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Derived equivalences for mirror-reflective algebras

Hongxing Chen and Changchang Xi*

Abstract

We show that the construction of mirror-reflective algebras inherits derived equivalences of gendo-
symmetric algebras. More precisely, suppose A and B are gendo-symmetric algebras with both Ae and
Bf faithful projective-injective left ideals generated by idempotents e in A and f in B, respectively.
If A and B are derived equivalent, then the mirror-reflective algebras of (A,e) and (B, f) are derived
equivalent.

1 Introduction

Given an (associative) algebra A over a commutative ring k, an idempotent ¢ of A and an element A in
the center of A := eAe, we introduced the mirror-reflective algebra R(A,e,A) of A at level (e,A) in [4].
Roughly speaking, this algebra has the underlying k-module structure A ® Ae ® 4 eA such that Ae @4 eA is
an ideal in R(A,e,A). The specialization of R(A,e,A) at A = e is called the mirror-reflective algebra of A
at e, denoted by R(A, e). In case that A is a finite-dimensional gendo-symmetric algebra over a field k and
e is an idempotent of A such that Ae is a faithful and projective-injective A-module, the algebra R(A,e)
is called simply the mirror-reflective algebra of A. Such a construction can be iterated and thus supplies
a series of both higher Auslander algebras and recollements of derived module categories. It turns out
that a new characterisation of Tachikawa’s second conjecture for symmetric algebras can be formulated
in terms of stratifying ideals and recollements of derived categories (see [4]]).

Our purpose of this note is to show that the construction of mirror-reflective algebras preserves derived
equivalences. More precisely, we have the following.

Theorem 1.1. Suppose that A and B are finite-dimensional gendo-symmetric algebras over a field k and
that p\Ae and gBf are faithful projective-injective modules generated by idempotents e € A and f € B,
respectively. If A and B are derived equivalent, then there is an isomorphism G : Z(eAe) — Z(fBf) of
algebras from the center of eAe to the one of fBf such that, for any A € Z(eAe), the mirror-reflective
algebras R(A,e,\) and R(B, f,(A)0) are derived equivalent.

During the course of the proof of Theorem [L.1] we will give a general construction of derived equiva-
lences of mirror-reflective algebras of arbitrary algebras at any levels in Theorem 3.1l So Theorem [[1]is
just its consequence.

This note is sketched as follows. In Section 2l we provide preliminaries for the proof of the main result.
This includes recalling basic definitions and proving facts on derived equivalences and on mirror-reflective
algebras . In Section 3] we prove Theorem [3.11
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2 Preliminaries

Let k denote a commutative ring with identity. All algebras in the paper are associative k-algebras with
identity. For an algebra A, we denote by A-Mod the category of all left A-modules. Let A-mod and A-proj
be the full subcategories of A-Mod consisting of finitely generated A-modules and finitely generated pro-
jective A-modules, respectively.

Given an additive category 4, ¢'(A) stands for the category of all complexes X* = (X', d%) over 4
with cochain maps as morphisms, and .# (4) for the homotopy category of €' (4). We write € (4)
and #?(4) for the full subcategories of €' (A) and .# (A4) consisting of bounded complexes over 4,
respectively. When 4 is abelian, the (unbounded) derived category of 4 is denoted by Z(4), which is
the localization of #"(4) at all quasi-isomorphisms.

For an algebra A, we simply write .# (A) for J# (A-Mod) and Z(A) for Z(A-Mod). Also, A-Mod
is often identified with the full subcategory of Z(A) consisting of all stalk complexes concentrated in
degree 0. For an idempotent element e in A, the category .#”(add(Ae)) is identified with its images in
Z(A) under the localization functor % (A) — Z(A).

The composition of two maps f: X — Y and g : Y — Z of sets is written as fg. Thus, for a map
f:X =Y, we write (x)f for the image of x € X under f.

2.1 Derived equivalences of algebras with idempotents

In this subsection, all k-algebras over a commutative ring k are assumed to be projective as k-modules.
Let A°:=A®; A" be the enveloping algebra of an algebra A, and D be the functor Homy(—, k).
We first recall the definitions of tilting complexes and derived equivalences in 20

Definition 2.1. Let A and B be algebras.
(1) A complex P € %" (A-proj) is called a tilting complex if
(i) P is self-orthogonal, that is, Hom ,,, ( A_proj)(P,P[n]) =0 for any n # 0,
(ii) add(P) generates #*(A-proj) as a triangulated category, that is, # " (A-proj) is the smallest
full triangulated subcateory of #*(A-proj) containing add(P) and being closed under isomorphisms.
(2) A complex T € 9(A @ B) is called a two-sided tilting complex if there is a complex T" €
D(B @A) such that T 5TV ~ A in D(A®) and TV @% T ~ B in Z(B°®). The complex T" is called the
inverse of T.
(3) Two algebras A and B are said to be derived equivalent if Z(A) and Z(B) are equivalent as
triangulated categories, or equivalently, ¢ (A-proj) and &~ b (B-proj) are equivalent as triangulated
categories.

Let T be a two-sided tilting complex in Z(A @y B°P) with the inverse T". By Section 3], we have
TV ~ RHom 4 (T,A) ~ RHom g (T,B) in Z(B ®;A°). Moreover, the functor TV @Y% — : Z(A) — 2(B)
is a triangle equivalence with the quasi-inverse T ®% — : Z(B) — Z(A). This implies that 4T and T
are isomorphic to tilting complexes in Z(A) and 2(B°?), respectively. By [20, Lemma 4.3], TV @, T €
PD(A° @y (B®)°P) is a two-sided tilting complex.

The following theorem is well known (see [8] 20)).

Theorem 2.2. Let A and B be k-algebras. The following are equivalent.
(1) A and B are derived equivalent.
(2) There is a tilting complex P € % *(A-proj) such that B ~ End g 4)(P) as algebras.
(3) There is a two-sided tilting complex T € (A ®; BP).

