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Abstract

As is known, every finite-dimensional algebra over a field is isomorphic to the centralizer algebra
of two matrices. So it is fundamental to study first the centralizer algebra of a single matrix, called
a centralizer matrix algebra. In this article, stable equivalences between centralizer matrix algebras
over arbitrary fields are completely characterized in terms of a new type of equivalence relation on
matrices. Moreover, stable equivalences of centralizer matrix algebras over perfect fields induce stable
equivalences of Morita type, thus preserve dominant, finitistic and global dimensions. Our methods
also show that algebras stably equivalent to a centralizer matrix algebra over a field have the same
number of non-isomorphic, non-projective simple modules. Thus the Auslander–Reiten conjecture on
stable equivalences holds true for centralizer matrix algebras.
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1 Introduction

In the representation theory of algebras and groups, stable equivalence is one of the fundamental cate-
gorical equivalences between different algebras. There is a large variety of literature on the subject. For
example, the series of works of Auslander and Reiten on stable equivalence of dualizing R-varieties I-V
(see [3], [28]). Stably equivalent algebras have many important invariants. One of them is that stably
equivalent algebras have a one-to-one correspondence between non-projective, indecomposable modules
(see [4, Proposition 1.3, p.337]), and another invariant is the dominant dimension of stably equivalent al-
gebras without nodes and without semisimple summands (see [25]). Despite great progresses made in the
past decades, there are still many fundamental but difficult questions on stable equivalences of algebras.
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For instance, how can we characterize stable equivalences of algebras (or special classes of algebras)? In
this direction, there are only a few classes of algebras for which the problem is partially or completely
solved. For example, Auslander and Reiten showed that an algebras with radical-square-zero is stably
equivalent to hereditary algebras (see [2], [28]). Also, stable equivalences between representation-finite
self-injective algebras over an algebraically closed field induce derived equivalences (see [1]), and thus
can be characterized by tensor products of bimodules or two-sided tilting complexes (see [30]).

Another important question on stable equivalences is the not yet solved Auslander–Reiten conjecture
[4, Conjecture (5), p.409] (see also [31]):

(ARC) Stably equivalent algebras over fields have the same number of non-isomorphic, non-projective
simple modules.

Despite a lot of efforts made in the last decades, not much is known about this conjecture. For
representation-finite algebras over algebraically closed fields, it was verified in [24]. This result was
extended to Frobenius-finite algebras over algebraically closed fields under stable equivalences of Morita
type in [18]. Notably, the conjecture was reduced to self-injective algebras (see [25]).

We aim to investigate stable equivalences and the related conjecture for an interesting class of algebras,
called centralizer matrix algebras, that were studied initially by Georg Ferdinand Frobenius (see [12]), and
have attracted considerable attentions in different areas (see [10, 11, 14, 32, 37]). Recently, centralizer
matrix algebras have been investigated intensively in [33, 35, 36, 37]. Now, let us recall their definition.

Let n be a natural number, R a field and Mn(R) the full n×n matrix algebra over R with the identity
matrix In. For a nonempty subset X of Mn(R), we consider the centralizer algebra of X in Mn(R):

Sn(X ,R) := {a ∈Mn(R) | ax = xa, ∀ x ∈ X}.

For simplicity, we write Sn(c,R) for Sn({c},R). Clearly, Sn(X ,R) = ∩c∈CSn(c,R).
To understand Sn(X ,R) for a finite set X , it is enough to consider the case |X | = 2 by [6, Lemma

1]. Thus it is fundamental to understand first the centralizer algebra of a single matrix. Such an algebra
Sn(c,R) is called a centralizer matrix algebra in this article.

Centralizer matrix algebras contribute an important part to general finite-dimensional algebras. This
can be seen by a result, due to Sheila Brenner [6, 7].

Theorem. (Brenner). Every finite-dimensional algebra over a field R is isomorphic to a centralizer
algebra of two matrices in a full matrix algebra over R.

