, 1. Thus ¢ and c; are Sg-equivalent by
Definition 3.1(2), and therefore S,(cs,R) and S,,(ct,R) are singularly equivalent by Theorem 5.2(2). S-
ince P, ((x— ()P # P..(f(x)) holds for f(x) € M,_, cs and ¢, are not M-equivalent by Definition 3.2(1),
and therefore S, (cs,R) and S,,(c¢, R) are not Morita equivalent by [24, Theorem 1.1].

Finally, we point out a special case where Morita, derived, stable and singular equivalences are mutu-
ally implied by each other. We first prepare a couple of lemmas.

For the rest of this subsection, let 6 € ¥, be of the cycle type (A;,---,As) and 6" € Y, ., beof
the cycle type A+ := (A1, -+, As, Asy1). We wirte A; = pY»*) A with v, (1)) = 0 for all i € [s+ 1]. Set

I:={j€s]| N, divides X} and J:={p"»*) |ieT}.

Lemma 5.11. There exists an irreducible factor f(x) of x*+1 —1 such that P.,(f(x)) = J and P (f(x)=
J U {pvp (ls+1)}‘

Proof. If I = [s], then P, (x— 1) =Jand P, , (x—1)=JU {p¥r*s+1)}, according to Lemma 5.4. If I #
[s], there exists i € [s] such that A{, | { A}, and therefore |®| > 2, where we define @ := {A | j € [s+1]\I}.
By Lemma 2.13(1), there is an irreducible factor f(x) of x*+ — 1 such that f(x){x* — 1 for all j 6 [ I\ 1.
For j € I, we have A{_, | X}, it follows from Lemma 2.13(2) that 1| xM = Tand f(x) |2 —1.
Then we deduce from Lemma 5.4 that P, (f(x)) =J and P_, (f(x)) =JU{ pYrse)1 O

Recall that, for ¢ € M,,(R), we define U, := Ug)emt. Dr.(g(x))» Where the union is taken in the sense
of multisets. Clearly, Ue = U (x)eg, Dr.(r(x))-

Corollary 5.12. Suppose that R is of characteristic p > 0, I # 0 and one of the three conditions holds:
(i) p#2
(i) p=2and Vy(Asy1) # 1;
(iii) p =2 and v,(\;) > 0 for some j € I.

Then the following are equivalent:
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Sn(cs,R) and S, 1y, (cs+,R) are Morita equivalent.
Sn(co,R) and S, 13, (cs+,R) are derived equivalent.
Sn(cs,R) and S, 1y, (cs+,R) are stably equivalent.

Sn(co,R) and S, 1y, (co+,R) are singularly equivalent.

Proof. Clearly, (1) = (2) = (4) and (1) = (3) = (4) by Theorem 5.2(2) and Remark 3.3.

(5) = (1) Suppose that there exists j € [s] such that v,,(A;) = v (As1) and Al | | X}, Then Agyq | A
Thus xM+1 — 1 ] xhi—1 by Lemma 2.13(2). It follows from Lemma 5.4 that €., = &,. Hence ¢s and cg+
are M-equivalent, and therefore S, (cs,R) and S, 1y, , (¢s+,R) are Morita equivalent [24, Theorem 1.1].

Note that (5) always holds if p = 0. In fact, in this case, v, (A;) = 0 for all j € [s+ 1]. By assumption,
I # 0, thatis, A, ; | A{ for some ¢ € [s]. Therefore (5) holds.

In the following we assume p > 0 and prove that (4) implies (5).

By Theorem 5.2(2), we may suppose that cs and cg+ are Sg-equivalent. Then U, = U._, and
#,(Ues) = #a(Ue,, ) foralln € N.

Contrarily, suppose that, for any k € [s], we have v, (Ax) # Vp(Ag1), or A { Aj. In particular,
for i € I C [s], we have A, | A}, and therefore V,(A;) # Vp(Asr1). We write J = {p"»*) |ie I} =
{p™,p™, -, p™} withmy >my>--->my>0. ThenJ #0by+#0,and v,(Asy1) # m; forall i € [¢],
that is, p¥r+1) ¢ J.