Comparing with recollement-tilting complexes related to idempotents in Definition 3.6], we in-
troduce the definition of derived equivalences of algebras with idempotents.



Definition 2.3. Let A and B be algebras with idempotent elements e = ¢* € A and f = f*> € B. The pairs
(A,e) and (B, f) of algebras with idempotents are said to be derived equivalent provided that there is a
triangle equivalence 9(A) — 2(B) which restricts to an equivalence %" (add(Ae)) — £ (add(Bf)).

Clearly, A and B are derived equivalent if and only if so are the pairs (A,0) and (B,0) if and only if so
are the pairs (A, 14) and (B, 15). The following result is essentially implied in and provides several
equivalent characterizations of derived equivalences of algebras with idempotents. For the convenience
of the reader, we provide a proof.

Lemma 2.4. ([15]) Let A and B be algebras with ¢* = e € A and f*> = f € B. The following are equivalent.
(1) The pairs (A,e) and (B, f) are derived equivalent.
(2) There is a tilting complex P € #*(A-proj) such that P = P, © P, in " (A-proj) satisfying
(a) B~ Endgy)(P) as algebras.
(b) Py generates #*(add(Ae)) as a triangulated category.
(¢) Under the isomorphism of (a), f € B corresponds to the composite of the canonical projection
P — Py with the canonical inclusion Py — P.
(3) There is a two-sided tilting complex T € 2(A @ B°P) with the inverse T" € 9(B®;A?) such that
eT f € D(eAe®y (fBf)P) is a two-sided tilting complex with the inverse fT"e € P(fBf @y (eAe)°P) and
that all 3 squares in the following diagram are commutative (up to natural isomorphism):

Je!
/._\
P2(A) - P (eAe)
N S~
Fl l le

Jf!
T
7(B) ——— ((Bf)
M/

where Fi :=T" @ —, Fy 1= [TV e®py, —, jo = Ae @y, =, je = RHom o (€A, =), jp:= Be®y,
—, jp« = RHom ¢g¢(fB,—), and the functors e- and f- denote the left multiplications by e and f, respec-
tively.

(4) There is a two-sided tilting complex T € 9(A @y B?) with the inverse TV € 9(B®yA?) such that

TV @ (Ae @y, eA) 05 T ~ Bf @y fB € D(B°).

Proof. (1) = (2). Assume (1) holds. Then there is a triangle equivalence F; : Z(A) — Z(B) which
restricts to an equivalence #*(add(Ae)) — #"(add(Bf)). Let Gy : 2(B) — D(A) be the inverse of Fj.
Define P := G|(B), P, := G(Bf) and P, :== G(B(1 — f)). Then P = Py ® P, and P; € .#"(add(Ae)). Since
Bf generates .#?(add(Bf)) as a triangulated category, all conditions (), (b) and (c) hold.

(2) = (3). Let A := eAe. Recall that the adjoint pair (Ae @5 —,e-) between A-Mod and A-Mod
induces a triangle equivalence .#”(add(Ae)) — #(A-proj). Since P; is a direct summand of P and
generates .#”(add(Ae)) as a triangulated category, the complex eP; € % (A-proj) is a tilting complex.
Let T be a two-sided tilting complex in (A ®; B°?) which is induced by 4P. Then the argument in the
proof of Theorem 3.5] shows that (2) implies (3).

(3) = (1). Let I := fBf. Note that the image of the restriction of j, to .#*(A-proj) coincides with
the image of #"*(add(Ae)) in Z(A). Similarly, the image in Z(B) of the restriction of j to ¢ (I-proj)
coincides with the image of #?(add(Bf)) in Z(B). Thus the equivalence F in (3) restricts to an equiv-
alence from .#"*(add(Ae)) to .#*(add(Bf)). Thus (1) holds.

(3) = (4). By Corollaries 3.7 and 3.8], there are isomorphisms in Z(A ®; B°P):

T@SBf @k fB~TfOF fB~Ae @k eT ~Ae @k eARLT.



Applying TV @Y% — : (A @, B°P) — 2(B®) to these isomorphisms yields
BfRFfB=T" @4 T R5BfOF fB~T" Q5 Ae @} eARYT.

(4) = (2). Since 4Ty is a two-sided tilting complex, it follows from (4) that there are isomorphisms
of complexes

(i) Ae®@keA~TREBfREfBRETY € D(A%),

(i) AexeTf~TREBfOFfBRET' QL TRFBf ~Tf € Z(ARTP),
(iii) fTVe@%eTf~ TV @ Ae@keARSTf ~ fBf @k fBf ~T € P(T°),
(iv) eTfREfTVe~eT R5BfRE FBRET e~ eAe®y eAe~ A € D(AC).

Due to (iii) and (iv), A (eT f)r is a two-sided tilting complex with the inverse fTe. In particular, yeT f is
isomorphic to a tilting complex. Since j,; induces a triangle equivalence .7 (A-proj) — .#”(add(Ae)),
the isomorphisms in (ii) imply that T f generates .#*(add(Ae)) as a triangulated category. Clearly, AT
is isomorphic to a tilting complex and has a direct summand 7 f. Moreover, Endg4)(T) >~ B as algebras
and Homgy4)(T,T f) =~ Bf as B-modules. Thus (2) holds. [J

Corollary 2.5. Assume that the pairs (A,e) and (B, f) are derived equivalent. Then
(1) (A°P,e°P) and (B°P, f°P) are derived equivalent.
(2) (A%, e®¢°P) and (B, f ® f°P) are derived equivalent.

Proof. Let (—)* :=Homy (—,A) and P be the tilting complex in LemmaZ.4(2). Then P* € #?(A%-proj)
and P* = P; & P;. By [18| Proposition 9.1], P* is a tilting complex over A°P.