Very recently, a lot of new features of centralizer matrix algebras have been discovered. For instance,
both (ARC) and the finitistic dimension conjecture are verified for centralizer matrix algebras over arbi-
trary fields (see [38] and [21], respectively). Further, the Morita and derived equivalences of centralizer
matrix algebras are completely described in terms of M- and D-equivalences on matrices, respectively.
Thus the categorical equivalences about centralizer matrix algebras are reduced to matrix equivalences in
linear algebra [21, Theorem 1.3].

In the present note, we will focus on the following question on stable equivalences.

Question: Given a field R and two matrices c ∈ Mn(R), d ∈ Mm(R), how can we decide whether
Sn(c,R) and Sm(d,R) are stably equivalent or not?

As is known, one of the main obstacles in dealing with stable equivalences is that there are not any
criteria of stable equivalences in homological bimodules, while Morita and derived equivalences do have
bimodule descriptions (see [26] and [30]). Nevertheless, we will overcome this difficulty, introduce a new
type of equivalence relation on matrices and provide surprisingly a complete characterization of stable
equivalences between centralizer matrix algebras, as was done for Morita and derived equivalences in
[21].

The new type of equivalence relation on all square matrices is called an S-equivalence. It is defined
purely in terms of linear algebra. We refer to Section 3 for details. When the ground field is perfect (for
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example, a finite field, an algebraically closed field, or a field of characteristic 0), we can say much more
about stable equivalences between centralizer matrix algebras.

Now, let us state our main results and their consequences more precisely.

Theorem 1.1. (1) Let R be a field, c and d be square matrices over R (may have different sizes). Suppose
that the minimal polynomial of either c or d over R is separable. Then the centralizer matrix algebra
of c and the centralizer matrix algebra of d are stably equivalent if and only if the matrices c and d are
S-equivalent.

(2) All algebras stably equivalent to a centralizer matrix algebra over a field have the same number
of non-isomorphic, non-projective simple modules.

Recall that a polynomial of positive degree is said to be separable if all of its irreducible factors have
only simple roots in their splitting fields. By Theorem 1.1(1), the existence of a stable equivalence between
centralizer matrix algebras can be decided by methods in linear algebra. Theorem 1.1(2) generalizes
slightly [38, Theorem 1.4(1)], which says that (ARC) holds true for centralizer matrix algebras. Here, we
do not require that both algebras considered are centralizer matrix algebras.

The strategy of the proof of Theorem 1.1 runs as follows: First, we show that stable equivalences
between centralizer matrix algebras preserve non-semisimple blocks. This is not true in general. Thus we
have to consider the stable equivalence between blocks of centralizer matrix algebras. Second, we apply
stable equivalences of Morita type to studying the stable equivalences of these blocks. This is carried
out by investigating stable equivalences between the endomorphism algebras of generators over certain
quotient algebras of the polynomial algebra R[x]. Finally, we lift a stable equivalence of Frobenius parts
to the one of algebras themselves.

The following is an immediate consequence of Theorem 1.1(1).

Theorem 1.2. Let R be a field, c ∈Mn(R) and d ∈Mm(R). Assume one of the following holds:
(1) R is perfect.
(2) Either c or d is invertible of finite order.

Then Sn(c,R) and Sm(d,R) are stably equivalent if and only if c and d are S-equivalent.

As another consequence of Theorem 1.1(1), we consider permutation matrices. Let Σn denote the
symmetric group of permutations on {1,2, · · · ,n}. Given a prime number p > 0 and a permutation σ∈ Σn,
we can define a p-regular part r(σ) and a p-singular part s(σ) of σ, and consider r(σ) and s(σ) as elements
in Σn. As a convention, we set r(σ) = σ when p = 0. Let cσ denote the permutation matrix of σ over R.
We refer to Section 4.4 for more details.

Clearly, Sn(cr(σ),R) is a semisimple algebra (see [37, Theorem 1.2(1)]), and therefore its stable module
category is trivial. But, for singular parts, we have the following.

Corollary 1.3. Let R be a field of characteristic p≥ 0, σ ∈ Σn and τ ∈ Σm. If Sn(cσ,R) and Sm(cτ,R) are
stably equivalent, then so are Sn(cs(σ),R) and Sm(cs(τ),R).

