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Abstract

We show that the construction of mirror-reflective algebras inherits derived equivalences of gendo-
symmetric algebras. More precisely, suppose A and B are gendo-symmetric algebras with both Ae and
Bf faithful projective-injective left ideals generated by idempotents e in A and f in B, respectively.
If A and B are derived equivalent, then the mirror-reflective algebras of (A,e) and (B, f) are derived
equivalent.

1 Introduction

Given an (associative) algebra A over a commutative ring k, an idempotent ¢ of A and an element A in
the center of A := eAe, we introduced the mirror-reflective algebra R(A,e,A) of A at level (e,A) in [4].
Roughly speaking, this algebra has the underlying k-module structure A @ Ae @4 eA such that Ae @4 eA is
an ideal in R(A,e,A). The specialization of R(A,e,A) at A = e is called the mirror-reflective algebra of A
at e, denoted by R(A, e). In case that A is a finite-dimensional gendo-symmetric algebra over a field k and
e is an idempotent of A such that Ae is a faithful and projective-injective A-module, the algebra R(A, e) is
called simply the mirror-reflective algebra of A.

The introduction of mirror-reflective algebras is motivated by understanding the Tachikawa’s second
conjecture which states that a self-orthogonal module over a self-injective algebra should be projective
(see [23, p.115-116]). The procedure of forming mirror-reflective algebras can be iterated and thus sup-
plies a series of both higher Auslander algebras and recollements of derived module categories. It is
proved in [4, Theorem 1.1]) that the Tachikawa’s second conjecture for symmetric algebras holds true
if and only if indecomposable symmetric algebra has only trivial stratifying ideals. The proof of this
characterization relays on the iterated construction of mirror-reflective algebras (see [4, Section 5]).

Our purpose of this note is to show that the mirror-reflective algebras of derived equivalent, gendo-
symmetric algebras are again derived equivalent. More precisely, we have the following general result.

Theorem 1.1. Suppose that A and B are finite-dimensional gendo-symmetric algebras over a field k and
that s4Ae and gBf are faithful projective-injective modules generated by idempotents e € A and f € B,
respectively. If A and B are derived equivalent, then there is an isomorphism G : Z(eAe) — Z(fBf) of
algebras from the center of eAe to the one of fBf such that, for any h € Z(eAe), the mirror-reflective
algebras R(A,e,\) and R(B, f,(A)0) are derived equivalent.

During the course of the proof of Theorem 1.1, we will give a general construction of derived equiva-
lences of mirror-reflective algebras of arbitrary algebras at any levels in Theorem 3.1. So Theorem 1.1 is
just its consequence.

This note is sketched as follows. In Section 2 we provide preliminaries for the proof of the main result.
This includes recalling basic definitions and proving facts on derived equivalences and on mirror-reflective
algebras . In Section 3 we prove Theorem 3.1.
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2 Preliminaries

Let k denote a commutative ring with identity. All algebras in the paper are associative k-algebras with
identity. For an algebra A, we denote by A-Mod the category of all left A-modules. Let A-mod and A-proj
be the full subcategories of A-Mod consisting of finitely generated A-modules and finitely generated pro-
jective A-modules, respectively.

Given an additive category 4, ¢'(A) stands for the category of all complexes X* = (X, d%) over 4
with cochain maps as morphisms, and .# () for the homotopy category of €' (4). We write €7 (4)
and .#*(4) for the full subcategories of %' (A4) and .# (A4) consisting of bounded complexes over A4,
respectively. When 4 is abelian, the (unbounded) derived category of 4 is denoted by Z(4), which is
the localization of .#"(A4) at all quasi-isomorphisms.

For an algebra A, we simply write .# (A) for .2 (A-Mod) and Z(A) for Z(A-Mod). Also, A-Mod
is often identified with the full subcategory of Z(A) consisting of all stalk complexes concentrated in
degree 0. For an idempotent element e in A, the category .#”(add(Ae)) is identified with its images in
2(A) under the localization functor % (A) — Z(A).

The composition of two maps f: X — Y and g : Y — Z of sets is written as fg. Thus, for a map
f:X —Y, we write (x)f for the image of x € X under f.

2.1 Derived equivalences of algebras with idempotents

In this subsection, all k-algebras over a commutative ring k are assumed to be projective as k-modules.
Let A°:=A®; A" be the enveloping algebra of an algebra A, and D be the functor Homy (—, k).
We first recall the definitions of tilting complexes and derived equivalences in [20, 22].

Definition 2.1. Let A and B be algebras.
(1) A complex P € # " (A-proj) is called a tilting complex if
(i) P is self-orthogonal, that is, Hom ( A-proj)(R Pln]) =0 for any n # 0,
(ii) add(P) generates " (A-proj) as a triangulated category, that is, #°(A-proj) is the smallest
full triangulated subcateory of #°(A-proj) containing add(P) and being closed under isomorphisms.

(2) A complex T € 9(A @y B) is called a two-sided tilting complex if there is a complex TV €
PD(BRyAP) such that T RF TV ~ A in D(A®) and TV @% T ~ B in 2(B°). The complex T" is called the
inverse of T.

(3) Two algebras A and B are said to be derived equivalent if Z(A) and 2 (B) are equivalent as
triangulated categories, or equivalently, %" (A-proj) and " (B-proj) are equivalent as triangulated
categories.

Let T be a two-sided tilting complex in Z(A ®; B°?) with the inverse T". By [22, Section 3], we have
TV ~RHom 4 (T,A) ~ RHom g (T, B) in Z(B @, A%). Moreover, the functor T¥ ®@% — : 2(A) — 2(B)
is a triangle equivalence with the quasi-inverse T ®% — : Z(B) — Z(A). This implies that »T and T
are isomorphic to tilting complexes in Z(A) and 2(B°P), respectively. By [22, Lemma 4.3], TY @ T €
D (A° ®y (B°)°P) is a two-sided tilting complex.

The following theorem is well known (see [9, 15, 20, 22]).

Theorem 2.2. Let A and B be k-algebras. The following are equivalent.
(1) A and B are derived equivalent.
(2) There is a tilting complex P € £ (A-proj) such that B ~ Endg4)(P) as algebras.
(3) There is a two-sided tilting complex T € (A @ BP).

