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Abstract

Let A be an Artin algebra and e an idempotent element in A. In this paper, we use co-homological con-
ditions on A to control the finitistic dimension of eAe. Such a consideration is of particular interest for
understanding the finitistic dimension conjecture. Let us denote the finitistic dimension and global dimen-
sion of A by fin.dim(A) and gl.dim(A), respectively. Suppose gl.dim(A) < 4. Then fin.dim(eAe) < oo if
one of the following conditions holds: (1) A/AeA has representation dimension at most 3; (2) .(2;3 (A)
is an A/AeA-module; (3) proj.dim( 45) < 3 for all simple A/AeA-modules S. This result can be consid-
ered as a first step to the question of whether gl.dim(A) < 4 implies fin.dim(eAe) < co. Moreover, we
show the following: Let A be an arbitrary Artin algebra and e an idempotent element of A such that the
x-syzygy dimension or the Gorenstein dimension of the e Ae-module Ae is finite. If fin.dim(A) < oo, then
fin.dim(eAe) < oo.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Finitistic dimension; Global dimension; Gorenstein dimension; Idempotent element; *-Syzygy module

1. Introduction

Let A be an Artin algebra. The famous finitistic dimension conjecture says that there exists
a uniform bound for the finite projective dimensions of all finitely generated (left) A-modules
of finite projective dimension. This conjecture is related to many other homological conjectures
and attracts many algebraists, for example, Maurice Auslander, one of the founders of the mod-
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ern aspects of the representation theory of Artin algebras [3, p. 501]. As we know, “one of his
main interests in the theory of artin algebras was the finitistic dimension conjecture and related
homological conjectures” [3, p. 815]. Now, this conjecture is more than 45 years old (see [9])
and, to the best knowledge of the author, still remains open. To attack this conjecture, a new idea
was introduced in [29,30], that is, the comparison of the finitistic dimensions of the pairs B € A
of algebras such that B is a subalgebra of A with the same identity and that the radical of B is
a left ideal in A. In this note, we discuss another type of pair of algebras: B =eAe C A with e
an idempotent element in A, and compare their finitistic dimensions. In this case, the algebras A
and B usually have different identities.

Contrary to the usual consideration in the literature, where one often uses information on
eAe to get information on A (see [13] for a discussion), we may consider the following inverse
question:

Suppose the global dimension of A is finite. Is it possible to show that the finitistic dimension
of eAe is finite?

Apparently, this question is of particular interest for solving the finitistic dimension conjec-
ture. The reason is that an affirmative answer to the question will lead to a positive solution to
the finitistic dimension conjecture. This can be seen from a result of Auslander, which states that
every Artin algebra B is of the form eAe with A being of finite global dimension (see [4]). In
fact, Dlab and Ringel proved that A even can be assumed to be quasi-hereditary (see [11] and
[24]). Another motivation for our consideration is an effort to generalize a recent result of Igusa
and Todorov, which says that if the global dimension of A is at most three, then the finitistic
dimension of eAe is finite (see [20]). Therefore, as a first step in this direction, we consider in
this note the following special question:

Question. If the global dimension of A is at most 4, is it possible to show that the finitistic
dimension of eAe is finite?

Even in this case the question seems to be hard. Though we cannot answer our question in
general at present, we have, as a main result of this note, the following partial answer.

Theorem 1.1. Let A be an Artin algebra and e an idempotent element in A. Suppose
gl.dim(A) < 4. Then:

(1) if A/AeA has representation dimension at most 3, then fin.dim(eAe) < 00;
2) if inj.dimeAe(eQ;3 (A)) < 1, then fin.dim(eAe) < o0;
(3) if proj.dim(4 S) < 3 for all simple A/ AeA-modules S, then fin.dim(eAe) < oo.

If we relax the condition on the global dimension of A by restriction of the Gorenstein dimen-
sion of the right eAe-module Ae, then we have the following result.

Theorem 1.2. Suppose that A is an Artin algebra and e is an idempotent element of A such
that the x-syzygy dimension or the Gorenstein dimension of the right e Ae-module Ae is finite. If
fin.dim(A) < oo, then fin.dim(eAe) < o0.
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The paper is organized as follows: In Section 2 we recall some definitions and basic facts.
The proofs of the results will be given in Sections 3 and 4, where we also show that if the full
subcategory of A-modules with finite Gorenstein dimensions is contravariantly finite in A-mod,
then fin.dim(A) < oo. In the last section, we present some examples to illustrate the main results.

2. Preliminaries

In this section, we recall some definitions and basic results required in the paper.

Let A be an Artin algebra, that is, A is a finitely generated module over its center which is
assumed to be a commutative Artin ring. We denote by A-mod the category of all finitely gener-
ated left A-modules and by rad(A) the Jacobson radical of A. Given an A-module M, we denote
by proj.dim4 (M) the projective dimension of M, and by add(M) the additive subcategory of A-
mod generated by the module M. The nth syzygy of the A-module M is denoted by $24 (M) or
simply by §2(M) if there is no danger of confusion. Symmetrically, we denote the nth cosyzygy
operator by £2," or simply by £27". The left global dimension of A is denoted by gl.dim(A) in
this paper.

Let K (A) be the quotient of the free abelian group generated by the isomorphism classes [M ]
of modules M in A-mod modulo the relations:

(D) Y]1=[X]1+[Z]if Y 2 X @ Z; and
(2) [P]=0if P is projective.

Thus K (A) is a free abelian group with the basis of non-isomorphism classes of non-projective
indecomposable A-modules in A-mod. Igusa and Todorov in [20] use the noetherian property of
the ring of integers, and define a function ¥ on this abelian group, which depends on the algebra
A and takes values of non-negative integers.

The following result is due to Igusa and Todorov [20].

Lemma 2.1. For any Artin algebra A, there is a function ¥ which is defined on the objects of
A-mod and takes non-negative integers as values, such that

(1) (M) =proj.dimy (M) if AM has finite projective dimension.