Finally, we point out an important property of centralizer matrix algebras over perfect fields.

Corollary 1.4. (1) Two centralizer matrix algebras over a perfect field are stably equivalent if and only
if they are stably equivalent of Morita type.

(2) Stably equivalent centralizer matrix algebras over a perfect field have the same global, finitistic
and dominant dimensions.

This article is outlined as follows. In Section 2 we recall basic definitions and terminologies. Also,
we prepare some preliminaries for later proofs. In Section 3 we introduce the S-equivalence relation on all
square matrices over a field. In Section 4 we prove all results mentioned in Section 1. During the course
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of proofs, we generalize slightly a result in [38, Theorem 1.4(1)] about Auslander–Reiten conjecture
on stable equivalences (see Proposition 4.8). Finally, we mention a couple of open problems related
to results in this article. For example, how can we characterize stable equivalences between centralizer
matrix algebras over a principal integral domain?

2 Preliminaries

In this section we first fix notation and recall definitions and facts on both homological dimensions and
stable equivalences, and then we prepare a few lemmas on modules over polynomial algebras.

2.1 Definitions and notation

Throughout this paper, R denotes a fixed field unless stated otherwise. Algebras always mean finite-
dimensional unitary associative algebras over R, and modules mean left modules.

Let A be an algebra and A
op

the opposite algebra of A. By A-mod we denote the category of all finitely
generated left A-modules, and by A-proj (respectively, A-inj) the full subcategory of A-mod consisting
of projective (respectively, injective) A-modules. Let A-modP stand for the full subcategory of A-mod
consisting of modules without any nonzero projective direct summands.

For M ∈ A-mod, let add(M) be the full subcategory of A-mod consisting of modules isomorphic to
direct sums of finitely many indecomposable direct summands of M. Let `(M) stand for the composition
length of M. The basic module of M is defined to be the direct sum of representatives of isomorphism
classes of indecomposable direct summands of M, denoted by B(M). Let MP denote the direct sum of
all non-projective indecomposable summands of M. Thus M/MP is projective. For r ∈ N, we write Mr

for the direct sum of r copies of M.
The module AM is called a generator (or cogenerator) for A-mod if add(AA)⊆ add(M) (or add(D(AA))

⊆ add(M), where D : A-mod→ A
op

-mod is the usual duality of A. By −∗ we denote the A-duality, that is
M∗ := HomA(M,A).

Let pres(M) be the full subcategory of A-mod consisting of those modules L such that there is an exact
sequence: P1→ P0→ L→ 0 in A-mod, with P0,P1 ∈ add(M), and let app(M) be the full subcategory of
pres(M) consisting of those modules L that the induced map HomA(M,P0)→ HomA(M,L) is surjective.

For homomorphisms f : X → Y and g : Y → Z in A-mod, we write f g : X → Z for their composition.
This implies that the image of an element x∈ X under f is denoted by (x) f . Thus HomA(X ,Y ) is naturally
a left EndA(X)- and right EndA(Y )-bimodule. The composition of functors between categories is written
from right to left, that is, for two functors F : C →D and G : D → Σ, we write G◦F , or simply GF , for
the composition of F with G. The image of an object X ∈ C under F is written as F(X).

Let N ∈ A-mod. We write rad(M,N) for the set of homomorphisms f ∈ HomA(M,N) such that, for
any homomorphisms g : Z→M and h : N→ Z, the composition g f h : Z→ Z is not an automorphism of
Z. Thus rad(M,M) is just the Jacobson radical of the endomorphism algebra EndA(M) of M.

The Nakayama functor νA := DHomA(−,A)' D(A)⊗A− from A-mod to itself restricts to an equiv-
alence from A-proj to A-inj. An A-module P is said to be ν-stably projective if νi

AP is projective for all
i ≥ 0. For example, if a2 = a ∈ A satisfies add(νA(Aa)) = add(Aa), then Aa is ν-stably projective. In
this case, the idempotent a ∈ A is said to be ν-stable. Let A-stp denote the full subcategory of A-mod
consisting of all ν-stably projective A-modules. Clearly, there is a ν-stable idempotent e ∈ A such that
A-stp = add(Ae). It is known that eAe is a self-injective algebra (see [19, 23]). Following [19], the algebra
eAe is called the Frobenius part of A. This is uniquely determined by A up to Morita equivalence.