Comparing with recollement-tilting complexes related to idempotents in [17, Definition 3.6], we in-
troduce the definition of derived equivalences of algebras with idempotents.



Definition 2.3. Let A and B be algebras with idempotent elements e = ¢> € A and f = f? € B. The pairs
(A,e) and (B, f) of algebras with idempotents are said to be derived equivalent provided that there is a
triangle equivalence 2(A) — 2(B) which restricts to an equivalence %" (add(Ae)) — %" (add(Bf)).

Clearly, A and B are derived equivalent if and only if so are the pairs (A,0) and (B,0) if and only if so
are the pairs (A, 14) and (B, 1p). The following result is essentially implied in [17] and provides several
equivalent characterizations of derived equivalences of algebras with idempotents. For the convenience
of the reader, we provide a proof.

Lemma 2.4. ([17]) Let A and B be algebras with ¢* = e € A and f*> = f € B. The following are equivalent.
(1) The pairs (A,e) and (B, f) are derived equivalent.
(2) There is a tilting complex P € #(A-proj) such that P = P| © Py in " (A-proj) satisfying
(a) B~ Endg ) (P) as algebras.
(b) Py generates %" (add(Ae)) as a triangulated category.
(¢) Under the isomorphism of (a), f € B corresponds to the composite of the canonical projection
P — Py with the canonical inclusion P, — P.
(3) There is a two-sided tilting complex T € 9 (A ®y B°?) with the inverse T € 9(B®yA°P) such that
eT f € D(eAe®y (fBf)P) is a two-sided tilting complex with the inverse fT'e € P(fBf @i (eAe)?) and
that all 3 squares in the following diagram are commutative (up to natural isomorphism):

je!
//._\
D(A) ‘ P (eAe)
\Je_*/
Fll le

9(B) : 2(fBf)

St~

where F| :=T" ®f”; — B = fTVe ®£7Ae —, Jer :=Ae ®£‘Ae —, Jox := RHom 4. (€A, —), js :=Be ®Hf3f
—, jr« :=RHom sps(fB, —), and the functors e- and f- denote the left multiplications by e and f, respec-
tively.

(4) There is a two-sided tilting complex T € 9(A ®y B°?) with the inverse TV € 9(B®;A°P) such that

TV @ (Ae®,, eA) 05 T ~ Bf @y fB € D(B°).

Proof. (1) = (2). Assume (1) holds. Then there is a triangle equivalence F; : Z(A) — Z(B) which
restricts to an equivalence .#®(add(Ae)) — £ (add(Bf)). Let G| : 2(B) — D(A) be the inverse of Fj.
Define P := G{(B), P := G(Bf) and P, := G(B(1 — f)). Then P= P @ P, and P; € .#(add(Ae)). Since
Bf generates #?(add(Bf)) as a triangulated category, all conditions (a), (b) and (c) hold.

(2) = (3). Let A := eAe. Recall that the adjoint pair (Ae ® —,e-) between A-Mod and A-Mod
induces a triangle equivalence .#*(add(Ae)) — #”(A-proj). Since P; is a direct summand of P and
generates % ”(add(Ae)) as a triangulated category, the complex eP; € .#”(A-proj) is a tilting complex.
Let T be a two-sided tilting complex in Z(A ®; B°?) which is induced by 4P. Then the argument in the
proof of [17, Theorem 3.5] shows that (2) implies (3).

(3) = (1). Let T":= fBf. Note that the image of the restriction of j, to .#*(A-proj) coincides with
the image of #"*(add(Ae)) in Z(A). Similarly, the image in Z(B) of the restriction of js to ¢ ?(I-proj)
coincides with the image of #(add(Bf)) in 2(B). Thus the equivalence F in (3) restricts to an equiv-
alence from #"*(add(Ae)) to #?(add(Bf)). Thus (1) holds.

(3) = (4). By [17, Corollaries 3.7 and 3.8], there are isomorphisms in Z(A ®; B°P):

TREBf @K fB~TfRE fB~Ae @k eT ~ Ae @k eA K T.



Applying TV @Y% — : (A ®; B°?) — Z(B°) to these isomorphisms yields
Bf@FfB=T' @4 TRFBfQE BT @5 Ae @} eARST.

(4) = (2). Since 4Tp is a two-sided tilting complex, it follows from (4) that there are isomorphisms
of complexes

(i) Ae®@keA~TREBfREfBRLETY € 2(A%),

(i) Ae@eTf~TREBfRF fBRETV QL TRFBf ~Tf € Z(ARTP),
(iii) fTVe@keTf~ fTV @k Ae@keARL TS~ fBf @k fBf ~T € P(T°),
(iv) eTfR%fTVe~eT @5Bf Rk FBRETVe ~ eAe @K eAe ~ A € D(A®).

Due to (iii) and (iv), A (eT f)r is a two-sided tilting complex with the inverse fTe. In particular, yeT f is
isomorphic to a tilting complex. Since j,; induces a triangle equivalence .#”(A-proj) — .#(add(Ae)),
the isomorphisms in (ii) imply that T f generates .#*(add(Ae)) as a triangulated category. Clearly, AT
is isomorphic to a tilting complex and has a direct summand 7 f. Moreover, End4)(T) =~ B as algebras
and Homgy4)(T,T f) =~ Bf as B-modules. Thus (2) holds. [J

Corollary 2.5. Assume that the pairs (A,e) and (B, f) are derived equivalent. Then
(1) (A°P,€e°P) and (B°P, f°P) are derived equivalent.
(2) (A%, e®¢€°P) and (B, f ® f°P) are derived equivalent.

Proof. Let (—)* :=Homy (—,A) and P be the tilting complex in Lemma 2.4(2). Then P* € ¢ (A%-proj)
and P* = P{ @ P;. By [20, Proposition 9.1], P* is a tilting complex over A°P.

(1) Since (—)* : #"(A-proj) — #?(A°-proj) is a triangle equivalence sending Ae to eA, it follows
from Lemma 2.4(c) that P generates .#?(add(eA)) as a triangulated category. By Lemma 2.4(a) and (c),
there is an algebra isomorphism B’ ~ End g 4or) (P*) under which f°P is the composition of the projection
P* — P§ with the inclusion P{ — P*. Thus (P*,e°P) satisfies Lemma 2.4(2). This shows (1).