(1) Since (—)* : #P(A-proj) — #(A%-proj) is a triangle equivalence sending Ae to eA, it follows
from Lemma[2Z.4|(c) that P} generates .#"*(add(eA)) as a triangulated category. By LemmalZ.4(a) and (c),
there is an algebra isomorphism B’ ~ End g 4or) (P*) under which f°P is the composition of the projection
P* — Py with the inclusion Pj — P*. Thus (P*,e°P) satisfies Lemma[2.4(2). This shows (1).

(2) Let Q := Py P* € " (A®-proj). We will show that Q satisfies Lemma[2.4(2) for the pair (A°,e®
e°P) and (B, f @ f°P).

In fact, by [20, Theorem 2.1], Q is a tilting complex over A® and Endg4¢)(Q) ~ B®. Clearly, P & P}
is a direct summand of P ®; P* and there are canonical isomorphisms

Hom gae)(Q, Py @4 Py ) = Homy 4 (P, P) @ Homguon) (P, P{) ~ Bf @i fB = B°(f ® fP).

Thus Q satisfies Lemma[R.4)(a)-(b). To show Lemma[2.4{(¢) for Q, we need the following general result:

If L: C — Dis atriangle functor between triangulated categories € and D, then L(triac(add(X))) C
triap(add(L(X))) for any X € C, where triac(add(X)) denotes the smallest full triangulated subcategory
of C containing add(X).

Since eA € "’ (add(eA)) = tria y (4o0) (add(P})), we apply the functor Ae @ — : #*(add(eA)) —
" (add(Ae @y eA)) to the k-module eA and obtain Ae ®y eA € tria y (4¢) (add(Ae @ Py)). Similarly, we
have Ae ® P € tria y (4) (add (P @ P})) by the functor — @ P} : £ (add(Ae)) — £ (add(Ae @y eA)).
Thus Ae ®y €A € tria(add(P; ®x P;)). By the equivalences of Lemma[2.4(1)-(2), the pairs (A°,e ® ¢°P) and
(B®, f ® f°P) are derived equivalent. [J

A finite-dimensional algebra A over a field  is called a gendo-symmetric algebra if A = Endx (A® M)
with A a symmetric algebra and M a finite-dimensional A-module. By [5, Theorem 3.2], A is gendo-
symmetric if and only if the dominant dimension of A is at least 2 and D(Ae) ~ eA as eAe-A-bimodules,
where e € A is an idempotent element such that Ae is a faithful projective-injective A-module.

Proposition 2.6. Proposition 3.9] Suppose that A and B are gendo-symmetric algebras with Ae and
Bf faithful projective-injective modules over A and B, respectively. If A and B are derived equivalent,
then the pairs (A,e) and (B, f) are derived equivalent of algebras with idempotents.
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2.2 Mirror-reflective algebras

In this section, we recall the construction of mirror-reflective algebras in [4]. Assume that A is a k-algebra
over a commutative ring k, e = 2 €A, A:=eAe and Alies in the center Z (A) of A. Recall that the mirror-
reflective algebra R(A,e,A) of A at level (e,A), defined in [4]], has the underlying k-module A ® Ae @4 eA
as its abelian group. Its multiplication x is given explicitly by

(a+be®ec)x(d +bexec) :=ad + (ab'e @ ec’ + be @ ecd’ + bech'e @ Lec')

for a,b,c,d’,b’,c’ € A. This can be reformulated as follows: Let m,_be the composite of the natural maps:

~ - A
(Ae®@peA) R4 (Ae@peA) — Ae @4 (eARsAe) RpeA — Ae QA AR eA Id@QfﬁdAe@AA@AeA — Ae®@p €A,

where (-A) : A — A is the multiplication map by A. Then
(be@ec)® (be®ec))wy = (be®ec) x (be@ec’).

Clearly, R(A,e,0) is exactly the trivial extension of A by Ae ®4 eA. To understand R(A,e,A), we will
employ idealized extensions of algebras.

Definition 2.7. Let X be an A-A-bimodule. An idealized extension of A by X is defined to be an algebra
R such that A is a subalgebra (with the same identity) of R, X is an ideal of R, and R =A@ X as A-A-
bimodules. Two idealized extensions Ry and Ry of A by X are said to be isomorphic if there exists an
algebra isomorphism ¢ : R| — Ry such that the restriction of ¢ to A is the identity map of A and the one
of ¢ to X is an bijection from X to X.

Clearly, an algebra R is an idealized extension of A by X if and only if R contains A as a subalgebra and
there is an algebra homomorphism 7 : R — A with X = Ker(m) such that the composite of the inclusion
A — R with mis the identity map of A. Hence a mirror-reflective algebra R(A, e, A) is an idealized extension
of A by Ae ®@p eA.

Let

F:=Ae®@p—®@peA: A°-Mod — A°-Mod, M +— Ae @AM @y €A,

G:=e(—)e: A°-Mod — A°-Mod, M > eMe
for M € A°~-Mod. Since e ® ¢°P is an idempotent element of A and there are natural isomorphisms
F~A%(e®eP)®@pe— and G~ Homye(A®(e®e?),—),
(F,G) is an adjoint pair and F is fully faithful. This implies the following.
Lemma 2.8. The functor F induces an algebra isomorphism
p: Z(A) — Endgc(Ae®@p€A), A Py = [ae® eb — aeh ® eb]

for L€ Z(A) and a,b € A. Moreover, @) = ®,p).

The following result parameterizes the idealized extensions of A by Ae @x eA.

Proposition 2.9. Let Z(A)* be the group of units of Z(A), that is, Z(A)* is the group of all invertible
elements in Z(A). Then there exists a bijection from the quotient of the multiplicative semigroup Z(A)
modulo Z(A)* to the set ./ (A, e) of the isomorphism classes of idealized extensions of A by Ae @ eA:

Z(N)JZ(N)* — L (Ae), AZ(A)* — R(A,e,\) for A€ Z(A).