Note that x — 1 = (x} —1)? P"" forall i € [s+ 1]. By Lemma 5.4, we have

Eey = {h(x) ”Vp(xi) i € [s], h(x) is an irreducible factor of x* — 1} and

Ec = Ecg U{N(x)P e | h(x) is an irreducible factor of X+ — 1}.

Particularly, both P, (f(x)) and P._, (g(x)) consist of p-powers for f(x) € M., and g(x) € M., .
For any i € [s+ 1] and any irreducible factor f(x) of x" — 1, we have

PCG (f(x))v if f(x) 'fx)“;+l — 1

@) Pe . (f(x) = {Pcc(f(x))u{p\/p(hﬁl)}’ if f(x) |x 1 —1.

By (©), we know that the difference between U, and U,_, is determined solely by the sets of power
indices of the irreducible factors of x*+1 — 1. Now, we choose an irreducible factor (x) of XM+ — 1 asin
Lemma 5.11, that is, P, (f(x)) =J and P._, (f(x)) = JU{ p¥r*s+1)1 We then compare p¥»(*s+1) with p™
defined by J and apply Lemma 2.15 to obtain a contradiction in each of cases (i) — (iii).

Suppose my >V, (As11). By Lemma 2.15(2), we have #,m (Dp,_(1(x))) > #pme (®P°'c+ (f(x)))- Comparing
#m (Ue,) with #,m (Ue_, ), we know from (©) and Lemma 2.15(2) that #,m (Uc,) > #,m (Uc_. ). This
contradicts U, = u% .-

Thus my < V,(Agt1). Due to v(Agr1) # m; for i € [£], we have my < v, (Asr1). Then either m; <
Vp(Agt1), or there is i € [¢] with i > 2, such that m; <V, (Asr1) < m;—1. In both cases, we have pVrsst)
p™ > 1, where i = max{i € [{] | v,(Asr1) > m;}.

Assume p¥»(s1) — p™i > 1 Then # il

(Dr_, (7)) > #0050 i (D (£(x))) by Lemma

s+1) — pii
2.15(1). Comparmg # o) (Ueg) Wlth # o) i (Ue_, ), we know from (©) and Lemma 2.15(1)
that # v,0,.0)_ i (Ue, +) > #an(hs ) (Uey)- ThlS again contradicts U, = U, -

Thus pYVr(si1) — pmi — 1 By Lemma 2.12(3), we have p = 2,Vp(Aet1) = 1 and m; = 0. This shows
trivially that both (i) and (ii) lead to a contradiction. Thus we assume the case (iii), that is, p = 2
and v,(A;) > 0 for some j € I. Then m; > m; =0 and i > 2. Thanks to 1 =V,(Asy1) # m; for al-
1 j e[ and mj—; > m; =0, we have m;j_; > 2 > V,(Ag1) =1 > m; =0. By Lemma 2.15(3), we
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have #,mi-1_pmi (Dp,_(f(x))) > #prict_pm (DPC(y+ (f(x))). Comparing #,mi1_pm (Uc,) with #,miy_pm (Ue_, ),
we know from (©) and Lemma 2.15(3) that # i1 _pyn (Ucy) > #mi-1_pmi (U, ). This again contradicts
Uy = Ue,, , and therefore (5) follows. [

Remark that I ## 0 in Corollary 5.12 is fulfilled if one takes A;;; = 1. In the next lemma, we show
when I # 0 holds.

Lemma 5.13. If U, = U, and V,(Asy1) >0, then I # 0.

Proof. We suppose contrarily that / = @ holds. Then J = 0. By Lemma 5.11, there is an irreducible
factor f(x) of x*+ — 1 such that P._(f(x)) = 0 and P (f(x) = {p¥r*s+)}. As P._(f(x)) = 0, we have
f(x) ¢ &, forieN. It follows from v, (As+1) > O that p > 0, pVr®si1) > 1 and pYr(hsit) ¢ Dp, L (F)-
Now, comparing # ,,,.) (U, ) with # i) (Uc,, ), we have # 1) (Uey, ) > # Vi) (U, ) by Lemma
2.15(1) and (©). This contradicts the assumption U., = U,_, , and shows I # 0. [J

6 Homological conjectures and invariants of singular equivalences

In this subsection, we prove that the Cartan determinant and Auslander—Reiten conjectures hold true for
centralizer matrix algebras. Our results in this section, together with known results, show that all homo-
logical conjectures hold true for centralizer matrix algebras. Also, a couple of homological invariants are
given for singular equivalences of centralizer matrix algebras.