(2) Forany A-modules X and Y, we have ¥ (X) < ¥ (Y) ifadd(X) € add(Y). In case add(X) =
add(Y), the equality holds.

B IfO0—- X —>Y — Z — 0is an exact sequence in A-mod with proj.dim(Z) < oo, then
proj.dim(Z) ¥ (X e Y)+ 1.

Note that given an exact sequence 0 - X — Y — Z — 0 in A-mod, there are three relevant
exact sequences

0— Q1(X) — QI(Y)® P — 21(Z) — 0,
0—NR2Z)— X®P —Y—0,

0—QRY)—R0Z)d P — X —0,
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where £27 is the ith syzygy operator, and where P, P’ and P” are projective modules. We call
the above sequences the syzygy shifted sequences. So the following result is a direct consequence
of Lemma 2.1.

Lemma 2.2. [f0 - X — Y — Z — 0 is an exact sequence in A-mod, then

(1) proj.dim(Y) < ¥ (X & £2(Z)) + 1 if proj.dim(Y) < oo,
(2) proj.dim(X) < ¥ (£2(Y & Z)) + 1 if proj.dim(X) < oc.

The following is a standard result in homological algebra.
Lemma 2.3.[f0 - X — Y — Z — 0 is an exact sequence in A-mod, then
(1) proj.dim(X) < proj.dim(Y) implies proj.dim(Z) = proj.dim(Y);
(2) proj.dim(X) > proj.dim(Y) implies proj.dim(Z) = proj.dim(X) + 1;
(3) proj.dim(X) = proj.dim(Y) implies proj.dim(Z) < proj.dim(X) + 1;
(4) proj.dim(Z) < max{proj.dim(X), proj.dim(Y)} + 1.

The following lemma is a consequence of Lemma 2.3(4) by induction.

Lemma24.If X:0—> X, > X;,—1 —> - — X| = Xo d—0> M — 0 is a complex in A-mod
with dy surjective, then

proj.dim(M) <n + max{proj.dim(Xi), proj.dim(Hi (X)) | i=0,1,..., n},
where H;(X) denotes the ith homology of the complex X.
Now, let us recall a few definitions. An Artin algebra A is called representation-finite if there
is only finitely many non-isomorphic indecomposable A-modules in A-mod.
Given an Artin algebra A, the finitistic dimension of A, denoted by fin.dim(A), is defined as

fin.dim(A) = sup{proj.dim(4 M) | M € A-mod and proj.dim( 4 M) < oo}.

The representation dimension of A, denoted by rep.dim(A), was defined by Auslander in [4] as
follows:

rep.dim(A) = inf{gl.dim(A) ’ A is an Artin algebra with dom.dim(A) > 2 and End( 4 T) is
Morita equivalent to A, where T is the injective envelope of A}.
Auslander also proved in [4] that the above definition is equivalent to the following definition:
rep.dim(A) = inf{gl.dim(End( 4 M)) | M is a generator-cogenerator for A-mod},
where M is called a generator for A-mod if every indecomposable projective A-module is iso-

morphic to a direct summand of M; and a cogenerator for A-mod if every indecomposable
injective A-module is isomorphic to a direct summand of M.
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Similarly, one defines the weak representation dimension of A to be
wrep.dim(A) = inf{gl.dim(End( 4 M)) | M is a generator for A-mod},
and the weak co-representation dimension of A to be
weo-rep.dim(A) = inf{gl.dim(End( 4 M)) | M is a cogenerator for A-mod}.

Clearly, max{wrep.dim(A), wco-rep.dim(A)} < rep.dim(A). A connection of the representation

dimension with finitistic dimension is a result of Igusa and Todorov in [20], which says that if the

weak representation dimension of A is at most three, then the finitistic dimension of A is finite.
Finally, let us recall the following result which is implied in [4].

Lemma 2.5. Let A be an Artin algebra, and m a non-negative integer.
If M is a generator-cogenerator for A-mod, then gl.dim(End( 4 M)) < m if and only if, for
each A-module Y, there is an exact sequence

O— M, »— - —M — My— Y —0,
with M; € add(aM) for j =0, ...,m — 2, such that
0 — Homy (X, M,,_») —> --- —> Homy (X, M) —> Homy (X, M)
—> Homy (X, Y) — 0
is exact for all X € add( 4 M).

The finitistic dimension conjecture says that fin.dim(A) < oo for all Artin algebras A (see
[9]). It was proved that the conjecture is true for algebras with radical-cube-zero in [16], and for
monomial algebras in [15]. For further information about advances on the finitistic dimension
conjecture as well as its relationship with other homological conjectures in the representation
theory of Artin algebras, we may refer to [7,29,30,33,34] and the references therein. For repre-
sentation dimension, we refer to [2,4,10,28,31,32] and the references therein.

3. Proof of Theorem 1.1
Throughout this section, we suppose that A is an Artin algebra, and let ¢ be an idempotent
element in A. We denote the algebra e Ae by B. Then Ae is an A-B-bimodule in a natural way.

To prove our results in Theorem 1.1, we first establish several facts.

Lemma 3.1. If M is a B-module with a projective cover [ : P — M, then the induced map
1®p f:Ae®p P — Ae ®@p M is a projective cover of the A-module Ae @p M

Proof. This follows from the fact that B-mod is equivalent to the category Ae ®p (B-mod),
which is the image of the functor Ae ® g — from B-mod to A-mod. O

With this lemma in hand, we have the following result.
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Corollary 3.2.

(1) For any B-module M, we have an exact sequence
0 —> TorP (Ae, M) — Ae ®p 2p(M) —> 24(Ae @p M) —> 0.

(2) For any B-module M, we have HomA(Ae,ToriB(Ae, M)) =0 for all i > 1, that is,
ToriB (Ae, M) is an A/ AeA-module.

Proof. (1) Let P — M — 0 be a projective cover of the B-module M. Then we have an exact
sequence

0— 2g(M) — P —> M — 0.