Proof. Let Zo(A) :=Z(A)/Z(A)* ={AZ(A)* | A€ Z(A)} and [A] :=AZ(A)* € Zo(A) for L € Z(A).
By [4, Lemma 3.2(2)], if u € Z(A)*, then R(A,e,\) ~ R(A,e,Au) as algebras. This means that the map

¢Q:Zy(A) — FL(A,e),[\] — R(A,e,\)

is well defined. Let R be an idealized extension of A by X := Ae®x eA. Then the multiplication of R
induces a homomorphism ¢ : X ®4 X — X of A°~-modules. Recall that ®, : X ®4 X — X is an isomorphism
of A°-modules. Let ¢/ := @, '¢. Then ¢/ € Endse(X) and ¢ = ®,¢’. By Lemma 2.8 ¢’ = p, for some
z€Z(A) and ¢ = .. Thus R = R(A, e,z) and @ is surjective.

Now, we show that @ is injective. Suppose A; € Z(A) for i = 1,2 and R(A,e, A1) ~ R(A,e,\y) as
algebras. Set R; := R(A,e, ;). By Definition[2.7] there is an algebra isomorphism f : Ry — R, such that
fla =1da and o := f|x : X — X is an isomorphism of ideals. This implies that o is a homomorphism
of A®-modules and (00 ®4 0)0y, = 0y, 0 : X ®4 X — X. Since w), = ®.p), by Lemma 2.8 there holds
(00 @4 O)OP3, = 0Py, A Let 6:= 0, ' (0 ®4 &), € Endge(X). Then o is an isomorphism of A°-
modules and p), o = opy,. Again by Lemma2.8] oo = p. and 6 = py for some ¢,d € Z(A)*. It follows
that Ajc = d\,, and therefore [A;] = [Ay]. O

3 Derived equivalences of mirror-reflective algebras

In this section, k£ denotes a commutative ring, all algebras are k-algebras which are projective as k-
modules.

Assume that the pairs (A,e) and (B, f) of algebras with idempotents are derived equivalent. By
Lemma 2.4] there is a two-sided tilting complex T € Z(A ®; B°?) with the quasi-inverse T such that
T TV € D(A° @y (B°)P) is a two-sided tilting complex with the inverse 7" ®; T, and there is a derived
equivalence:

=T 5T ~ (T & T) @Y% — : 2(A°) — 2(B°)

which sends A to B up to isomorphism (see [20]). Let ey : T ®H§ TV —-Aandeg: TV ®E{ T — B be the
associated isomorphisms in Z(A°) and Z(B°), respectively. Now, we introduce the notation

A= eAe, I'= fov GE = 6(—)6, Gf = f(_)f7
F,=Ae®p—®peA: A°-Mod — A°-Mod, Fy=Bf®r—®r fB: I*-Mod — B°-Mod,
LF, = Ae®% — @K eA: D(A®) — D(A®), LF;=Bfor—@FfB: 2(I%) — 2(B°),
@ = fTVexs —@%kelf: D(A®) — D(I°),
Ag=Ae@peA, A=Ae®%eA, ©y=BforfB, ©O=BfkfB,
together with the identifications (up to isomorphism):
Ag=H"(A), ® =H"(®), A=LF,(A), ©®=LF(T).

By Lemma[2.4land Corollary up to natural isomorphism, two squares in the diagram are commutative:

)  2(4%) — J(A°)
cbl LFy lcb'
e T

2(8°) — (1)



where @' is the derived equivalence associated with the two-sided tilting complex T f € (A ®; T).
Note that @, P, LF, and LF; commute with derived tensor products. Namely, for U,V € Z(A°), there are
isomorphisms

SUREV) =TV USAQLV LT~ TV @S U ST 5TV @5V i T = o(U) of o(V)
where the second isomorphism follows from A ~ T ®Hg TV in 2(A®). This provides a natural isomorphism
O B()RED(—) — P(—Rf ) D(A%) x D(A°) — D(B°).

Since @'(A) ~ T, there is an algebra isomorphism
G:Z(A) — Z(I)
defined by the series of isomorphisms Z(A) ~ Endae(A) — Endre(®'(A)) — Endre(T) ~ Z(T).
Our main result on derived equivalences of mirror-reflective algebras is the following.

Theorem 3.1. Suppose that there is a derived equivalence between (A,e) and (B, f) of algebras with
idempotents, which gives rise to a two-sided tilting complex 5Tg. If the derived equivalence ® : 9(A°) —
9 (B°) associated with T between the enveloping algebras A® and B¢ satisfies ®(Ae @5 eA) ~ Bf Qr [B
in 9(B®), then there is an algebra isomorphism 6 : Z(A) — Z(T') such that, for each A € Z(A), the pairs
(R(A,e,k),e) and (R(B, f,(A)o), f) of algebras with idempotents are derived equivalent. In particular,
R(A,e) and R(B, f) are derived equivalent.

Before starting with the proof of Theorem [3.1] we first fix notation on derived categories.
Let A4 be an abelian category. For each X := (X' d%);cz € ¢ (A) and n € Z, there are two truncated
complexes

dy
Sy sy xn3 B 2 B e 1—>Ker(dX)—>0
dyt
=X 00— Coker(d)'}_l) X”Jrl X”"’2 X”+3 —
where @ is induced from dj. Moreover, there are canonical chain maps in ¢’ (A4):
BotS"X < X and T X —» 17X,

and a distinguished triangle in Z(4):

AL TC"H
D Gt GESY LS =Y =0 ¢ |

Note that H"(X) = t="1="X : 9(4) — A. Let 2=°(4) := {X € 9(4) | H(X) = 0,i > 0}. For each
X € 2<9(4), it is clear that 1Y is an isomorphism in @( ). In this case, we denote by &y : X — H?(X)
the composition of the inverse X — t=°X of A} with 7° <oy - =0X — HO(X). Clearly, if X' = 0 for all
i>1,then X =1°X and £y = TEX Now, there is a natural transformation

&: ldgeoq — H: 27°(2) » 27°(4).
When 4 = A°-Mod and X,Y € 2=°(4), we denote the composite of the following morphisms by

Ex@kEy §H°<x>®%ﬁo<y>

Oxy: XLy ———=H' (X)L HO(Y) HO(X) @4 HO(Y).