Let A be an Artin algebra. If gldim(A) < oo, then det(Cp) = +£1 (see [13]). Furthermore, a well-known
conjecture, called the Cartan determinant conjecture (see [38]), excludes the case: det(Cp) = —1.

(CDCQ) If gldim(A) < oo, then det(Cy) = 1.
This conjecture is known only in a few cases. For example, if A is a graded algebra or quasi-hereditary

algebras or algebras of radical-cube-zero, then (CDC) holds (see [33, 7, 38, 16]).
We mention another two not yet solved homological conjectures.

Auslander-Reiten conjecture (ARC): If M € A-mod is a self-orthogonal generator, then M is projective
(see [1]).

Gorenstein projective conjecture (GPC): If M € A-Gproj is self-orthogonal, then M is projective (see
[26]).

In general, all of these conjectures are open up to date. We will, however, verify these conjectures for
centralizer matrix algebras.

Lemma 6.1. Let A be a Gorenstein Artin algebra.
(1) (ARC) holds for A if and only if so does (GPC) for A.
(2) If A is CM-finite, then (ARC) holds for A.

Proof. (1) Clearly, if A satisfies (ARC), then A satisfies (GPC). Suppose A satisfies (GPC). Let M be
a generator for A-mod with Extjx (M,M) =0 fori> 1. Since A is a Gorenstein algebra, A-Gproj = {X €
A | Exti (X,A) = 0 for i > 1} by [14, Corollary 11.5.3, p.279]. Thus M € A-Gproj. By (GPC) for A, we
infer that M is projective.

(2) Since A is a CM-finite Gorenstein Artin algebra, every self-orthogonal module has finite projective
dimension by [27, Corollary 1.3]. Note that Gorenstein projective module of finite projective dimension
is projective. Hence (GPC) holds for A, and therefore (ARC) holds for A by (1).

Theorem 6.2. Let R be a field, ¢ € M, (R). Then
(1) Su(c,R) is a CM-finite 1-minimal Auslander-Gorenstein algebras.
(2) The Auslander-Reiten and Gorenstein projective conjectures hold for Sy(c,R).
(3) The Cartan determinant conjecture holds for S,(c,R).
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Proof. (1) By Proposition 4.8, we see that S,(c,R) is a CM-finite 1-minimal Auslander-Gorenstein
algebra for ¢ € M, (R) (see also [36, Theorem 1.1(2)] for S,(c,R) to be 1-minimal Auslander-Gorenstein).

(2) This follows from (1) and Lemma 6.1.

(3) Since we have the algebra isomorphism S, (c,R) ~ Hf“:  Endy, (M;), where U; := R[x]/(f;(x)") and
B(M;) ~ D,cp,(f,x) RIx]/ (fi(x)") as Ui-modules, it suffices to prove that the Cartan determinant conjec-
ture holds for Endy, (M;) for i € [I.]. By Lemma 2.7 and Corollary 4.9, we know gldim(Endy;, (M;)) < e
if and only if M, is an additive generator for U;-mod if and only if the Cartan determinant of Endy, (M, ) is
equal to 1 . Thus the Cartan determinant conjecture holds for S,(c,R). O

Remark 6.3. It was proved that the finitistic dimension conjecture [3] is true for centralizer matrix al-
gebras over fields (see [24, 36]). This implies that the strong Nakayama [9], generalized Nakayama [1],
Nakayama [28], Wakamatsu tilting [4, Section IV.3, p.71] and tilting (or projective) complement conjec-
tures [20] hold true for centralizer matrix algebras over fields. Clearly, Gorenstein symmetry conjecture
hods for centralizer matrix algebras. Moreover, Tachikawa’s first and second conjectures (TC1) and (TC2)
(see [31, p.115-116]) hold true for centralizer matrix algebras. In fact, we consider the generator and co-
generator M := A & D(A) for a CM-finite Gorenstein algebra A. Then it follows from the condition of
(TC1) and Lemma 6.1(2) that M is projective, and therefore D(A) is projective and A is self-injective.
Note that (TC2) is a consequence (ARC). Thus all homological conjectures in [2, Cojcetures, p. 409]
hold true for centralizer matrix algebras over fields.