This yields the following commutative diagram:

OHTorf(Ae,M) ——> Ae@®p 2pg(M) —— Ae®p P ——> Ae®p M —— (

|

00— 24(Ae@®p M) ——> Ae®g P ——> Ae®g M —— 0,
which gives the desired exact sequence in A-mod:
0 —> Torf (Ae, M) — Ae ®@p 2p(M) —> 24(Ae @ M) —> 0.

(2) If we apply Homyg (Ae, —) to the top row of the commutative diagram, then we get an
exact sequence

0 —> eTor? (Ae, M) — Qp(M) — P — M — 0

which shows that e Torf (Ae, M) =0 for any B-module M. This implies that eTorl.B (Ae,M)=0
foralli > 1. O

Lemma 3.3. Suppose M is an arbitrary B-module. Then, for any i > 0,
QUFE(M) ~ e24(Ae @ 257 (M) ~ e2% (Ae @ 25(M)) ® eP,
where P is a projective A-module depending on M.
Proof. It follows from Corollary 3.2 that
Rp(M) ~ef24(Ae ®p M).

If we replace M by .Qf;“l (M) in this isomorphism formula, then we get the first isomorphism
in Lemma 3.3. To obtain the second isomorphism, we first replace M by .Qfg (M) in the exact
sequence in Corollary 3.2 and get the following exact sequence

0 —> Tor? | (Ae, M) — Ae ®p Q257 (M) — 24(Ae ®p 25(M)) —> 0.
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We then obtain the following syzygy shifted sequence
0— 24(Ae®p 27T (M) — 2% (Ae ®@p 25(M)) ® P —> Tor? | (Ae, M) — 0,

where P is a projective A-module. By Corollary 3.2(2), eTorlBH(Ae, M) = 0. Thus, by multi-
plying with the idempotent element e, we get the second isomorphism in Lemma 3.3. O

The next sequence is a generalization of the sequence in Corollary 3.2.
Lemma 3.4. For any n > 0 and any B-module X, there is an exact sequence in A-mod:
0 —> 2% (Tor? (Aep, X)) —> 2% (Ae ®p 25(X)) ® P(X) — 24 (Ae @5 X) —> 0,
with P(X) a projective A-module depending on X.
Proof. The proof is a direct consequence of the following fact in homological algebra. If
0o—X,— - —X— X —0

is an exact sequence in A-mod, then there is an exact sequence for the corresponding syzygy
modules:

0— 2% (Xp) — 27 (Xn—1)® P —> -+ —> 24 (X2) & P, — 27 (X)) — 0,
where P; is a projective module forall2< j <n—1. O

As a consequence of Lemma 3.3, we obtain the following known result of Igusa and
Todorov [20].

Corollary 3.5. If gl.dim(A) < 3, then fin.dim(B) < oo.

Proof. Suppose M is a B-module with finite projective dimension. Since gl.dim(A) < 3, the
module .Qf‘ (Ae ® p M) has projective dimension at most 1. Suppose the sequence

0— Q1 — Qo — 2%(Ae®p M) — 0
is a minimal projective resolution of the module .Q/% (Ae ®p M). Then we get an exact sequence
() 0—>eQ) —> eQy—> eR5(Ae ®p M) —> 0.

By Lemma 3.3, there is a projective A-module P such that eQi (Ae@pM)DeP ~ .(2129 (M). So
we may change the sequence (x) into

0— eQ) —> eQo®eP —> eQ3(Ae @p M) D eP = 25 (M) —> 0.

Now it follows from Lemma 2.1 that proj.dim( g M) < proj.dimg (.Qé(M)) +2< ¥ (eQo®
eQ1 ®eP)+ 1+ 2 < ¥(eA) + 3. Thus the finitistic dimension of B is bounded above by
UeA)+3. O
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Proof of Theorem 1.1(1). Suppose M is a B-module of finite projective dimension. It follows
from the exact sequence in Corollary 3.2 that we have the following shift of syzygy modules:

0—> 24(Ae ®p 25(M)) — R3(Ae®p M) @ P —> TorP (Ae, M) — 0

with P; a projective A-module. Now we apply the syzygy operator to the above sequence and
get the following exact sequence

0—> 23 (Ae®p 25(M)) —> 2, (Ae ®p M) ® P' —> 24(Tor( (Ae, M)) —> 0,

where P’ is a projective module. Again we apply syzygy shift once and reach the following exact
sequence

0— 24 (Ae®p M) —> 25 (Torf (Ae, M)) ® 0 — 25(Ae ®5 25(M)) — 0,

where Q is a projective A-module. By assumption, rep.dim(A/AeA) < 3.Let V bean A/AeA-
module such that rep.dim(A/AeA) = gl.dim(End( 4/4.4V)). Since Torf (Ae, M) isan A/AeA-
module by Corollary 3.2, it follows from Lemma 2.5 that there is an exact sequence

00— V1—>V0—>Torf(Ae,M)—>0

in (A/AeA)-mod, where Vj and V; are A/AeA-modules in add(V). Now we consider this se-
quence in A-mod. By applying the syzygy operator to the above sequence, we get the following
exact sequence

0— 25(V1) — 25(Vo) @ P” —> 23 (Torf (Ae, M)) — 0

in A-mod, where P” is a projective A-module. Now we may form the following commutative
exact diagram in A-mod:

0 0
0 Y 2,(V0) @ P ® Q — 25(Ae ®p 25(M)) —= 0

0 —> 2%(Ae®p M) —> 235(TorP(Ae, M)) & 0 —= 23(Ae ®p 25(M)) —> 0

0 0

Note that the first term in the lower sequence is projective since gl.dim(A) < 4. Thus
Y ~ 2% (Ae ®p M) & 225(V1), and we have an exact sequence

0— 24 (Ae®p M) ® 25(V1) — 25(Vo) ® P & 0 —> 25(Ae ®p 25(M)) —> 0.
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From this sequence we get the following exact sequence in B-mod:

00— eR%(Ae @p M) ® eR5 (V1)) —> eR5(Vo) ® eP” @ eQ
—> e£2;(Ae ®p 25(M)) —> 0.