Then Oy y is natural in X and Y. This gives rise to a natural transformation
0. _: (1) () —H () @sH'(-): 2=°(a)x 2=°(4) — A°-Mod.

We have the following result.



Lemma 3.2. (1) For X € 2=°(4), the morphism H°(Ey) is an automorphism of H°(X).

(2) For amorphism f:X —Y in 2=°(A), there is a unique morphism f': H*(X) — H(Y) in 4 such
that f&y =Ex f'. Moreover, f' = H(Ex)'HO(f)HO(Ey).

(3) Let A := A°-Mod. Then the map H%(8xy) : HO(X ®@%Y) — H(X) ®4 H°(Y) is an isomorphism
and Oy y = §X®%YH O(GX’y). Thus there is a natural isomorphism of functors

H0_ ): H'(—@f—) S HY—)ouH)(=): 25°(4) x 2=°(4) — A°-Mod.

Proof. (1) and (2) follow from the construction of &. Note that H%(Ex ®@% Ey) and HO (&0 (X)&kHO(Y))
are isomorphisms. Since &0 (x),m0(y) 18 the identity, (3) follows from (2). [J

In the rest of this section, let @ : A — A’ be a homomorphism of algebras. Define
W :=®(4A'), B :=H'(W), W :=1=W and ¢ := H(®(¢)):B— B'.

Lemma 3.3. (1) A’ @% T is isomorphic in P(A') to a tilting complex if and only if H"(W) = 0 for all
n#0.

(2) B’ is an algebra with the multiplication induced from

HO By )" HOO @L)0 HO(04 0) (@
B/®BB/ W w HO(W/®%W/) (A 5y ) HO(W®H]§W) :,A HO(CD(A/@E{A/)) ( (n))B/

where T : A’ @% A" — A’ is the composite of &1, 1 A’ @5 A" — A’ @4 A’ with the multiplication map
A A'R%A A
A @A — A
3) B' and End g4\ (A’ @% T) are isomorphic as algebras. Moreover, ¢' is a homomorphism of alge-
(A" A ¢
bras.

Proof. (1) Since T is isomorphic in Z(A) to a tilting complex P, we have A’ @5 T ~ A’ ®, P in 2(A’)
and A’ @4 P € # P (A'-proj). As add(P) generates .#”(A-proj) as a triangulated category, add(A’ @4 P)
generates .# ”(A’-proj) as a triangulated category. This implies that A’ ®E{ T is isomorphic in Z(A’) to a
tilting complex if and only if A’ ®11]& T is self-orthogonal in Z(A’). Moreover, for n € Z, it follows from
the isomorphism €5 : TV ®@% T — B in Z(B°) that there is a series of isomorphisms

(*) Homg (A’ @% T,A' @5 T[n)) ~ Homg4)(T,A’ @5 Tn)) ~ Homg) (T YT, TV @5 A' &% T[n])

~ Homy ) (B, T" @4 A' ® T[n]) = Homg ) (B,W[n]) ~ H"(W).
Thus A’ @% T is self-orthogonal if and only if H"(W) = 0 for all n # 0. This shows (1).
(2) If taking n = 0 in (%), we get an isomorphism End@(A/)(A’ ®E{ T) ~ B’ of k-modules. Via the
isomorphism, we can transfer the algebra structure of Endg ) (A’ ®[H; T) to the one of B'.
Let s; € Homg,)(B,W) for i = 1,2. By (), there are morphisms 7; : T — A’ @ T in Z(A) such that
s; = 8;;1 (v ®[H; t;). By the first isomorphism in (), we can define a multiplication on the abelian group
Homg4) (T,A ®% T), that is, the multiplication of #; with #, is given by the composition of the morphisms

Al L ]LT
hoty: TS A QYT 5 A QA LT ™5 A' QLT
This yields the product s; =52 € Homgg) (B, W) of 51 with s, described by the composite of the morphisms

—1 TV L TV ]LAI L D
s1os2: BTV kT A Vel a gkt AR pv ol ar gl ol T PH v gl At gl — W,



Since (4T ®% —,pT" ®% —) is an adjoint pair of functors between Z(B) and Z(A), the composite of the
morphisms

ea@kT A can,

T Lo—1
T TekB 2% TLTVRLT A Ak &S T

is the identity morphism of 7', where the first and last morphisms are canonical isomorphisms. It follows
that #, is the composite of the morphisms

TRLTY Al
AT 7 alB % TRVl O ol TV ol o ok T M Ak A QT S A Rk T

and therefore the multiplication s; - s, is the composite of the morphisms

O (n)

Wk
B W S Wk Bl W ek W = d(A) ok d(4)) L (A’ @k AY) S W

Since the inclusion AJ, : W' — W induces an isomorphism Homg,g) (B,W') ~ Homgg) (B,W ), there are
s; € Homgg) (B,W’) for i = 1,2 such that s; = sjA),. Let

5; := sinh, € Homg(B,B').