At the end of this subsection, we explain another homological property of centralizer matrix algebras,
namely the quasi-heredity property. First, we recall the definition of quasi-hereditary algebras introduced
in [8].

Definition 6.4. [8] Let A be a finite-dimensional algebra over R. An ideal J in A is called a heredity ideal
if J is idempotent, Jrad(A)J = 0 and J is a projective left (or right) A-module. The algebra A is said to be
quasi-hereditary provided there is a finite chain 0 =Jy CJ; CJ, C --- CJ, = A of ideals in A such that
Jj/Jj—1 is a heredity ideal in A/J;_; for all j.

Quasi-hereditary algebras were motivated by describing the highest weight category of semisimple
Lie algebras. For more information on quasi-hereditary algebras, we refer to [34] and the references
therein. The following lemma not only generalizes a result in [35, Theorem 1.1(2)], but also reprove
Theorem 6.2(3).

Lemma 6.5. For c € M,(R), let S := S, (c,R) and C be the Cartan matrix of S. Then
Hf()C)EJL- HieDPg(f(x)) i? l.ij # 07

(1) det(C) = ¢

otherwise.

)

(2) The following are equivalent:
(i) S is quasi- heredltary
(if) gldim(S) <
(iii) gldim(S) < 2.
(iv) J. = 0.

() IP.(/(x))] = max{j € P.(f(x))} for all f(x) € M

(vi) det(C) = 1.

Proof. Following the notation in Subsection 4.3, we have S ~ Hf":  Endy,(M;) as R-algebras, where
U; denotes the algebra R[x]/(fi(x)"), B(M;) ~ @,cp,(f,x) RIX]/(fi(x)") is the basic U;-module of M;,
and /. is the number of maximal elementary divisors of ¢. Thus det(CEndUl_ M) = det(CEndU[_ (B(M;))) and
gldim(Endy, (M;)) = gldim(Endy, (B(M;))).
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(1) By Lemma 2.7, det(Cgnay, (5(a,))) = [Tjess, iy J for i € [I.]. It follows from the definitions of
Dpc(ﬁ(x)'lf) and jc that

HiGDpC(f(X>) i? lfﬁ(x) € jC?

det(C; y) = det(G, V) =
(Cenay, (7)) (Cendy, (B(M,))) {1’ otherwise.

Thus (1) follows.

(2) By Corollary 4.9 and the definition of J., gldim(S) < oo if and only if gldim(Endy,(B(M;))) < e
for all i € [I;] if and only if gldim(Endy,(B(M;))) <2 for all i € [I.] if and only if M; is an additive
generator for U;-mod for all i € [I.] if and only if |P.(f(x))| = max{j € P.(f(x))} for all f(x) € M, if and
only if J. = 0. Thus (i) < (v) < (iv) < (iii). Lemma 2.7 shows that |P.(f(x))| = max{j € P.(f(x))}
for all f(x) € M, if and only if M; is an additive generator for U;-mod for all i € [I.] if and only if
det(CEndUi(B(M[))) =1foralli € [I.]. Thus (v) < (vi). It follows from [?, Theorem 4.3] that (i) = (ii), and
from [11, Theorem 2] that (iii) = (i). [J

As a consequence of Lemma 6.5, we have the following invariants of Sg-equivalences.

Corollary 6.6. Let R be a field. If c € M,,(R) and d € M,,(R) are Sg-equivalent, then
(1) Su(c,R) is quasi-hereditary if and only if so is Sy (d,R).
(2) The Cartan determinants of Sy(c,R) and S,,(d,R) are equal.