Note that there is a projective A-module P such that e.Qf‘ (Ae®p 25 (M)) D e P is isomorphic
to Qg (M) by Lemma 3.3. Now we can estimate the projective dimension of the B-module M.
By Lemma 2.1, we have

proj.dim( g M) < proj.dim(£25,(M)) + 3
= v (25(M))+3
=W (e$2;(Ae ®p 25(M)) B eP) +3
SW(e24(Ae®@p M) @ e25(V1) @ 25(Vo) ®eP" ®eQ ®eP) +1+3
<W(eR23(Ae@p M) ®e25(V)®eP @eQ) +4
W(eA®eR5(V)) +4.

Note that the B-module ¢A & e.Qf‘(V) does not depend on the choice of the module M. So the
finitistic dimension of B is bounded above by ¥ (eA @ e.Qf‘(V)) + 4. This finishes the proof of
Theorem 1.1(1). O

As a consequence of Theorem 1.1(1), we have the following result.

Corollary 3.6. Let A be an Artin algebra. Suppose there is an A-module M such that it is a
generator for A-mod and that the representation dimension of End( 4 M) is at most 3, where
End( A M) is the quotient algebra of End(M) modulo the morphisms that factor through a pro-
Jjective A-module. If gl.dim(End( 4 M)) < 4, then fin.dim(A) < oo.

Proof. Since the finitistic dimension of an Artin algebra is invariant under Morita equivalences,
we may assume that A is basic and M is of the form A @& M’, where M’ has no projective
summand. Let e be the canonical projection from M to M with the image of e being A. Then e
is an idempotent in I" := End(M). We may identify A with el e, and the ideal in I" generated
by e with the set of all endomorphisms of M which factor through a projective A-module. Then
I'/)Tel” ~ End(4M) has representation dimension bounded above by 3. Thus our corollary
follows immediately from Theorem 1.1(1). O

We know that fin.dim(A) < oo if rad®(A) = 0 (see [16]). The following result is a partial
answer to the question of whether rad*(A) =0 implies that fin.dim(A) < oo, and also a special
case of Corollary 3.6.

Corollary 3.7. Let A be an Artin algebra with rad*(A) =0, and M = @?:1 A/rad (A). Suppose
End( 4 M) is of representation dimension at most three, then fin.dim(A) < oco.
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Proof. By aresult of Auslander, gl.dim(End(4 M)) < 4. Now the corollary follows immediately
from Corollary 3.6. O

As another corollary we have the following result. For the notion of a stably hereditary algebra
and a laura algebra, we refer to [31] and [2], respectively. For the definition of glued algebras,
we refer to [1].

Corollary 3.8. Let A be an Artin algebra with gl.dim(A) < 4 and e an idempotent element in A.
Then fin.dim(eAe) < oo if one of the following holds:

(1) A/AeA is stably hereditary;

(2) A/AeA is a special biserial algebra;

(3) A/AeA is representation-finite;

(4) A/AeA is a tilted algebra, or a laura algebra,
(5) A/AeA is a glued algebra;

(6) A/AeA is a tame Schur algebra.

Proof. All algebras displayed in Corollary 3.8 have representation dimensions at most three.
For a proof of this fact, we refer to [2,10,12,31] and [19]. Thus the result follows from Theo-
rem1.1. O

Note that we may replace A/AeA in the statements of Corollary 3.8 by any algebra C such
that there is a stable equivalence of Morita type between A/AeA and C (see [31]). For further
information on stable equivalences of Morita type, we refer the reader to [25] and the references
therein.

Let us mention the following special case of Corollary 3.8.

Corollary 3.9. Let A be a hereditary algebra with radical of nilpotency index at most 4. Let
A be the endomorphism algebra of the module M = @?:1 A/rad’ (A). Suppose M = Mo @ M,
with My projective, and with M| having no projective summands. Let e be the idempotent in A
corresponding to the projection onto M. Then fin.dim(e Ae) < oco.

Proof. By a result of Auslander, we know that gl.dim(A) < 4. We claim that no non-zero ho-
momorphism g : My —> My can factor through a module in add(M1). Otherwise, we suppose
g=g18 with g; : My —> M’, go : M’ —> My and M’ € add(M ). The image of g, is a sub-
module in My, and therefore projective. But this shows that M’ contains a projective module
as a direct summand, thus M has a projective summand. This is a contradiction. So our claim
follows. Then it is clear that A/Ae A is isomorphic to End(My) which is Morita equivalent to A,
thus A/AeA is hereditary. Note that a stably hereditary algebra has representation dimension at
most 3. Now the corollary follows immediately from Corollary 3.8(1) since hereditary algebras
have representation dimension bounded by 3. O

Proof of Theorem 1.1(2) and (3). Let B = eAe. Suppose M is a B-module with finite projective
dimension. As in the proof of Theorem 1.1(1), we have an exact sequence:

0 —> 24 (Ae ®@p M) —> 25 (Torf (Ae, M)) ® 0 —> 25 (Ae ®5 25(M)) —> 0,

where Q is a projective A-module.
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Let K = Torf (Ae, M). Suppose [ : P —> Qi (K) is a projective cover of (212,‘ (K). We then
have an exact sequence

0— 23(K) — P — Q25(K) — 0.

From this exact sequence we form the following commutative diagram:

0 0
23 (K) =——= 23 (K)
0 Y P®O —— 25(Ae®p 25(M)) —= 0

0—= 24(Ae®p M) —= Q23(K)® Q0 —= 2% (Ae ®@p 25(M)) —> 0

0 0.

Since gl.dim(A) < 4, the module .Qf;(Ae ®p M) is projective and the first column of this
diagram splits. Thus we get an exact sequence

0— 23(K)® 24(Ae®p M) — P& Q — 25(Ae ®p 25(M)) — 0.