Since H? induces an isomorphism Hom g (B, W) ~ Homg(B,B') ~ B’ as k-modules, we have H'(s;) =
s;. In the diagram

]L Our 4 @(TC)
B w Wk Ty gl 2 w
A T A, ®EB A, @AY,
s ;  can /<L W®Hl§sl2 ! oLyt ! oLyt
B——W —WQRgB—— W RgW =W ez W
R(V)V,L %, ®5B 0, QFTY,
B' ok
B p e polp PO poLp O 1
‘ ‘ B/ ekp ng/ ekp
/ / B®b’ 52y / / /
B—>B —>B QpB— B'QpB ———=B ®pB

of morphisms in Z(B), all the squares are commutative and H°(By y) is an isomorphism. Let u: B —
B’ ®p B’ be the composite of the morphisms in the bottom line of the diagram. Then

HO(s1 - 52) = i (Oyrap) " HOO, @52y HO (0404 ) HO(@(T)) : B — B

Note that ¢ sends the identity 1 of B to (1)s; ® (1)s2. Now, by identifying B’ with Hom g (B,W) and
also with Homg (B, B’), (2) can be proved.

(3) The isomorphism End 41 (A’ ®@% T) ~ B’ as algebras has been shown in the proof of (2). Now,
we denote by up : B'®@p B’ — B’ the composite of the morphisms in (2). Recall that ®(A) ~ B and
H°(®(A)) =B. If A’ = A and @ = Idy, then B’ = B and up : B®pB — B is the canonical isomorphism
induced by the multiplication of B. For a general ¢ : A — A, there is an equality ug®’ = (¢' @ @ )up
which means that ¢’ is an algebra homomorphism. Note that if B and B’ are identified with End_@(A)(T)
and Endg ) (A’ ®[H; T), respectively, then @' : B — B’ is exactly the algebra homomorphism induced from
ARk—:9(A)—2(A).0

The following result provides a method for constructing derived equivalences of algebras with idem-
potents from given ones. It also generalizes derived equivalences of trivial extensions of algebras by
bimodules (see Corollary 5.4]).



Proposition 3.4. Suppose H"(W) = 0 for all n # 0. Then the pairs (A’,(e)®) and (B',(f)®) of algebras
with idempotents are derived equivalent. In particular, A’ and B' are derived equivalent.

Proof. By Lemma[3.3] A’ ®@% T is isomorphic in 2(A’) to a tilting complex and End g4 (A’ @%T)~B
as algebras. It follows from Theorem [2.2] that A" and B’ are derived equivalent. Clearly, T ®H§ Bf~Tf ¢
add(4T) and A’ ®% T f € add(4A’ ®% T). Since (A,e) and (B, f) are derived equivalent, T f generates
’(add(Ae)) in Z(A) by Lemma 2.4(2). Applying the functor A’ ®@% — : 2(A) — Z(A’) to Tf and
" (add(Ae)), we see from the general result in the proof of Lemma [23(2) that A’ @} T f generates
b (add(A’(e)9)) in Z(A’). Note that

Homg ) (A" @5 T,A' @ T f) ~ Homya) (T,A’ @4 T f) =~ Homgg) (T @5 T, TV @5 A' @4 T f)

~ Homy ) (B,W @5 Bf) ~ H'(W) @5 Bf ~ B'(f)¢'.
By Lemma[2.4]2), the pairs (A’, (e)9) and (B, (f)¢') are derived equivalent. [J

Now, we turn to mirror-reflective algebras at any levels. Recall that, for each A € Z(A), the multiplica-
tion map (-A) : A — A induces a homomorphism ) : Ag ®4 Ag — Ag in A°-Mod, which is the composite
of the maps

(A
Ao &4 Ao 25 Ag =) A,

We define the derived version of my, to be the composite of the maps in Z(A°):

LE()

Loy, : AQKA — A A

where the first isomorphism is canonical, due to eA @ Ae ~ A in Z(A°). Note that both @, and L, are
isomorphisms since (-e) is the identity map of A, and that F, and ILF, are fully faithful functors. Thus we
have the following result.

Lemma 3.5. There are isomorphisms
o) Z(A) — Homue (Ag ®4 Ao, Ag), A @y = @F, (L),
Loy : Z(A) — Homge) (A®Y A,A), A+ Loy, = (Loe)LF,(-A).
Moreover, ®,, is an isomorphism if and only if A is invertible if and only if Ly, is an isomorphism.

Similarly, for u € Z(T'), there is a homomorphism ®, : @y ®4 @y — O in B*-Mod with its derived
version

~ _LF(-
Lo,: 0c50 0 e
in 2(B°). Following the diagram (), letn : ® o LF, — LF; o @' be a natural isomorphism of functors
from Z(A°) to Z(B°) and let T: ®'(A) — T be an isomorphism in 2(T).

Lemma 3.6. The following hold for . € Z(A) and u:= (A)o € Z(T').
(1) There are commutative diagrams

Loy, 0an P (Loy,)

AGEA A B 2f o) (a)
eA,Al léA w@%‘cll ‘/11
® L
Ao @4 Ao — > Ao, O®R5O il ¢}

10



where M € Z(A) and py € Z(I') are invertible, and Ty := NALLFf(1) : ®(A) — O is an isomorphism.
(2) Let

Wy = CD(A()), Ty = ’Cflq)(gA) 0 — W, Yy = &»AO@%AO(OKM A, ®1H§ Ay — Ap.

Then there is a commutative diagram in 9 (B°) :

Lo,
050 - c)
Tz®%‘€2l L‘Cz
0ag.a9 P(W2)
Wo ®H§ Wo fofo 7T Wo.

(3) If Wy lies in 2=°(B®), then there is a commutative diagram in B*-Mod :

(DW/

By ®p Op )
HO(‘CQ)@‘BHO(‘Q)\L lHO(‘Cz)
HO (O, w, )L HO (0p A ) HO(P
HO(WO) . HO(WO) (Bwy.wp) (Dag.a0)H"( (W))HO(W()),

where u' € Z(T') is invertible. If. in addition, H*(®(Ep)) is an isomorphism, then there is an algebra
isomorphism
HY(®(R(A,e,1))) ~ R(B. f.u).