(2) Let Q := P®y P* € #®(A%-proj). We will show that Q satisfies Lemma 2.4(2) for the pair (A°,e®
e°?) and (B®, f ® f°P).

In fact, by [22, Theorem 2.1], Q is a tilting complex over A® and End g 4¢)(Q) =~ B°. Clearly, P; @y Pf
is a direct summand of P ®; P* and there are canonical isomorphisms

HOIII_@(Ae)(Q,Pl Qi Py) ~ Hom_@(A) (P,P) ®x Hom@(Aop)(P*,Pf) ~Bf @ fB=B°(f® ).

Thus Q satisfies Lemma 2.4(a)-(b). To show Lemma 2.4(c) for Q, we need the following general result:

If L: C — Dis a triangle functor between triangulated categories C and 9D, then L(triac(add(X))) C
triap(add(L(X))) for any X € C, where triac(add(X)) denotes the smallest full triangulated subcategory
of C containing add(X).

Since eA € " (add(eA)) = tria y (4o0) (add(P})), we apply the functor Ae @ — : #*(add(eA)) —
P (add(Ae @ eA)) to the k-module eA and obtain Ae ® €A € tria y ey (add(Ae @y P)). Similarly, we
have Ae ® Py’ € tria ; (4¢)(add(Py @4 P})) by the functor — @y Py : " (add(Ae)) — " (add(Ae @y €A)).
Thus Ae ®y eA € tria(add(P; @ P;)). By the equivalences of Lemma 2.4(1)-(2), the pairs (A®,e ® ¢°P) and
(B®, f ® f°P) are derived equivalent. [J

A finite-dimensional algebra A over a field k is called a gendo-symmetric algebra if A = Endx (A © M)
with A a symmetric algebra and M a finite-dimensional A-module. By [6, Theorem 3.2], A is gendo-
symmetric if and only if the dominant dimension of A is at least 2 and D(Ae) ~ eA as eAe-A-bimodules,
where e € A is an idempotent element such that Ae is a faithful projective-injective A-module.

Proposition 2.6. [8, Proposition 3.9] Suppose that A and B are gendo-symmetric algebras with Ae and
Bf faithful projective-injective modules over A and B, respectively. If A and B are derived equivalent,
then the pairs (A,e) and (B, f) are derived equivalent of algebras with idempotents.



2.2 Mirror-reflective algebras

In this section, we recall the construction of mirror-reflective algebras in [4]. Assume that A is a k-algebra
over a commutative ring k, e = > € A, A := eAe and A lies in the center Z(A) of A. Recall that the mirror-
reflective algebra R(A,e,A) of A at level (e,A), defined in [4], has the underlying k-module A & Ae @4 eA
as its abelian group. Its multiplication * is given explicitly by

(a+be®ec)*(d +bexec) :=ad + (ab'e®ec’ +be® ecd' +bech'e @ \ec')
fora,b,c,d’,b’,c’ € A. This can be reformulated as follows: Let ®, be the composite of the natural maps:

Id®(-A)®1d
—

(Ae@p eA) @ (Ae@p eA) — Ae @4 (eA @4 Ae) Dp eA — Ae@Dp AR eA Ae@pAA@peA — Ae@p €A,

where (‘1) : A — A is the multiplication map by A. Then
((be@ec)® (be@ec’))my = (be®ec) * (be@ec').

Clearly, R(A,e,0) is exactly the trivial extension of A by Ae ®4 eA. To understand R(A,e,A), we will
employ idealized extensions of algebras.

Definition 2.7. Let X be an A-A-bimodule. An idealized extension of A by X is defined to be an algebra
R such that A is a subalgebra (with the same identity) of R, X is an ideal of R, and R=A® X as A-A-
bimodules. Two idealized extensions Ry and Ry of A by X are said to be isomorphic if there exists an
algebra isomorphism ¢ : Ry — Ry such that the restriction of ¢ to A is the identity map of A and the one
of ¢ to X is an bijection from X to X.

Clearly, an algebra R is an idealized extension of A by X if and only if R contains A as a subalgebra and
there is an algebra homomorphism © : R — A with X = Ker(m) such that the composite of the inclusion
A — R with m is the identity map of A. Hence a mirror-reflective algebra R(A, e, A) is an idealized extension
of A by Ae ®) €eA.

Let

F:=Ae®p—@preA: A°*-Mod — A°-Mod, M — Ae QpA M Qp €A,

G:=e(—)e: A°-Mod — A°-Mod, M > eMe
for M € A°-Mod. Since e ® ¢°P is an idempotent element of A and there are natural isomorphisms
F~A%(e®e®P)®@pe — and G~ Homye(A®(e®e),—),
(F,G) is an adjoint pair and F is fully faithful. This implies the following.
Lemma 2.8. The functor F induces an algebra isomorphism
p: Z(A) — Endac(Ae®@p eA), A py = [ae®eb — ael® eb)

for L € Z(A) and a,b € A. Moreover, @) = ®,p;.

The following result parameterizes the idealized extensions of A by Ae ®x eA.

Proposition 2.9. Let Z(A)* be the group of units of Z(A), that is, Z(A)* is the group of all invertible
elements in Z(A). Then there exists a bijection from the quotient of the multiplicative semigroup Z(A)
modulo Z(A)* to the set ./ (A, e) of the isomorphism classes of idealized extensions of A by Ae @ eA:

Z(N)/Z(A)* =5 F(Ase), MZ(A) — R(A,e,\) for L€ Z(A).



Proof. Let Zo(A) :==Z(A)/Z(A)* ={AZ(A)* | A€ Z(A)} and [A] :=AZ(A)* € Zo(A) for L € Z(A).
By [4, Lemma 3.2(2)], if u € Z(A)*, then R(A,e, L) ~ R(A,e,\u) as algebras. This means that the map

0:Zo(A) — Z(A,e),[N] > R(A,e,\)

is well defined. Let R be an idealized extension of A by X := Ae ®x eA. Then the multiplication of R
induces a homomorphism ¢ : X ®4 X — X of A®-modules. Recall that @, : X ®4 X — X is an isomorphism
of A°-modules. Let ¢/ := @, '¢. Then ¢’ € Endse(X) and ¢ = ®,¢’. By Lemma 2.8, ¢/ = p, for some
z€Z(A) and ¢ = ®,. Thus R = R(A, e,z) and @ is surjective.