Let P/ —> .Qf‘(K ) be a projective cover of the A-module 52/34(1{ ). Then we have two canon-
ical exact sequences 0 —> .Qi(K) — P — .Q%(K) — 0 and

() 0— 24(K) — P'® 25 (Ae ®p M) —> 23(K) ® 24 (Ae @p M) —> 0.

Now we apply HomA(.Qf‘ (Ae @p 2p(M)), —) to the sequence (x) and obtain the following
exact sequence:

Extl (23 (Ae @5 25(M)), 24(K))
— Ext (2} (Ae ®5 25(M)), 03)
— Ext} (25 (Ae @5 25(M)), 23 (K) ® 24 (Ae @5 M))
— Ext (25 (Ae @5 25(M)), 24(K))
with 03 = P’ & 2% (Ae ®p M).

In the following, we show that Eth\ (.Qf\ (Ae®p 25 (M)), Qfx (K)) =0in the cases (2) and (3)
of Theorem 1.1. Clearly, in case (3), we have .Qi (K) =0 since K is an A/AeA-module and
proj.dim(4 K) < 3.

Now we consider the case (2). Since gl.dim(A) < 4, we know that Exti(Qi(Ae ®B
25(M)), 2% (K)) vanishes if Ext} (25 (Ae ® g 25(M)), 4A) = 0. To prove the latter, we first
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show that for any A-module Y and B-module X, there is an embedding from Extk (Ae®p X,Y)
into Ext} (X, eY).

Let0 — Y —> Iy —> Y’ — 0 be an exact sequence with Iy the injective hull of Y. Then
we have an exact sequence in B-mod:

0—> eY — elp — eY' — 0.

Now we may establish the following commutative diagram:
Homy (Ae ®p X, Ip) — Homy(Ae ®p X, Y') — Exth(Ae®p X,Y) —= 0

fo il f’l

Homp (X, elp)

Homp (X, eY')

Exth (X, eY),

where fy, f1 are the adjunction isomorphisms, and thus the morphism f’ exists and is
injective. This has shown that Extl‘(Ae ®p X,Y) is embedded into Ext}B(X ,eY). Thus

we see that EXtL(Ae ®p 2p(M), .Q;S(A)) is embedded in Ext}g(.QB M), eQ/f(AA)) =
Ext3 (M, e$2;°(4A)) = 0 since inj.dimp(e$2,°(4A)) < 1. This implies that Ext (23 (Ae ®p
25(M)), 4A) =Ext} (Ae®p 25(M), 4A) = Ext (Ae®p 25(M), 2, (4 A)) = 0; and there-
fore Ext] (2% (Ae ®p 25(M)), 24 (K)) =0.

Thus, by lifting elements in Ext} (22 (Ae ® 5 25(M)), 23 (K) ® 2% (Ae ® g M)), we obtain
the following diagram:

0 0
R4(K) =——— 2%(K)
0—— P ®R%(Ae®p M) Y 23 (Ae ®p 2(M)) —= 0

00— 23(K) DR (Ae®p M) —= P B Q — 22(Ae ®p 25(M)) —= 0

0 0
where P’ is a projective cover of .(2/3‘ (K). This diagram provides us with an exact sequence
0— P @ R4(Ae®@p M) — Y —> 235(Ae ®p 25(M)) — 0

in A-modwithY =P &® Q0 & .Qg(K ) a projective A-module, and this yields an exact sequence
in B-mod:

0—> eP' ®eR4(Ae ®p M) —> ¥ —> e25(Ae @ 25(M)) —> 0.
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Note that .Qg M) ~ e.Qi (Ae ®p 2p(M)) @ eT for some projective A-module T by
Lemma 3.3. Thus we can use Lemma 2.1 to proceed with the following estimation:

proj.dim(s M) < proj.dim(£23(M)) + 3
=W (23(M))+3
W(eP @e2,(Ae®@p M) ®eY ®eT)+1+3

<
<Y(eA) +4.

Note that the B-module eA does not depend on the choice of the module M. Thus we know that
fin.dim(B) is finite. O

Proposition 3.10. Let A be an Artin algebra of global dimension at most 5. If, for any A-
module X, we have inj.dim(.Qi (X)) <3, then fin.dim(eAe) < oo for every idempotent element

ein A.

Proof. Let M be a B-module with B = e¢Ae. Then we have a minimal projective resolution of
Ae@p M:

io—> P, — - — P — Pp—> Ae®p M — 0
with P; projective. Put X = Ae ® p M. We get the following exact sequence
0— 24(X) — 03 — 23(X) — 0.
Since inj.dim(.Qf;(X )) < 3, the last term in the following induced sequence

-+ —> Homy (£25(X), £23 (X)) — Ext} (21 (X), 24(X)) — Ext}, (25(X), 03)
— Ext}y (25(X), 23 (X)) — Ext} (25(X), 24(X))

vanishes. This shows that we may form the following commutative diagram:

0 0
24(X) == 25(X)
0 03 Y 25X) —0
0 —= 23(X) 0> Qﬁlm —0
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This diagram shows that Y >~ Q> & [21 (X) since Q9 is projective. Thus we have the following
exact sequence

0— 03— 02 ® 24 (X) — 25(X) — 0.
Since gl.dim(A) < 5, proj.dim(.Qj (X)) < 1. Hence proj.dim(A.Qfx (X)) <1 by Lemma 2.3(1).
Let0 — Py — P, —> Qi (X) — 0 be a minimal projective resolution of .Qf‘(X ). Then we
multiply this resolution by e and obtain the following exact sequence

00— eP3 —eP) —> e.Qi(X) — 0.

Note that .Qé (M) ~ 6{23\ (X) @ eP for some projective A-module P by Lemma 3.3. Now we
can use Lemma 2.1 to proceed the following estimation:

proj.dim( 3 M) < proj.dim(£25(M)) +2
=¥ (Q23(M))+2
=V (e} (X)DeP)+2
SVY(eP3sPeP,deP)+1+2
<W(eA)+3.