If A is a self-injective algebra and M ∈ A-mod, then the Frobenius part of EndA(A⊕M) is Morita
equivalent to A.
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For a class C of A-modules in A-mod, the number of modules in C always means the cardinality of
the set of isomorphism classes of modules in C .

Let η : 0→ X → Y → Z → 0 be an exact sequence in A-mod. We say that η has no split direct
summands if it has no split exact sequences as its direct summands.

2.2 Homological dimensions and conjectures

In this subsection, we recall the notions of dominant, finitistic and global dimensions.
Given an algebra A, the global dimension of A, denoted gl.dim(A), is defined by

gl.dim(A) := sup{proj.dim(M) |M ∈ A-mod},

while the finitistic dimension of A, denoted fin.dim(A), is defined by

fin.dim(A) := sup{proj.dim(M) |M ∈ A-mod, proj.dim(M)< ∞}.
Clearly, fin.dim(A)≤ gl.dim(A). The well-known finitistic dimension conjecture reads [5]:

(FDC) For any algebra A over a field, fin.dim(A)< ∞.
This conjecture is a central problem in the representation theory of algebras. The validity of (FDC)

implies the one of several other homological conjectures (see [4, Conjectures, p.409]). Unfortunately,
(FDC) is still open to date. In fact, only a few cases are verified. For example, it was verified for monomial
algebras [15] and algebras of radical cube-zero [17]. In the last decades, there were several approaches
to the conjecture. For instance, Igusa-Todorov’s φ- and ψ-dimensions [20], extensions of algebras [34],
removing arrows [16] and delooping levels [13].

Consider a minimal injective resolution of AA:

0−→ AA−→ I0 −→ I1 −→ ·· · −→ It −→ ·· · .

The dominant dimension of A, denoted dom.dim(A), is the maximal t ∈ N (or ∞) such that I0, I1, · · · , It−1
are projective. Related to dominant dimension, there is a well-known conjecture, called the Nakayama
conjecture (see [27], or [4, Conjectures, p.409]):

(NC) If dom.dim(A) = ∞, then A is a self-injective algebra.
It is easy to see that the validity of (FDC) for an algebra A implies the one of (NC) for the algebra A.

Note that both conjectures are open. However, we have verified them for centralizer matrix algebras [21,
Theorem 1.2].

2.3 Stable equivalences and elimination of nodes

In this subsection we recall some basics on stable equivalences and a procedure of producing algebras
without nodes.

By A-mod we denote the stable module category of A, which has the same objects as A-mod, but the
morphism set HomA(X ,Y ) of objects X and Y is the quotient of HomA(X ,Y ) modulo P (X ,Y ), the set of
all homomorphisms from X to Y that factorize through projective A-modules. If M is a non-projective
indecomposable A-module, then P (M,M)⊆ rad(EndA(M)), the Jacosbson radical of EndA(M).

Though we mainly work with finite-dimensional algebras over fields, we will state notions and facts
in the most general form of Artin algebras, in order to be referred in other cases.

Definition 2.1. (1) Two Artin algebras Λ and Γ over a commutative Artin ring R are said to be stably
equivalent if there is an equivalence F : Λ-mod→ Γ-mod of R-linear categories.

(2) A stable equivalence F : Λ-mod→ Γ-mod of Artin algebras Λ and Γ preserves non-semisimple
blocks provided that, for non-projective indecomposable modules M,N ∈ Λ-modP , F(M) and F(N) lie
in the same block of Γ if and only if M and N lie in the same block of Λ.
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Let F be a stable equivalence between Λ and Γ. Then F induces a one-to-one correspondence between
Λ-modP and Γ-modP , but may not preserve the numbers of non-semisimple blocks of algebras. This
can be seen by the example in [38, Example 4.7].