(4) If Wo =~ @q in Z(B®), then H*(®(E,)) is an isomorphism of B¢-modules.
Proof. (1) Note that Lo, is an isomorphism. By Lemma[3.2(2)-(3), LF,(-A)&x = EaF.(-A) and there is

a unique isomorphism o : Ag ®4 Ag — Ag such that (L, )Ex = 0 a0. By the first isomorphism in Lemma
there is an element A; € Z(A)* such that o0 = 0y, = ®.F,(-A;). Thus

(IL(D;L)&A = (LO)K)LFK('}.)QA = GAAOCFE(';\,) = eA’AOJKFe('Xl)FK('}.) = GAA(I)@FK('(;\)\,l)) = eA,A(DA)LI .

Hence the diagram in the left-hand side of (1) is commutative.

Since L, and T are isomorphisms and m is a natural isomorphism, there is a unique isomorphism
B:O ®H§ ® — O such that all the squares in the diagram are commutative:
Oan

(Lo,) DOLF, (1)

D(A) @k d(A) oAk A) T (A ®(A)
m@%ml mi ln/\
LF;o® (A) ®% LF;o®'(A) LE;0® (A) — ™ 1 p oa/(A)
]LF/»(T)®H,§ILFf(I)l LFJ-(‘C)L lw,»(»c)
05k 0 B o LF} (1) o

Further, by applying a similar isomorphism in Lemma to the pair (B, f), we have B = L, =
(Los)LFf(-u1) for some invertible element u; € Z(I"). This implies

BLFy(-u) = (Lovg ) LFy(-pn )LFr () = (Loog) LF7 (- (pn ) = Ly, -

Thus the second diagram in (1) is commutative.
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(2) It follows from By o = (€5 @ EA)E Aocka, and the first diagram in (1) that there is the commutative
diagram:
]L(D;L

ARYA —"=A
§A®%§Al L@A

Ao ®£‘ Ao L Ag.

Applying @ and the natural isomorphism ¢_ _ : ®(—) @ ®(—) — &(— @ —) to this diagram, we get
another commutative diagram:

OanD(Loy,)
- s

D(A) R D(A) D(A)
q)(&A)@%CD(&A)l qug)
@
Wo ®1]]§ Wo 0ag.00P(W1) Wo.

Now, the commutative diagram in (2) follows from the second commutative diagram in (1).
(3) Note that H o ILF, = F,. Applying H° to the diagram in (2), we see from Lemma[3.2[3) that the
squares in the diagram

Ho(e@,@) HO(]L(DH“] )

(1) B®p ®pOg — H'(® % 0) H(O®)
H0(72)®3H0(T2)l H0(12®H§T2)l lHO(Tz)
HO Oy, HO(0py ) HO (P
HO(W()) ®p HO(W()) % HO(W() ®]]§ W()) ( A(),A()) (@(w2) HO(WO)

are commutative, where the isomorphisms are due to ®, Wy € 2=(B%). Moreover, for the pair (B, f) and
uuy € Z(I'), we obtain similarly the following commutative diagrams, in which the second one is obtained
from the first by the functor H°:

L HO(L
() ©ke—.@ HO©ck ) ) g
ee,el lie H°<e@,@>l lHO(%)
©p @4 O il 0, ©p @4 B9 il CN)

where w, € Z(T') is invertible and H(&g) is an automorphism by Lemma[3.2(1). Since the functor F
induces an algebra isomorphism Z(I") — Endpe (@), there is an invertible element u3 € Z(I") such that
H°(&e) = Fy(-u3). This implies

0/g \—1 —1
(83) Oy (Go) ™ = Oy Fr (143 ):“)yplyzygl'

Let y' := pipops '€ Z(I'). Then ¢/ is invertible. By (;)-(f3), we obtain the commutative diagram in (3).
Next, we apply Lemma[3.3]2) to show the algebra isomorphism in (3).
Let A’ :=R(A,e,A\;), B’ := HO(®(A’)) and ¢ : A — A’ be the canonical injection. By Lemma[3.3(2),
B’ is an algebra. Since A’ =A@ Ag and ®(A) ~ B, there holds ®(A’) ~ B&W, in Z(B°). Now, we identity
B’ with B H(Wp) as B°-modules and describe the multiplication of B in terms of the one of A’ and the
one in Lemma[3.3[2):
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The multiplication of B with B’ (or B’ with B) is given by left (or right) multiplication since B’ is a
B-B-bimodule; while the multiplication on H°(Wj) is induced from the composition

Ho(e ’ /)71 HOO\.O ®JL7LO )
HO(Wo) @5 HO(Wo) ———2— HO(W, @5 W) ———2" o HO(Wo @ W)
. lHO(%O,AO)
HO(®(wy,,)) HY(®(E, 1))
HO(W()) d H° (CI)(A() XA Ao)) oni H° (CD(AO ®£‘ Ao))

where W := t=°W and the injection 7"%/0 : W — W) is an isomorphism by Wy € 2<°(B°). It then follows
from |
Owo.mo = (M) ™" @5 (M) ™) Owgwg = (A, @5 AW,) Oy

that HO (8w, w,) "' = HO(By wy) ' H (A, @5 Ay, )- Thus the multiplication of HO(Wy) with H(Wp) in B’
is induced from

H°(Owy )~ HO (Qag.00) H(P(w2)) = H(Wo) @5 HO(Wo) — H(Wp).

Suppose that H(®(E,)) is an isomorphism. Then H’(1,) is an isomorphism and B’ ~ B @ @ as B°-
modules. Moreover, the commutative diagram in (3) implies that H(1,) induces an algebra isomorphism
R(B, f,uu’) ~ B’ which lifts the identity map of B. Since A; € Z(A) and y’ € Z(I") are invertible, it
follows from [4, Lemma 3.2(2)] that A’ ~ R(A,e,A) and R(B, f,uu’) ~ R(B, f,u) as algebras. Thus there
are algebra isomorphisms H(®(R(A,e,1))) ~ H*(®(A")) =B ~R(B, f,u).