Note that the B-module eA does not depend on the choice of the module M. So the finitistic
dimension of B is bounded above by ¥ (eA) + 3. This finishes the proof of the proposition. O

Next, we point out the following known result in the literature (see [22, Proposition 10]). For
convenience of the reader, we include here a different proof which will be used later.

Proposition 3.11. Suppose that A is an Artin algebra and e is an idempotent element of A with
proj.dim(Aec.a.) < 0o. If fin.dim(A) < oo, then fin.dim(eAe) < oo.

Proof. First, we have the following fact.
Lemma 3.12. Suppose we are given an exact sequence of chain complexes:
0O—X,— X, 1— - — X —Y—0.

If there is an integer t such that H;j(X;) =0 for all i and for all j > t, then H;(Y) =0 for all
Jj=n-+t—1. Here Hj denotes the j-th homology operator.

Proof. Let K; be the image of the chainmap X; — X;_; for j=1,2,...,n with K; =Y and
K, = X,,. Then there is an exact sequence of chain complexes

*) 0—K;,—X; 1—K; 1—0

foreach 1 < j <n.
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Now, it follows from the exact sequence (x) with j = n that the following long exact sequence
of homologies holds:

> H](Kn) — Hj(anl) — Hj(anl) — Hj*l(Kn) —>
Since H;j(X;) =0 for all j > ¢, we have that H;(K,_1) =0 for all j >t + 1. Similarly, we
can prove that H;(K,_») =0 for all j >t + 2. In general, we can show that H;(K;) = 0 for all

Jj =2 n+t—i.Inparticular, we have that H;(Y) =0 forall j > n +¢ — 1. This finishes the proof
of Lemma 3.12. O

Now we use Lemma 3.12 to show Proposition 3.11: Let m = fin.dim(A) and n =
proj.dim(Ae.4.). We shall prove that fin.dim(eAe) < m + n.
We fix a minimal projective resolution of the right e Ae-module Ae:

0—Q,—>—> Q1 —> Qp—> Ae —> 0.

Note that every projective eAe-module is of the form eP with P € add(Ae). Now, let X be an
eAe-module of finite projective dimension, and let

00— eP;—> ---—eP|—ePy—> X —0

be a minimal projective resolution of X, where P; lies in add(Ae). We may form the following
chain complex:

0—>Qj®eAeePs—>"'—>Qj®eAeeP1—>Qj®eAeP0—>0

for each j =0, 1,...,n. We denote this chain complex by X ;. Then we have an exact sequence
of chain complexes:

0—X,— - —>X1—Xo—Y—0,
where Y is the chain complex
00— AeQepe Py —> -+ —> Ae Qepe eP| —> Ae Qppe Po—> 0.

Since for all i we have H;(X;) =0 for j > 1, we may use Lemma 3.12 to conclude that
H;(Y)=0forall j >n+1.

If s < n, then s <m + n. So we assume that s > n + 1. In this case we have the following
exact sequence

0— Ae®epe Py —> - —> Ae Qepe €Pri1 —> A Qepe P —> M —> 0,

where M is the cokernel of the last map. Thus the projective dimension of M is finite. Since the
finitistic dimension of A is m, we have proj.dim(M) < m.

If s > m + n, then it follows from proj.dim(M) < m that the kernel Q of the map Ae Q.4
ePyym—1 —> Ae Qecpe €Pyym—2 1s a projective A-module and generated by Ae. Thus we have
an exact sequence
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0— Q—> Ae Repe €Prim—1 —> Ae Qepe €Pyym—2 —> -+ —> Ae Qcpe Py

— M — 0.
It follows from this exact sequence that the sequence
0—eQ —ePyym—1 — ePyym—2 — ---—>eP,
is exact. Note that Q € add(Ae). Hence the projective resolution of X can be written as
0—>eQ— ePyym—1— €Prym—2— -+ —>ePyy1 > ePy,—>---—>ePp—>ePy— X — 0.

This implies that s < n 4 m, a contradiction to the assumption that s > m + n. So we must have
s < m + n. Thus the finitistic dimension of eAe is finite. O

Now, we mention a condition for Ae to have finite projective dimension as a right eAe-
module. Recall that an ideal / in an Artin algebra A is called a homological ideal if
TortA (A/I,A/I) =0 for all i > 1. Observe that such an ideal was called a strong idempotent
ideal in [6], or a stratified ideal in other papers. For further characterizations of homological
ideals we refer to [6,14,26].

Proposition 3.13. (See [6].) Let A be an Artin algebra with gl.dim(A) < oo, and let e be an
idempotent in A. Then proj.dim(Aee4.) < 00 if the ideal AeA is a homological ideal in A.

Let us remark that in the sense of recollements of derived categories one may use a result of
Happel in [17] together with a result of Konig in [23] to judge some special cases for eAe to
have finite finitistic dimension. However, our results in this section seem not to be covered by
their results because in our situation the existence of a recollement between the three algebras A,
eAe and A/AeA implies that the global dimension of eAe is finite. This usually does not happen
in our situation, as will be shown by examples in the last section.

4. Gorenstein dimensions and finitistic dimensions

In this section, we shall generalize Proposition 3.11 by considering the so-called Gorenstein
dimension of Ae.4., and prove Theorem 1.2. First, let us recall some definitions and facts (see
[5] and [18] for more information).

Let A be an Artin algebra. An A-module M in A-mod is said to be Gorenstein-projective if
there is an exact sequence of projective modules in A-mod,

P ..—P—P—P —p ..
such that M ~ Im(Py —> P°) and Hom(P*, Q) is exact for every projective module Q € A-
mod.

For finitely generated modules over Artin algebras, there is another description of Gorenstein-
projective modules. Recall from [5] that a module X in A-mod is of G-dimension zero, denoted
by G-dim(X) =0, if Ext, (X, 4A) =0 =Ext!, (Tr(X), A,) for all i > 0, where Tr is the trans-
pose operator. It was pointed out that a finitely generated A-module X has G-dimension zero if
and only if X is Gorenstein-projective (see [18] and [27]).
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We observe that if X is Gorenstein-projective defined by the complex P°®, then all the im-
ages, kernels and cokernels of morphisms in the complex are Gorenstein-projective. Furthermore,
every projective A-module in A-mod is Gorenstein-projective.