A special stable equivalence was introduced by Broué for finite-dimensional algebras.

Definition 2.2. [8] Finite-dimensional algebras A and B over a field are stably equivalent of Morita type
if there exist bimodules AMB and BNA such that

(1) M and N are projective as one-sided modules,
(2) There are bimodule isomorphisms: AM⊗B NA ' AAA⊕P and BN⊗A MB ' BBB⊕Q, where P is a

projective A-A-bimodule and Q is a projective B-B-bimodules.

Clearly, the exact functor N⊗A− : A-mod→ B-mod induces a stable equivalence N⊗A− : A-mod→
B-mod. By Definition 2.2(1), proj.dim(BN⊗A X)≤ proj.dim(AX) for all X ∈ A-mod, where proj.dim(X)
denotes the projective dimension of X . Similarly, proj.dim(AM⊗B Y )≤ proj.dim(BY ) for all Y ∈ B-mod.
Moreover, by Definition 2.2(2), we have proj.dim(AX) ≤ proj.dim(X ⊕P⊗A X) = proj.dim(M⊗B N⊗A

X) ≤ proj.dim(BN⊗A X) ≤ proj.dim(AX). This implies that stable equivalences of Morita type preserve
the global and finitistic dimensions.

An example of stable equivalences of Morita type is that derived equivalent self-injective algebras are
stably equivalent of Morita type [30]. Now we give another example of stable equivalences of Morita
type.

Lemma 2.3. [22] Let B be a self-injective algebra and X ∈ B-mod. Then the endomorphism algebras
EndB(B⊕X) and EndB(B⊕ΩB(X)) are stably equivalent of Morita type, where ΩB(X) stands for the
syzygy of X.

We discuss a special case of Lemma 2.3: Let B be a symmetric algebra. Consider the exact sequence
of B-B-bimodules:

0−→ N −→ B⊗R B−→ B−→ 0.

Then N is projective as a one-side B-module, and N⊗B− induces a stable equivalence of Morita type
between B and itself. Clearly, N⊗B−'ΩB(−) on B-mod.

Given a B-module M, we set Λ := EndB(B⊕M) and Γ := EndB(B⊕ΩB(M)). Let P := HomB(B⊕
M,B) and Q := HomB(B⊕ΩB(M),B). Then ΛP and ΓQ are projective modules. We may assume that
M is a basic module without nonzero projective summands. In [22, Section3], a stable equivalence F of
Morita type is constructed between Λ and Γ such that the following diagram is commutative (up to natural
isomorphism):

B-mod pres(P) Λ-mod

(ε)

B-mod pres(Q) Γ-mod.

N⊗B−
��

F
��

F

��

P⊗B− // //

Q⊗B− // //

In the study of stable equivalences of Artin algebras, the notion of nodes plays an important role.

Definition 2.4. [23] A non-projective, non-injective simple module over an Artin algebra is called a node
if the middle term of the almost split sequence starting at the simple module is projective.

By [23, Lemma 1], a non-injective simple module S of an Artin algebra is a node if and only if S is
not a composition factor of rad(Q)/soc(Q) for any indecomposable projective module Q. Thus an Artin
algebra has no nodes if and only if every non-projective, non-injective simple module is a composition
factor of rad(P)/soc(P) for some indecomposable projective module P.
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Given an Artin algebra Λ, let S be the direct sum of all non-isomorphic nodes of Λ, I the trace of S in
Λ, and J the left annihilator of I in Λ. Martı́nez-Villa showed in [23, Theorem 2.10] that an Artin algebra
Λ with nodes is stably equivalent to the triangular matrix algebra

Λ
′ :=

(
Λ/I 0

I Λ/J

)
without nodes. It is shown in [38, Lemma 3.12(3)] that Λ and Λ′ have the same numbers of non-projective
simple modules. We often say that Λ′ is obtained from Λ by eliminating nodes or Λ′ is the node-eliminated
algebra of Λ.