Now, we show that ¢ is injective. Suppose A; € Z(A) for i = 1,2 and R(A,e,A1) =~ R(A,e,)z) as
algebras. Set R; := R(A, e, \;). By Definition 2.7, there is an algebra isomorphism f : R; — R, such that
fla=1da and o := f|x : X — X is an isomorphism of ideals. This implies that & is a homomorphism
of A°-modules and (0t @4 0)oy, = @y, 0 : X ®4 X — X. Since oy, = w.p;, by Lemma 2.8, there holds
(00 ®4 Q)OePy, = WPy, 0. Let 6 := @, (@4 &)@, € Endpe(X). Then o is an isomorphism of A°-
modules and p), & = op,,. Again by Lemma 2.8, a. = p. and 6 = p, for some c,d € Z(A)*. It follows
that Ajc = dA, and therefore [A;] = [A,]. O

3 Derived equivalences of mirror-reflective algebras

In this section, k denotes a commutative ring, all algebras are k-algebras which are projective as k-
modules.

Assume that the pairs (A,e) and (B, f) of algebras with idempotents are derived equivalent. By
Lemma 2.4, there is a two-sided tilting complex T € Z(A ® B°?) with the quasi-inverse TV such that
T TV € D(A° @y (B%)°P) is a two-sided tilting complex with the inverse TV ®; T, and there is a derived
equivalence:

O:=T"@ -5 T~ (TV & T) ®% — : 2(A°) — 2(B°)

which sends A to B up to isomorphism (see [22]). Let &4 : T ®5 TV — A and €5 : TV ®% T — B be the
associated isomorphisms in Z(A°®) and Z(B°), respectively. Now, we introduce the notation

A=ehe, I'=fBf, Ge=e(—)e, Gy = f(-)f,
F,=Ae®p—®@peA: A>-Mod — A°-Mod, F;=Bf®r—®r fB: [*-Mod — B*-Mod,
LF, = Ae@% — @k eA: 2(A°) — 2(A°), LF;=Bfk—oFfB: 2(I°) — 2(B%),
@ = fTVexk — kel f: 2(A°) — 2(I°),
Ag=Ae@peA, A=Ae@%eA, ©y=BforfB, ©=BfLfB,
together with the identifications (up to isomorphism):
Ag=H"(A), ® =H’(®), A=LF,(A), ® =LF(I).

By Lemma 2.4 and Corollary 2.5, up to natural isomorphism, two squares in the diagram are commutative:

) 2(A°) — 2(A%)
@l LFy lcp’
= o T~

2(8°) — L)



where @' is the derived equivalence associated with the two-sided tilting complex eT f € (A @i ).
Note that ®, @', LF, and LFy commute with derived tensor products. Namely, for U,V € Z(A°), there are
isomorphisms

DURV) =T RRUSKARGVRFT =T @y Us TopT" @5 Vg T =d(U) 25 D(V)
where the second isomorphism follows from A ~ T ®@% T" in 2(A®). This provides a natural isomorphism
O D()REP(—) —D(—k ) D(A°%) x 2(A°) — D(B°).

Since ®'(A) ~ T, there is an algebra isomorphism
6:Z(A) — Z()
defined by the series of isomorphisms Z(A) ~ Endae(A) — Endre(®'(A)) — Endre(T) ~ Z(I).
Our main result on derived equivalences of mirror-reflective algebras is the following.

Theorem 3.1. Suppose that there is a derived equivalence between (A,e) and (B, f) of algebras with
idempotents, which gives rise to a two-sided tilting complex sTg. If the derived equivalence ® : P(A°) —
P (B®) associated with T between the enveloping algebras A® and B® satisfies ®(Ae @ eA) ~ Bf Qr fB
in 2(B°), then there is an algebra isomorphism & : Z(A) — Z(T") such that, for each A € Z(A), the pairs
(R(A,e,)),e) and (R(B, f,(\)S), f) of algebras with idempotents are derived equivalent. In particular,
R(A,e) and R(B, f) are derived equivalent.

Before starting with the proof of Theorem 3.1, we first fix notation on derived categories.
Let A4 be an abelian category. For each X := (X' d);cz € ¢ (A) and n € Z, there are two truncated
complexes

dy dy dy
B SRS I S SO 1—>Ker(dx)—>0
dit
"X 00— Coker(d)’é_]) b 1 & X”Jr2 X”+3 —
where d}. is induced from d%. Moreover, there are canonical chain maps in ¢'(4):
noor="X < X and Ty i X —» 17X,

and a distinguished triangle in Z(4):

AL TC”H
X 5 x X p=tlxy s 1SX ).

Note that H"(X) = t="t="X : 9(4) — A. Let 2=°(4) := {X € 2(4) | H(X) = 0,i > 0}. For each
X € 2=°(4), it is clear that A is an isomorphism in 2(4). In this case, we denote by &x : X — HO(X)
the composition of the inverse X — t='X of A% with 7t0<0X 10X — HO(X). Clearly, if X' = 0 for all
i > 1, then X = 1=9X and Ex = n%. Now, there is a natural transformation

&: Idgeoq — H': 2°°(2) - 2°(a).
When 4 = A°-Mod and X,Y € 2=°(4), we denote the composite of the following morphisms by

Ex@kEy Ehox x)ekH0(y)

Oxy: XLy ——"—= HOX) oL HO(Y)

H(X)®4 HO(Y).
Then Oy y is natural in X and Y. This gives rise to a natural transformation

0 : (m)%(-) —H (=) ouH'(-): 25°(a) x 2=°(42) — A°-Mod.

)

We have the following result.



Lemma 3.2. (1) For X € 9=°(4), the morphism H(Ex) is an automorphism of H°(X).

(2) For a morphism f : X — Y in 9=°(A), there is a unique morphism f': H*(X) — H(Y) in A such
that f& = Ex f'. Moreover, f' = H(Ex) "HO(f)HO (&y).