We say that an A-module M € A-mod has Gorenstein-dimension n if there is an exact
sequence 0 — X, — -+ —> X1 —> X9 — M —> 0 such that all X; are Gorenstein-
projective and that n is minimal among the lengths of such exact sequences. In this case, we
write G-dim(M) = n.

Clearly, G-dim(X) < proj.dim(X) for all A-modules X. Furthermore, if proj.dim(X) < oo,
then G-dim(X) = proj.dim(X). We remark that there are modules with both finite Gorenstein
dimension and infinite projective dimension.

Let us introduce some more notations. Let A be an Artin algebra. We denote by G"(A) the
full subcategory of A-mod consisting of all modules with G-dimension at most 2, and by G*°(A)
the union of all G"(A) for i > 0. As usual, let P°°(A) stand for the full subcategory of A-mod
with objects of finite projective dimensions. Clearly, P*°(A) C G*(A).

Let C be a full subcategory of A-mod and X an arbitrary A-module. Recall that a morphism
f:C — X iscalled a right C-approximation of X if C € C and the induced map Homu (—, f):
Homy (C’, C) — Homyu (C’, X) is surjective for all C’ € C. The category C is said to be con-
travariantly finite in A-mod if every A-module in A-mod has a right C-approximation.

Lemma 4.1. If M is a Gorenstein-projective right A-module and if X is an A-module of finite
projective dimension, then ToriA (M,X)=0 forall i > 0. In general, if G-dim(M) = n, then
ToriA (M, X)=0 foralli > n and all A-modules X of finite projective dimension.

Proof. Let X be an A-module with proj.dim(4 X) < 1. Then we pick a minimal projective reso-
lution of X:

00— Q] —> Q() — X —0
with Q¢ and Q1 projective. From this exact sequence we obtain the following exact sequence:
0—> Tor{ (M, X) — M ®4 Q1—>M ®4 Qo — M ®4 X —> 0.

To see Tor‘l‘\ (M, X) =0, we shall show that « is injective. However, this follows from the
following exact commutative diagram:

0 0

| l

M®40I ——> M®sQ) —> M@4 X —> 0

| l |

0—= P'®4 01 — P°®41 Q0 — P'®, X —= 0.

Thus we have shown that if proj.dim(4 X) < 1, then Torl.A(M 4, X) =0 for all i > 0 and every
Gorenstein-projective right A-module M.
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Now suppose proj.dim(X) =n > 1. Let K; be the image of the map P!’ — Pi*! and
K_1 = M. Then we have an exact sequence

0—M-—>P —pl— ... 5P LK —>0.
Clearly, M ~ Q1K) @ U; for some projective A-module U;. Note that all K; are Gorenstein-
projective.

Given a positive i_nt(_ager jwithn > j > 1,wedefinei =n—j—1.Then proj.dim(.Qj‘H (X)) <
1. Thus Tor‘l4 (N, 277(X)) = 0 for all Gorenstein-projective modules N. From this we have

Tor;*(M, X)= Tor?+i+1 (Ki, X) = Tor{ (K, 271 (X)) =0.

This implies that Tor;‘ (M, X)=0for all j > 0, as desired.
The last statement follows by induction on the Gorenstein dimension of M. O

As an immediate consequence we have the following result.
Corollary 4.2. Let A be an Artin algebra and X an A-module.
(1) Ifthere is an exact sequence
0O—P,—--+-—P—Ph—>X—0
with all P; projective, then, for every Gorenstein-projective right module M 4, the sequence
O0— MR@QpuP,— - — MNP — MINPh— M4 X —0

is exact.
(2) If gl.dim(A) < oo, then X is Gorenstein-projective if and only if X is projective.

The following result is true (see [18]).

Lemma 4.3. Let X be an A-module in A-mod with finite Gorenstein dimension, say

G-dim(X) = n. Then there is an exact sequence 0 — K —> M —f> X —> 0 such that

M € G%(A), f is a right GO(A)-approximation of X and proj.dim(K) =n — 1. For n =0,
we understand that K = 0.

The next result tells us that G-dimensions and projective dimensions of modules are closely
related to each other (see also [18]).

Lemma 4.4. If M € A-mod with G-dim(M) = m < oo, then there is an A-module X with
proj.dim(X) = m. In particular, fin.dim(A) = sup{G-dim(X) | X € G®(A)}.

Proof. We may assume that m > 0. By Lemma 4.3, there is an exact sequence 0 — K —>
U — M — 0 with U € G°(A) and proj.dim(K) = m — 1. Since U is Gorenstein-projective,
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the U can be embedded into a projective A-module P € A-mod. Thus we get an exact commu-
tative diagram:

0 0
0 K U M 0
|
0 K P X 0
C—=2C
0 0

Suppose that X is Gorenstein-projective. Then, since M is not Gorenstein-projective, we
know that G-dim(C) = G-dim(4M) + 1. By Lemma 4.3, we can get a module X’ with
proj.dim(X”) = m. Now we assume that X is not Gorenstein-projective. So the sequence

0—K—>P—>X—0
does not split. This shows that proj.dim(X) = proj.dim(K) + 1 = m. Hence we have shown
the first statement in Lemma 4.4. This yields that fin.dim(A) > sup{G-dim(X) | X € G°(A)}.

Clearly, it follows from P°°(A) € G*°(A) that fin.dim(A) < sup{G-dim(X) | X € G*°(A)}. Thus
the last statement follows. O

The following result is the promised generalization of Proposition 3.11.

Theorem 4.5. Suppose that A is an Artin algebra and e is an idempotent element of A with
G-dim(Aecpe) < 00. If fin.dim(A) < oo, then fin.dim(eAe) < oo.