Remark 2.5. Let f (x) be an irreducible polynomial in R[x], A := R[x]/( f (x)2), M(1) := R[x]/( f (x)),
M(2) := A and AM := M(1)⊕M(2). Clearly, M(1) is the unique non-projective, indecomposable A-
module. Let C := EndA(M) be the Auslander algebra of A, and let ei ∈C be the canonical projection of
M onto M(i) for i = 1,2. Then C is a Nakayama algebra and has 2 indecomposable projective modules
P(1) := Ce1 and P(2) := Ce2. The non-projective indecomposable C-modules are S1 := top(P(1)), S2 :
= top(P(2)) and the injective envelope I(S1) of S1. Moreover, there are three almost split sequences of
C-modules:

0−→ S1 −→ I(S1)−→ S2 −→ 0, 0−→ S2 −→ P(1)−→ S1 −→ 0 and

0−→ P(1)−→ P(2)⊕S1 −→ I(S1)−→ 0.

Let Γs
C be the quiver of C obtained from the Auslander-Reiten quiver ΓC of C by removing both projective

vertices and all related arrows. Then Γs
C is of the form • → • → •. By eliminating nodes, A is stably

equivalent to A′ :=
(

A/rad(A) 0
rad(A) A/rad(A)

)
, and C is stably equivalent to C′ :=

(
C/soc(C) 0

soc(C) C/Ce2C

)
.

The algebra A′ has two indecomposable projective modules
(

A/rad(A)
rad(A)

)
and

(
0

A/rad(A)

)
. The first one

is injective, while the second one is simple and isomorphic to a submodule of the first one. The algebra

C′ has three indecomposable projective modules
((

Ce1 + soc(C)
)
/soc(C)

soc(Ce1)

)
,
((

Ce2 + soc(C)
)
/soc(C)

soc(Ce2)

)
and

(
0

C/Ce2C

)
. The second one is injective, while the third one is simple and isomorphic to a submodule

of both the first and second ones. Note that the Frobenius parts of both A′ and C′ are 0.

We recall the following results of Martı́nez-Villa in [25, Proposition 1.5 and Theorems 1.7 and 2.6].

Lemma 2.6. [25] Let F : Λ-mod→ Γ-mod be a stable equivalence of Artin algebras Λ and Γ in which
both algebras have neither nodes nor semisimple summands.

(1) The functor F provides a bijection F ′ : P(Λ)I →P(Γ)I , which preserves simple projective
modules in P(Λ)I . The inverse of F ′ is H ′ induced from a quasi-inverse H of the functor F.

(2) The functor F induces a stable equivalence between the Frobenius parts of Λ and Γ.

(3) Let 0→ X ⊕Q1
f→ Y ⊕Q2⊕P

g→ Z→ 0 be an exact sequence of Λ-modules without split exact
sequences as its direct summands, where X ,Y,Z ∈ Λ-modP , Q1,Q2 ∈P(Λ)I and P is a projective-
injective Λ-module. Then there is an exact sequence

0−→ F(X)⊕F ′(Q1)
f ′−→ F(Y )⊕F ′(Q2)⊕P′

g′−→ F(Z)−→ 0

in Γ-mod, such that it has no split direct summands and ΓP′ is projective-injective.
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Here, g′ is a projective cover of F(Z) if g is a projective cover of Z, and P(Λ)I is the category of
projective Λ-modules without nonzero injective direct summands.

As a consequence of Lemma 2.6, we have the following result.

Lemma 2.7. Let F : Λ-mod→ Γ-mod be a stable equivalence of Artin algebras Λ and Γ in which both
algebras have neither nodes nor semisimple summands, and let P and Q be the sums of projective-injective
indecomposable Λ-modules and Γ-modules, respectively. Suppose N ∈P(Λ)I and M is a non-projective
indecomposable module. If M belongs to pres(P⊕N), then F(M) belongs to pres(Q⊕F ′(N)).

Proof. Let P(X) denote a projective cover of X ∈ Λ-mod, and let η(X) be the canonical exact se-
quence: 0→ΩΛ(X)→ P(X)→ X→ 0. Clearly, if X ∈Λ-modP , then η(X) has no split direct summands.
Moreover, we have the following fact.