(3) Let A := A°-Mod. Then the map H°(8xy) : H*(X ®@%Y) — HO(X) @4 HO(Y) is an isomorphism
and Oy y = §X®I]LI‘AYHO(6X?Y). Thus there is a natural isomorphism of functors

H'O_): HY(—&f—) = HY (-) @ H'(—): 2°°(2)x 2=°(4) — A°-Mod.

Proof. (1) and (2) follow from the construction of &. Note that H(Ex ®@% Ey) and HO(E-:HO(X)®% HO(Y))
are isomorphisms. Since o (x), mo(y) is the identity, (3) follows from (2). [

In the rest of this section, let @ : A — A’ be a homomorphism of algebras. Define
W:=®(A), B :=HW), W :=1="W and ¢ := H(®(¢)): B — B

Lemma 3.3. (1) A'®% T is isomorphic in P(A') to a tilting complex if and only if H"(W) = 0 for all
n# 0.

(2) B is an algebra with the multiplication induced from

HO (O 1)~ HO(A), @5 HO (0,7 47) HO(®
B' @B v oWl w) B o gy Ly L0 (@4 ok 4D

where Tt : A' @% A’ — A’ is the composite of Q’@%A’ tA'@% A — A' @4 A with the multiplication map
A @4 AT— A

(3) B and End g A/)(A’ ®£‘ T) are isomorphic as algebras. Moreover, @' is a homomorphism of alge-
bras.

Proof. (1) Since T is isomorphic in Z(A) to a tilting complex P, we have A’ @5 T ~ A’ ®, P in 2(A’)
and A’ @4 P € # P (A'-proj). As add(P) generates .#”(A-proj) as a triangulated category, add(A’ @4 P)
generates #?(A’-proj) as a triangulated category. This implies that A’ ®% T is isomorphic in Z(A’) to a
tilting complex if and only if A’ ®% T is self-orthogonal in Z(A”). Moreover, for n € Z, it follows from
the isomorphism €5 : T ®H/; T — B in 2(B°) that there is a series of isomorphisms

(*) Homg 4 (A’ @5 T,A' &% T(n)) ~ Homg 4 (T, A’ Q% Tn)) ~ Hom ) (T @G T, TV @% A’ &% T[n])

~ Homg ) (B, T" @4 A' ® T[n]) = Homg ) (B,W|[n]) ~ H"(W).
Thus A’ @% T is self-orthogonal if and only if H"(W) = 0 for all n # 0. This shows (1).
(2) If taking n = 0 in (x), we get an isomorphism Endg 4 (A’ ®@%T) ~ B’ of k-modules. Via the
isomorphism, we can transfer the algebra structure of End g4/ (A’ ®% T) to the one of B
Let s; € Homg ) (B, W) for i = 1,2. By (), there are morphisms #; : T — A’ @} T in Z(A) such that
s; = Sgl (Tv ®[H§ t;). By the first isomorphism in (x), we can define a multiplication on the abelian group
Homg4) (T, A ®% T), that is, the multiplication of ¢; with 7, is given by the composition of the morphisms

Al L ]LT
hot: T A QET 42 A Qb A/ b T ™4 A/ QLT
This yields the product s; -2 € Homg g (B, W) of 51 with s, described by the composite of the morphisms

—1 T\/®]L T\/®]LA/®[L o)
sios2: BETV kT A Yk arghr T AR pv ol pr gl il T P v gl At gl — W



Since (4T ®% —, T @% —) is an adjoint pair of functors between Z(B) and Z(A), the composite of the
morphisms

A®A can

Lo—1
T 7ok % Tolrvelr A agkt <

is the identity morphism of 7', where the first and last morphisms are canonical isomorphisms. It follows
that #, is the composite of the morphisms

can T®3T &5

AT < Tk B S5 Tol7V gkt

eARLA' QLT can
—

TRFT' @A T AQLA QT 5 A QLT

and therefore the multiplication s - s, is the composite of the morphisms

Par, (r)

Weks /
B—>W 2 wekB 2 W kW = d(4) @ d(A)) ——> DA 9L A) — =W .

Since the inclusion Aj, : W' — W induces an isomorphism Homg,g) (B,W') ~ Homgg) (B,W ), there are
s; € Homg ) (B,W') for i = 1,2 such that s; = siAY,. Let

5; := sin%, € Homg(B,B').

Since H® induces an isomorphism Hom g (B,W) ~ Homg(B,B') ~ B’ as k-modules, we have H’(s;) =
5;. In the diagram

s . Woks Opr 47 @(T)
B—ow 2 wekB—wWekw — 5w
A T A, ®LB A, LAY,
5 ; _can ' oL " ®H§S/2 ! ]L I ! e Lyt
L R ohn 4 i,
B'®ks
BB . BeLB—"> BB Oy w1
B’ ©kB ng, egB
/ / B ®B 2 / / /
B*>B *>B XpB—> B QB ———B ®pB

of morphisms in Z(B), all the squares are commutative and H°(8y ) is an isomorphism. Let u : B —
B’ ®p B’ be the composite of the morphisms in the bottom line of the diagram. Then

H (s1-52) = uH° (8w wr) "' HO (Ayy 55 My )H (0,4 )H’(P(x)) : B— B'.

Note that u sends the identity 1 of B to (1)s; ® (1)s2. Now, by identifying B" with Homg g (B, W) and
also with Homg(B, B'), (2) can be proved.

(3) The isomorphism Endg 4y (A’ ®% T) ~ B’ as algebras has been shown in the proof of (2). Now,
we denote by up : B'®p B' — B’ the composite of the morphisms in (2). Recall that ®(A) ~ B and
H°(®(A)) =B. If A’ = A and @ = Id4, then B’ = B and up : B®p B — B is the canonical isomorphism
induced by the multiplication of B. For a general ¢ : A — A, there is an equality ug®’ = (¢' @5 @' )up
which means that ¢’ is an algebra homomorphism. Note that if B and B are identified with Endg4)(T)
and Endg(4) (A’ @} T), respectively, then ¢ : B — B’ is exactly the algebra homomorphism induced from
A@y—:9(A)—2(A). 0

The following result provides a method for constructing derived equivalences of algebras with idem-
potents from given ones. It also generalizes derived equivalences of trivial extensions of algebras by
bimodules (see [21, Corollary 5.4]).