Proof. Since the Sg-equivalence of ¢ and d implies that J. = 0 if and only J; = 0, (1) is clear by
Lemma 6.5.

We prove (2). Suppose that ¢ and d are Sg-equivalent. Then U, = U,. Note that I, = 0 if and only if
r. = 01if and only if r; = 0 if and only if J; = 0. Suppose J. = 0. Then J; = 0 and it follows from Lemma
6.5(1) that det(Cs, (c,z)) = 1 = det(Cs, (4,r))-

Suppose J. #£ 0. Then J; # 0. Tt follows from Lemma 6.5(1) and U, = U, that

det(CSn(ch)) = H H 1= H 1= H 1= det(CSm(d_’R)). O

f(X)Gjp iG'I)pC(f(X)) €U, €Uy
Finally, we propose the following question.

Question 6.7. How to classify all (basic) tilting (respectively, silting) modules over Sy (c,R) for R a field?

Acknowledgements. The research work of the corresponding author C. C. Xi was supported partially
by the National Natural Science Foundation of China (Grants 12031014).

References
[1] M. AUSLANDER and I. REITEN, On a generalized version of the Nakayama conjecture, Proc. Amer. Math. Soc. 52 (1975)
69-74.

[2] M. AUSLANDER, I. REITEN and S. O. SMAL®, Representation theory of Artin algebras, Cambridge Studies in Advanced
Mathematics 36, Cambridge University Press, Cambridge, 1995.

[3] H. BASS, Finitistic dimension and a homological generalization of semi-primary rings, Trans. Amer. Math. Soc. 95 (1960)
466-488.

[4] A. BELIGIANNIS and I. REITEN, Homological and homotopical aspects of torsion theories, Mem. Amer. Math. Soc. 188
(2007) no. 883, 1-207.

[5] S. BRENNER, Some modules with nearly prescribed endomorphism rings, J. Algebra 23 (1972) 250-262.

[6] R. O. BUCHWEITZ, Maximal Cohen-Macaulay modules and Tate cohomology over Gorenstein rings, Unpublished
manuscript, 1987.

30



(71
(8]

(9]
(10]

[11]
[12]

[13]
[14]

[15]
[16]

(7]
(18]

[19]

[20]

(21]
(22]
(23]

(24]

(25]

[26]
(27]
(28]
[29]

(30]

(31]

(32]
(33]
[34]

(35]
(36]

[37]

(38]

W. D. BURGESS and K. R. FULLER, On quasihereditary rings, Proc. Amer. Math. Soc. 106 (2) (1989) 321-328.

E. CLINE, B. PARSHALL and L. SCOTT, Finite dimensional algebras and highest weight categories, J. Reine Angew. Math.
391 (1988) 85-99.

R. R. COLBY and K. R. FULLER, A note on the Nakayama conjectures, Tsukuba J. Math. 14(2) (1990) 343-352.

B. N. COOPERSTEIN, Advanced linear algebra, Second edition, Textbook in Mathematics, CRC Press, Boca Raton Lon-
don New York, 2015.

V. DLAB and C. M. RINGEL, Quasi-hereditary algebras, Illinois J. Math. 33(2) (1989) 280-291.

U. V. DUBEY, A. PRASAD and P. SINGLA, The Cartan matrix of a centralizer algebra, Proc. Indian Acad. Sci. Math. Sci.
122(1) (2012) 67-73.

S. EILENBERG, Algebras of cohomologically finite dimension, Comment. Math. Helv. 28 (1954) 310-319.

E. E. ENOCHS and O. M. G. JENDA, Relative homological algebra, De Gruyter Exp. Math., 30, Walter de Gruyter Co.,
Berlin, 2000.

G. F. FROBENIUS, Uber lineare Substitutionen und bilineare Formen, J. reine angew. Math. 84 (1877) 1-63.

K. R. FULLER and B. HUISGEN-ZIMMERMANN, On the generalized Nakayama conjecture and the Cartan determinant
problem, Trans. Amer. Math. Soc. 294(2) (1986) 679-691.

J.J. GRAHAM and G. I. LEHRER, Cellular algebras, Invent. Math. 123(1) (1996) 1-34.