(4) Under the identifications G.(Ag) = A and A = LF,(A), we see that Ex : A = (LF,0G,)(Ay) — Ao
is the counit adjunction morphism of A, associated with the adjoint pair (LF,,G,). Similarly, up to
isomorphism, &g : ® = (LFf 0 Gf)(0g) — Oy is the counit adjunction morphism of @ associated with
the adjoint pair (LFy,Gy). Now, recall that two morphisms f; : X; — Y; for i = 1,2 in an additive category
are isomorphic if there are isomorphisms o : X; — X and o, : Y7 — Y» such that fio, = o f. By the
diagram (), the functor @ is an equivalence and there is a natural isomorphism

®olLF,0G, — LFfoGrod: 9(A%) — Z(B°).

This implies that ®(E,) : ®(A) — W is isomorphic to the counit adjunction morphism of W, associated
with (LFf,Gy). If Wy >~ @ in Z(B°), then &g and P(Ex) are isomorphic as morphisms in Z(B°). Since
H°(Eg) is an isomorphism by Lemma[B.2(1), H°(®(&,)) is an isomorphism. This shows (4). [J

Proof of Theorem 3.1 For each A € Z(A), let A’ := R(A,e,\), ¢ : A — A’ the canonical injection
and B' := H°(®(A’)). Since A’ =A@ Ay and ®(A) ~ B, we have ®(A’) ~ B® P(Ag). By assumption,
®(Ag) ~ ©p in Z(B°). This implies ®(A") ~ B® @ in Z(B°), and therefore B’ = B® H(®(Ay)) ~
B®® and H"(®(A")) = 0 for all n # 0. Now, let ¢ := H(®(¢)) : B— B'. By the multiplication of B in
Lemma[3.3(2), ¢’ is the canonical injection. Then (e)¢ = e € A" and (f)¢’ = f € B". By Proposition 3.4]
(A’Je) and (B', f) are derived equivalent. Since ®(Ag) ~ @y in Z(B°), it follows from Lemma [3.6(3)(4)
that there is an algebra isomorphism B’ ~ R(B, f, (A)c) which lifts the identity map of B. Consequently,
(A’,e) and (R(B, f,(M)o), f) are derived equivalent. Clearly, (¢)o = f since e and f are identities of A
and T, respectively. Thus (R(A,e),e) and (R(B, 1), f) are derived equivalent. (]

A sufficient condition for the isomorphism in Theorem [3.1] to hold true is the vanishing of positive
Tor-groups over corner algebras.

Proposition 3.7. Suppose that there is a derived equivalence between (A,e) and (B, f) of algebras with
idempotents, which is induced by a two-sided tilting complex sTg. If Torjl\(Ae,eA) =0= Torg(B f,fB)
forall n > 1, then the derived equivalence ® : 7(A®) — 2(B°) associated with T between the enveloping
algebras A® and B® satisfies ®(Ae @p eA) ~ Bf Qr fB in Z(B°).
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Proof. Since Tor (Ae,eA) = 0 for all n > 1, we have Ae @K% eA ~ Ae @5 eA in Z(A°). Similarly,
Bf ®F fB~Bf ®r fBin 2(B%). Moreover, since (A,e) and (B, f) are derived equivalent, it follows from
Lemma[2.4(4) that ®(Ae @Y eA) ~ Bf @F fB in Z(B°) . Thus ®(Ae @ eA) ~ Bf ®r fB. O

Proof of Theorem [I.Il Suppose that A and B are derived equivalent, gendo-symmetric algebras.
Then the pair (A,e) and (B, f) are derived equivalent by Proposition Without loss of general-
ity, we assume that the derived equivalence between (A,e) and (B, f) is induced by a two-sided tilt-
ing complex T € Z(A @, B°). This gives rise to a derived equivalence between A® and B°. Let ® :=
TV @% — L T: 2(A°) — 2(B°) be the associated equivalence. Then @ induces an algebra isomorphism
0 :Z(eAe) — Z(fBf) (see the lines just before Theorem B.1)). Note that, for the gendo-symmetric algebra
(A,e), there is an isomorphism 4Ae ® eAs =~ D(A) of A-A-bimodules by [6, Section 2.2] or [4, Lemma
4.1(2)]. Similarly, gBf ®r fBg ~ D(B) as B-B-bimodules. Since ®(D(A)) ~ D(B) in 2(B®), we have
D(Ae @4 eA) ~ Bf ®@r B in 2(B®). Now, Theorem [l follows immediately from Theorem 3.1} OJ

Finally, we present an example to illustrate the main result. We consider the truncated polynomial
algebra A := k[x]/(x*). Let X be the simple A-module and Y the indecomposable A-module of length 2.
Then A := EndA(A@® X) and B := Enda (A @Y ) are derived equivalent, gendo-symmetric algebras. In this
case, Ae = Homp (A @ X, A) and Bf = Homp (A @Y, A). Clearly, eAe ~ eBe ~ A. Moreover, A and B are
given by the following quivers with relations, respectively:

B B
A YCIOAOL B: IOAOZ,
i e
af = oy =0, ¥ = Bo. apap = 0.

Further, e and f are corresponding to the vertex 1 in the quivers, respectively. R(A,e) and R(B, f) are
presented by the following quivers with relations, respectively.

B B p p
R(Aje): v CI‘C'Z:'I 377 R(B,f): 10302:01,
Bo=Po =0, ay=ay=0, Ba.=Bo=0,
Y =Bo, ¥ =B, af+ap =0. oo + afap = 0.

By Theorem[L1l R(A,e) and R(B, f) are derived equivalent.
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