Proposition 3.4. Suppose H" (W) = 0 for all n # 0. Then the pairs (A, (e)9) and (B',(f)9') of algebras
with idempotents are derived equivalent. In particular, A" and B' are derived equivalent.

Proof. By Lemma 3.3, A’ @ T is isomorphic in Z(A’) to a tilting complex and End (4 (A’ @5 T) ~ B’
as algebras. It follows from Theorem 2.2 that A’ and B’ are derived equivalent. Clearly, T @5 Bf ~ T f €
add(4T) and A’ ®% T f € add(4A’ ®% T). Since (A,e) and (B, f) are derived equivalent, T f generates
’(add(Ae)) in Z(A) by Lemma 2.4(2). Applying the functor A’ ®% — : 2(A) — Z(A’) to Tf and
" (add(Ae)), we see from the general result in the proof of Lemma 2.5(2) that A’ ®% T'f generates
P (add(A’(e)9)) in Z(A’). Note that

Homg (A’ @) T,A' @4 Tf) ~ Homg s (T,A' ®% T f) ~ Homg g (T @5 T,T" @5 A’ @4 T f)

~ Homg ) (B,W ®5Bf) ~ H' (W) ®pBf ~ B'(f)¢'.
By Lemma 2.4(2), the pairs (A’, (¢)¢) and (B', (f)¢’) are derived equivalent. [J

Now, we turn to mirror-reflective algebras at any levels. Recall that, for each A € Z(A), the multiplica-
tion map (-A) : A — A induces a homomorphism ®; : Ag ®4 Ag — Ag in A°-Mod, which is the composite

of the maps
. (-
Ao ®a Ag &> Ag IL) Ag.

We define the derived version of ®,, to be the composite of the maps in Z(A°®):

LE()

Loy : AQFA—A A

where the first isomorphism is canonical, due to eA ®% Ae ~ A in Z(A°). Note that both @, and L, are
isomorphisms since (-e) is the identity map of A, and that F, and ILF, are fully faithful functors. Thus we
have the following result.

Lemma 3.5. There are isomorphisms
0)(_) : Z(A) i) Homye (AO XA AQ,A()), A W) = (DeFe(~7\,),

Loy : Z(A) — Homgue) (A®y A,A), A Loy = (Lo, )LF,(-A).
Moreover, o, is an isomorphism if and only if A is invertible if and only if Loy, is an isomorphism.

Similarly, for u € Z(T'), there is a homomorphism ®, : @y ®4 @y — Oy in B*-Mod with its derived
version

~ _LF(-
Lo,: 0c50 =0 e
in 2(B°). Following the diagram (), let n : @ o LF, — ILF; 0o ®' be a natural isomorphism of functors
from Z(A°) to 2(B°) and let T : ®'(A) — I be an isomorphism in 2(T).

Lemma 3.6. The following hold for A € Z(A) and u:= (Mo € Z(T').
(1) There are commutative diagrams

Loy, 0an (L)
_—

ASkA- A e efoe) N
eA.Ai L&A ‘C|®]IB"C1\L lrl
; L
Ao @4 Ag — A, Ox% 06 B Q)
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where M € Z(A) and uy € Z(I') are invertible, and T := NALFf(1) : ®(A) — O is an isomorphism.
(2) Let

Wy :=D(Ag), T := ’CflCD(&A) DO — Wy, Yy = §A0®%A0®xxl 1 Ao ®E{ Ag — Ap.
Then there is a commutative diagram in 2 (B°)

Loy,

CXC) Q)
1:2®%172i sz
Pag.a9 P(W2)
Wo @5 Wo ——— "~ W,

(3) If W lies in 2=<°(B®), then there is a commutative diagram in B°-Mod :

(D,u,u’

®p ®p BOp G
Ho(rz)@@BHO(rz)\L iHO(rz)
HO(Owywy) " HO(0ag 4y ) HO (P
HO(W()) 5 HO (Wo) (Bwy.wp) (Dag.a0) H' (P(2)) O(W()),

where u' € Z(T) is invertible. If, in addition, H*(®(Ea)) is an isomorphism, then there is an algebra
isomorphism
H'(®(R(A,e,)))) ~ R(B. fu).

(4) If Wy =~ @ in D(B®), then H*(®(Ey)) is an isomorphism of BS-modules.
Proof. (1) Note that L, is an isomorphism. By Lemma 3.2(2)-(3), LF,(-A)Ex = EAF,(-A) and there is

a unique isomorphism o : Ag ®4 Ag — Ag such that (L, )Ex = 64 a0t. By the first isomorphism in Lemma
3.5, there is an element A; € Z(A)* such that & = @, = ®.F(-A1). Thus

(L(Ox)&A = (Lme)LFe(-k)E_,A = GA’AocFe(-k) = GA’AOJeFe('kl)Fe('k) = GA,Ao)eFe(-(Mul)) = eAVA(D)\;LI .

Hence the diagram in the left-hand side of (1) is commutative.

Since L®, and T are isomorphisms and 1 is a natural isomorphism, there is a unique isomorphism
B:© ®H§ ® — O such that all the squares in the diagram are commutative:
WA

(Lo, POLF,(-L)

O (A) R P(A) D(ARLA) d(A) d(A)
nw%mi ml J{n/\
LFo®' (A) ®% LF; o ®'(A) LF; 0@ (A) — "™ 1 p 0/ (A)
LFf(T)@)HELFf(T)i LFm)l lLFf'(T)
T B 0 LFy () ®

Further, by applying a similar isomorphism in Lemma 3.5 to the pair (B, f), we have B = Lo, =
(Lo )LFf(-u) for some invertible element u; € Z(I"). This implies

BLFy(-u) = (Lg)LFy (- )LFy (1) = (Loog ) LFy (- (1)) = Loy, -

Thus the second diagram in (1) is commutative.

11



(2) It follows from 65 o = (Ea ®% Er)E Aok Ao and the first diagram in (1) that there is the commutative
diagram:

L
AQEA—25 A

E;A@E{Qi l&A

AO ®E{ Ao 4>W}L Ao.