D. HAPPEL, Triangulated categories in the representation theory of finite-dimensional algebras. London Math. Soc. Lec-
ture Note Ser. vol.119, Cambridge University Press, Cambridge, 1988.

D. HAPPEL, On Gorenstein algebras, in: Representation theory of finite groups and finite-dimensional algebras (Bielefeld,
1991) 389-404. Progr. Math. 95, Birkhéduser Verlag, Basel, 1991.

D. HAPPEL and L. UNGER, Complements and the generalized Nakayama conjecture, in: Algebras and Modules 1I, CMS
Conf. Proc., vol. 24, Amer. Math. Soc., 1998, 293-310.

K. HOFFMAN and R. KUNZE, Linear algebra, Second edition. Prentice-Hall, Inc., Englewood Cliffs, NJ, 1971.
O. IYAMA and @. SOLBERG, Auslander-Gorenstein algebras and precluster tilting, Adv. Math. 326 (2018) 200-240.

B. KELLER, Derived categories and their uses, In: Handbook of algebra, Vol. 1, 671-701. Handb. Algebr. 1, Amsterdam,
1996.

X. G. Lt and C. C. X1, Derived equivalences, new matrix equivalences, and homological conjectures, Preprint, available
at https://www.wemath.cn/ ccxi/, or arXiv:2509.26353.

X. G. LI and C. C. Xi, Stable equivalences and homological dimensions, Preprint, available at
https://www.wemath.cn/ ccxi/, or arXiv:2511.19051v2.

R. Luo and Z. Y. HUANG, When are torsionless modules projective? J. Algebra 320(5) (2008) 2156-2164.
R. MARCZINZIK, On self-orthogonal modules in Iwanaga-Gorenstein rings, Ann. Represent. Theory 1(1) (2024) 67-70.
T. NAKAYAMA, On algebras with complete homology, Abh. Math. Sem. Univ. Hamburg 22 (1958) 300-307.

D. O. OrRLOV, Triangulated categories of singularities and D-branes in Landau-Ginzburg models, Proc. Steklov Inst. Math.
246(3) (2004) 227-248.

D. QUILLEN, Higher algebraic K-theory, 1. In: Algebraic K-theory, I: Higher K-theories (Seattle, 1972), Lecture Notes in
Math. 341, 85-147. Springer-Verlag, Berlin, 1973.

H. TACHIKAWA, Quasi-Frobenius rings and generalizations, Lecture Notes in Mathematics, vol. 351 (Springer-Verlag,
Berlin, 1973).

J. H. M. WEDDERBURN, Lecture on matrices, Amer. Math. Soc. Colloquium Publications, vol. 17, 1934.
G. V. WILSON The Cartan map on categories of graded modules, J. Algebra 85(2) (1983) 390-398.

C. C. X1, Ringel’s contributions to quasi-hereditary algebras. Preprint, 2025, available at https://www.wemath.cn/ ccxi/,
or arXiv:2602.05851.

C. C. X1and J. B. ZHANG, Structure of centralizer matrix algebras, Linear Algebra Appl. 622 (2021) 215-249.

C. C. X1 and J. B. ZHANG, Centralizer matrix algebras and symmetric polynomials of partitions, J. Algebra 609 (2022)
688-717.

C. C. X1 and J. B. ZHANG, New invariants of stable equivalences and Auslander—Reiten conjecture Math. Ann. 394(4)
(2026), Article 99.

D. ZACHARIA, On the Cartan matrix of an Artin algebra of global dimension two, J. Algebra 82(2) (1983) 353-357.

31



	Introduction
	Preliminaries
	Exact and Frobenius categories
	Singularity categories of algebras
	Basic facts on modules over quotients of polynomial algebras
	Centralizer algebras of matrices
	Basics from number theory

	New types of equivalence relations of matrices
	Singularity categories
	Gorenstein projective modules over endomorphism algebras: General theory
	Special case: Generators over quotients of polynomial algebras 
	Singularity categories of centralizer matrix algebras

	Singular equivalences 
	Main result on singular equivalences
	Singular equivalences for permutation matrices

	Homological conjectures and invariants of singular equivalences