Proof. The idea of the proof of this result is similar to the one of Proposition 3.11. Here we just
outline the main argument.
Since Ae has finite Gorenstein dimension as a right e Ae-module, by Lemma 4.3, we have an

exact sequence in mod-eAe:

0— Qp—-— Q1 — Qp—> Ae — 0,
with all Q; Gorenstein-projective, where n is the Gorenstein dimension of the right e Ae-module
Ae. Suppose X is an e Ae-module of projective dimension s < 0o, and has the following minimal
exact sequence:

00— ePy— ---—ePl—ePhy— X —0

with P; € add(Ae). Let X ; be the complex

O—>Qj®eAeePs—>"'—>Qj®eAeepl—)Qj®eAeeP0—>0
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for each j =0,1,...,n. By Corollary 4.2, the sequence X; is exact everywhere except at
Qj ®ecae ePy. Let Y* be the complex

00— Ae Qepe Py —> -+ —> Ae Qepe €P1 —> Ae Qese e Py —> 0.
Then we have an exact sequence of chain complexes
0— X3y — - —X]—X;—Y*"—0.

Therefore the rest of the proof of Theorem 4.5 will be the same as the one of Proposition 3.11,
that is, if we put m = fin.dim(A) and n = G-dim(Ae.4.), then we can show that the finitistic
dimension of eAe is bounded above by m +n. O

‘We may state Theorem 4.5 in a slightly more general form. Recall that for an integer d > 1 an
A-module M in A-mod is called a d-syzygy module if M is projective, or there is an A-module
N such that M ~ 2%(N). We denote by £2¢(A-mod) the full subcategory of A-mod consisting
of all d-syzygy modules. An A-module M is called a x-syzygy module if M € add(£2¢ (A-mod))
for all d > 1. We say that an A-module M has finite x-syzygy dimension if there is an exact
sequence 0 — @, — --- —> Qo9 — M —> 0 in A-mod for some integer n > 0 such that
all Q; are *-syzygy modules. Clearly, every Gorenstein-projective module is a x-syzygy module,
and modules of finite Gorenstein dimensions have finite *-syzygy dimensions. With these notion
in mind, we see from the proofs of Lemma 4.1 and Theorem 4.5 that the following weak version
of Theorem 4.5 holds:

Theorem 4.6. Suppose that A is an Artin algebra and e is an idempotent element of A
such that the right eAe-module Ae has a finite x-syzygy dimension. If fin.dim(A) < oo, then
fin.dim(eAe) < <.

Proof. For a x-syzygy right A-module M and an A-module X of finite projective dimension,
we can show that ToriA (M, X) =0 for all i > 0. With this fact in hand, we can proceed with the
proof of Theorem 4.6 smoothly as was done in Theorem 4.5. O

A trivial consequence of Theorem 4.5 is the following corollary.

Corollary 4.7. Let A be an arbitrary Artin algebra with n the nilpotency index of rad(A), and
let A be the endomorphism algebra of the module M := @}_, A/rad' (A). If the right A-module
Homu (M, A) has finite Gorenstein dimension, then fin.dim(A) is finite.

Finally, let us mention the following fact concerning the modules of finite Gorenstein dimen-
sions.

Proposition 4.8. If G (A) is contravariantly finite in A-mod, then fin.dim(A) < oo.

Proof. By [18], G°(A) is a resolving subcategory of A-mod. Note also that if 0 — X —>
Y — Z — 0 is an exact sequence in A-mod and if the Gorenstein dimensions of both X
and Z are at most n then the Gorenstein dimension of Y is at most n (see [5, Theorem 3.13]).
Thus, with the same argument as in [8], one can prove that max{G-dim(X) | X € G®(A)} is
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finite since G*°(A) is contravariantly finite in A-mod. By Lemma 4.4, we have that fin.dim(A) =
max{G-dim(X) | X € G*°(A)}. Thus the finitistic dimension of A is finite. O

Remark. It can be shown that G°°(A) in general is not contravariantly finite in A-mod. An
easy example is the algebra given in [21] where the same algebra was used to demonstrate that
P> (A) may not be contravariantly finite in A-mod. Examples for the subcategory G(A) not to
be contravariantly finite can be found in [27]. In fact, the results in [27] show also that even for
a finite-dimensional local commutative algebra over a field, G°(A) may not be contravariantly
finite in A-mod; for instance, the algebra A := k[x, y, z]/(x2, y2, vz, 12) over a field k is a desired
example (I thank R. Takahashi for explaining me this example). Furthermore, we can show that
G®(A) = G°(A) for this algebra. Note that our consideration in this paper is concentrated on
A-mod, not on the category A-Mod of all A-modules. As to A-Mod, things may differ greatly
from what we mentioned here.

5. Examples
Now we illustrate the main results in the paper by two simple examples.

Example 1. In general, under the conditions of Corollary 3.8, one cannot get the finiteness of
global dimension of eAe. For example, let A be the algebra given by quiver and relations:

o
1 o—"02, Ba = 0.

B

If e is the idempotent corresponding to the vertex 1, then eAe is isomorphic to k[x]/(x?), thus
has infinite global dimension, but we know that gl.dim(A) =2 and gl.dim(A/AeA) = 0. For a
discussion of some general situation concerning idempotent ideals as well as when gl.dim(eAe)
is finite for an idempotent element e in an Artin algebra A, one may refer to [6].

Example 2. Let A be the algebra given by the following quiver and relations:

af =an=ayd=yde —né =PBay =0.

This algebra has global dimension equal to 4. Let e; be the primitive idempotent element
corresponding to the vertex i. If we put e = ey + e3 + e5 + ¢¢ + €3, then eAe is given by the
following quiver with relations:
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i >2@

Z=an=ay =y8 —nE=0.

Clearly, the quotient algebra A/AeA is representation-finite, thus the finitistic dimension
of eAe is finite by Theorem 1.1(1). Note that the algebra eAe is neither monomial, nor
representation-finite, nor of finite global dimension, and that there is an alternative proof to the
finiteness of the finitistic dimension of e Ae by applying [30, Theorem 4.2].
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