Applying @ and the natural isomorphism ¢_ _ : ®(—) @k ®(—) — &(— @ —) to this diagram, we get
another commutative diagram:

OaaP(Lax)

D(A) @5 P(A) D(A)
(&) @P(En) i (8a)
3]
WO ®% WO ¢AO.AO (WK) WO .

Now, the commutative diagram in (2) follows from the second commutative diagram in (1).
(3) Note that H' o LF, = F,. Applying H° to the diagram in (2), we see from Lemma 3.2(3) that the
squares in the diagram

H(80.0) H° (Lo, )

(1) ) @5 Oy -~ H(O®%0) H(®)
H0(12)®BH0(Tz)l HO(‘CZ(XJ%TZ)i lHO(TZ)
HO By, HO (0, A, ) HO (P

are commutative, where the isomorphisms are due to ®, Wy € 2=°(B®). Moreover, for the pair (B, f) and
uuy € Z(I'), we obtain similarly the following commutative diagrams, in which the second one is obtained
from the first by the functor H:

L HO(L
() Oxke . H@ke) ) g,
8e.0 i l‘i@) H%(8p.0) i lHO(ie)
@) @4 Oy M2 @ . @) @4 O — 12 @,

where i, € Z(T) is invertible and H°(&g) is an automorphism by Lemma 3.2(1). Since the functor Fy
induces an algebra isomorphism Z(I') — Endpe(0y), there is an invertible element u3 € Z(I') such that
H'(&e) = Fy(-u3). This implies

0 —1 —1
(h3) ('OMUI,UZH (§®) = (O,UIJI/JZFf(.luS ) = (OH/JI/JZ/J:‘;I .

Let u' := ;' € Z(T). Then ¢/ is invertible. By (f1)-(k3), we obtain the commutative diagram in (3).
Next, we apply Lemma 3.3(2) to show the algebra isomorphism in (3).
Let A’ :=R(A,e,A\;), B := H°(®(A’)) and @ : A — A’ be the canonical injection. By Lemma 3.3(2),
B’ is an algebra. Since A’ =A@ Ay and ®(A) ~ B, there holds ®(A") ~ B&W, in Z(B°). Now, we identity
B’ with B@ H°(Wp) as BS-modules and describe the multiplication of B in terms of the one of A’ and the
one in Lemma 3.3(2):

12



The multiplication of B with B’ (or B’ with B) is given by left (or right) multiplication since B’ is a
B-B-bimodule; while the multiplication on H°(W;) is induced from the composition

Ho(e z /)_1 HO(XO QL0 )
HO (W) 5 HO (Wo) ————= H*(Wy @ W) —————"— H(Wo & Wo)
0 lHO(q)AO-AO)
HO(@(wy, ) HO(P(E, L, )
HO(W()) ol H° (CI)(AQ ®aA Ao)) R0t HO (CID(A() ®% A()))

where W[ := =W, and the injection ?\.%,0 : W) — Wy is an isomorphism by Wy € 2=(B°). It then follows
from 1
Owomo = (M) ™" @5 (M) ™) Bwrwe = (M, @5 M) Owrwy s

that H° (8w, w,) ™' = HO(Byy wy) "' HO (A, @5 Ay, )- Thus the multiplication of HO(Wy) with H(Wp) in B’
is induced from

H® (Owo ) H (0n0,00) HO (@(y2)) - H(Wo) @5 H®(Wo) — H (Wp).

Suppose that H(®(E,)) is an isomorphism. Then H’(1;) is an isomorphism and B’ ~ B @ @ as B°-
modules. Moreover, the commutative diagram in (3) implies that H°(1,) induces an algebra isomorphism
R(B, f,uu') ~ B’ which lifts the identity map of B. Since A; € Z(A) and u’ € Z(T') are invertible, it
follows from [4, Lemma 3.2(2)] that A’ ~ R(A,e,A) and R(B, f,uu’) ~ R(B, f,u) as algebras. Thus there
are algebra isomorphisms H°(®(R(A,e,1))) ~ H*(®(A")) = B' ~ R(B, f, ).

(4) Under the identifications G,(Ag) = A and A = LF,(A), we see that Eo : A = (LF, 0 G,)(Ag) — Ao
is the counit adjunction morphism of A, associated with the adjoint pair (LF,,G,). Similarly, up to
isomorphism, &g : @ = (LFy o Gy)(®g) — Oy is the counit adjunction morphism of @ associated with
the adjoint pair (LFy,Gy). Now, recall that two morphisms f; : X; — ¥; for i = 1,2 in an additive category
are isomorphic if there are isomorphisms o : X; — X and o : Y1 — Y> such that fio, = o1 f>. By the
diagram (), the functor @ is an equivalence and there is a natural isomorphism

®oLF,0G, — LFfoGro®: Z(A%) — 2(B°).

This implies that ®(Ey) : P(A) — Wy is isomorphic to the counit adjunction morphism of W, associated
with (LF¢,Gy). If Wy =~ @ in Z(B°), then &g and P(E) are isomorphic as morphisms in Z(B°). Since
H°(&g) is an isomorphism by Lemma 3.2(1), H°(®(&,)) is an isomorphism. This shows (4). [J

Proof of Theorem 3.1. For each A € Z(A), let A’ := R(A,e,A), ¢ : A — A’ the canonical injection
and B := H(®(A’)). Since A’ = A® Ay and ®(A) ~ B, we have ®(A’) ~ B® P(Ag). By assumption,
®(Ag) ~ O in Z(B°). This implies ®(A’) ~ B® @ in Z(B°), and therefore B' = B @ H(P(Ag)) ~
B®®g and H"(P(A’)) = 0 for all n # 0. Now, let ¢/ := H(®(¢)) : B— B'. By the multiplication of B in
Lemma 3.3(2), ¢’ is the canonical injection. Then (e)¢ = e € A" and ()¢’ = f € B'. By Proposition 3.4,
(A',e) and (B', f) are derived equivalent. Since ®(Ag) ~ O in Z(B°), it follows from Lemma 3.6(3)(4)
that there is an algebra isomorphism B’ ~ R(B, f, (A)o) which lifts the identity map of B. Consequently,
(A’,e) and (R(B, f,(M)o), f) are derived equivalent. Clearly, (¢)o = f since e and f are identities of A
and T, respectively. Thus (R(A,e),e) and (R(B, f), f) are derived equivalent. [J

A sufficient condition for the isomorphism in Theorem 3.1 to hold true is the vanishing of positive
Tor-groups over corner algebras.

Proposition 3.7. Suppose that there is a derived equivalence between (A,e) and (B, f) of algebras with
idempotents, which is induced by a two-sided tilting complex 5Tg. If Tor’(Ae,eA) =0 = Torg(B f,fB)
forall n> 1, then the derived equivalence ® : 2(A®) — 2(B°) associated with T between the enveloping
algebras A® and B® satisfies ®(Ae @p eA) ~ Bf Qr fB in Z(B°).
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Proof. Since Tor (Ae,eA) = 0 for all n > 1, we have Ae @k eA ~ Ae @5 €A in Z(A°). Similarly,
Bf ®@F fB~Bf @r fB in 2(B%). Moreover, since (A, e) and (B, f) are derived equivalent, it follows from
Lemma 2.4(4) that ®(Ae @Y% eA) ~ Bf @F fB in Z(B°) . Thus ®(Ae @ eA) ~ Bf ®r fB. [

Proof of Theorem 1.1. Suppose that A and B are derived equivalent, gendo-symmetric algebras.
Then the pair (A,e) and (B, f) are derived equivalent by Proposition 2.6. Without loss of generali-
ty, we assume that the derived equivalence between (A,e) and (B, f) is induced by a two-sided tilting
complex T € Z(A ®; B°?). This gives rise to a derived equivalence between A® and B®. Let @ :=
TV @Y% — @Y T 1 2(A°) — 2(B°) be the associated equivalence. Then @ induces an algebra isomor-
phism 6 : Z(eAe) — Z(fBf) (see the lines just before Theorem 3.1). Note that, for the gendo-symmetric
algebra (A,e), there is an isomorphism sAe ®4 eAy ~ D(A) of A-A-bimodules by [7, Section 2.2] or [4,
Lemma 4.1(2)]. Similarly, gBf ®r fBg ~ D(B) as B-B-bimodules. Since ®(D(A)) ~ D(B) in 2(B°), we
have ®(Ae ®p eA) ~ Bf @r fB in 2(B°). Now, Theorem 1.1 follows immediately from Theorem 3.1. [J

Given an algebra A over a field £, the trivial extension of A has the underlying space A @ D(A), where
D(A) = Homy (A, k) is the dual space of A, with the multiplication

(a,f)(b,g) := (ab,ag + fb),a,b € A, f,g € D(A).

As is known, if A = 0 in Theorem 1.1, then the mirror-reflective algebra R(A,e,0) is just the trivial
extension of A (see [4, Section 5.1]). So we recover a result of Rickard in [21] for gendo-symmetric
algebras.

Corollary 3.8. Suppose that A and B are finite-dimensional gendo-symmetric algebras over a field k. If
A and B are derived equivalent, then so are their trivial extensions.

Proof. Let 4Ae and B f be faithful projective-injective modules generated by idempotents e € A and
f € B, respectively. Then Ae ®ca. A ~ D(A) and Bf ®sp¢ fB ~ D(B) by [7, Section 2.2] or [4, Lemma
4.1(2)]. Thus Corollary 3.8 follows from Theorem 1.1 by taking A = 0 € Z(eAe). O

For an algebra A, we denote by Qf4 the syzygy operator of A-mod if i > 0, and co-syzygy operator of
A-mod if i < 0.

Corollary 3.9. Let A be a finite-dimensional symmetric algebra over a field k, M € A-mod a non-
projective module, A := Endx(A @& M) and B := Endx(A & Q) (M)) for some i € Z. Assume that sAe
and gBf are faithful projective-injective modules generated by idempotents e € A and f € B, respectively.
Then R(A,e) and R(B, f) are derived equivalent.

Proof. By [12, Remark, p.132], A and B are derived equivalent and eAe ~ fBf ~ A. Moreover, this
derived equivalence between A and B is given by a tilting module (see [13, Corollary 3.7]). By Theorem
1.1, R(A,e) and R(B, f) are derived equivalent. []

Finally, we show that two tame symmetric algebras D(3D), and D(34); of dihedral types in [5, p.296
and p.295] can be realized as mirror-reflective algebras. They are derived equivalent by Theorem 1.1.

Example 3.10. We consider the truncated polynomial algebra A := k[x]/(x®) over a field k. Let X be the
simple A-module and Y := Q4 (X) be the indecomposable A-module of length 2. Then A := Enda (A®X)
and B := Endx (A ®Y) are derived equivalent, gendo-symmetric algebras. In this case, Ae = Homp (A
X,A) and Bf =Homp(A®Y,A). Clearly, eAe ~ fBf ~ A. Moreover, A and B are given by the following
quivers with relations, respectively:

B
A vClvoz, B: le ™ 2,
W
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PB=o0p=ay=0,7 =po oo = 0.

Further, e and f are corresponding to the vertex 1 in the quivers, respectively. Note that R(A,e) and
R(B, f) can be presented by the following quivers with relations, respectively.

B B B B
R(Aje): v 610302:01377 R(B,f): 10302:01,
Ba=Ba=0, PB=1B=0ay=057=0, Ba = Pa=0,
¥ =Ba, ¥ =pa, ofp+ap =0. afof +apap =o.

By [5, p.296 and p.295], R(A,e) and R(B, f) are tame symmetric algebras of dihedral types D(3D), and
D(34),, respectively. By Theorem 1.1, R(A,e) and R(B, f) are derived equivalent.

Finally, we mention the following questions related to Theorem 1.1.
(1) Suppose that the mirror-reflective algebras (R(A,e),¢) and (R(B, f), f) of gendo-symmetric ale-

bras (A,e) and (B, f) are derived equivalent (see Definition 2.3). Is it true that A and B themselves are
derived equivalent?

(2) Suppose that gendo-symmetric algebras (A, e) and (B, f) are stably equivalent of Morita type. Are

their mirror-reflective algebras also stably equivalent of Morita type?
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