(∗) Let Y ∈Λ-proj and X ∈Λ-mod. Then X ∈ pres(Y ) if and only if P(X) and P(ΩΛ(X)) lie in add(Y ).
Now, let M ∈ pres(P⊕N) be non-projective and indecomposable. Then P(M) and P(ΩΛ(M)) lie in

add(P⊕N). Since ΩΛ(M) has no nonzero injective direct summands, we can write ΩΛ(M) = (
⊕s

i=1 Xi)⊕
Z with Xi being non-projective indecomposable module for all i ∈ [s] and Z ∈ P(Λ)I . Therefore
P(ΩΛ(M)) = P((

⊕s
i=1 Xi)⊕Z) = (

⊕s
i=1 P(Xi))⊕Z ∈ add(P⊕N). This implies that P(Xi) ∈ add(P⊕N)

for all i ∈ [s] and Z ∈ add(N). Since each of η(X1), · · · ,η(Xs) and η(M) has no split direct summands,
it follows from Lemma 2.6(3) that there are exact sequences η(F(X1)), · · · ,η(F(Xs)) and η(F(M)) such
that each of them has no split direct summands. From these exact sequences, we see that P(F(Xi)) ∈
add(Q⊕ F ′(N)) for all i ∈ [s], P(F(M)) ∈ add(Q⊕ F ′(N)) and ΩΓ(F(M)) = F(

⊕s
i=1 Xi)⊕ F ′(Z) =

(
⊕s

i=1 F(Xi))⊕ F ′(Z). Clearly, F ′(Z) ∈ add(Q⊕ F ′(N)) since Z ∈ add(N). Thus P(ΩΓ(F(M))) =
(
⊕s

i=1 P(F(Xi)))⊕F ′(Z) ∈ add(Q⊕F ′(N)). Hence F(M) ∈ pres(Q⊕F ′(N)) by (∗). �

2.4 Modules over quotients of polynomial algebras

In this subsection we show some facts on stably equivalent endomorphism algebras of generators over
quotients of R[x].

Throughout this subsection, let [n] be the set {1,2, · · · ,n}, f (x) a fixed irreducible polynomial in R[x]
and A := R[x]/( f (x)n).

Clearly, A is a local, symmetric Nakayama algebra. Moreover, A has n indecomposable modules
M(i) := R[x]/( f (x)i), i ∈ [n]. For convenience, we set M(0) = 0. For n ≥ 2, let Γn−1 := {M(i) | i ∈
[n−1]}⊆A-modP be the set of representatives of isomorphism classes of non-projective indecomposable
A-modules.

Suppose that F : A-mod→ A-mod is a stable equivalence. Then F induces an action F on Γn−1,
namely, for M ∈ Γn−1, F(M) is the unique module in Γn−1 such that F(M) ' F(M) in A-mod. Clearly,
for the stable equivalence ΩA : A-mod→ A-mod, we have ΩA(M(i)) = M(n− i), where ΩA is the syzygy
operator of A.

Lemma 2.8. [21, Lemma 2.10] Let n ≥ 2. If F is a stable equivalence between A and itself, then the
induced action F on Γn−1 coincides with either the identity action or ΩA.

For a positive integer m and an irreducible polynomial g(x) ∈ R[x], if A' R[x]/(g(x)m) as R-algebras,
then n= LL(R[x]/( f (x)n)) = LL(R[x]/(g(x)m)) =m. Moreover, the indecomposable R[x]/(g(x)n)-module
R[x]/(g(x)t) is isomorphic to the A-module M(t) for t ∈ [n].

For the convenience of the reader, we summarize the above facts and [21, Lemma 2.14, Corollary
2.15] as a lemma.

Lemma 2.9. (1) Let g(x) ∈ R[x] be an irreducible polynomial and m > 0. If A ' R[x]/(g(x)m) as R-
algebras, then m = n. Moreover, for t ∈ [n], the indecomposable R[x]/(g(x)n)-module R[x]/(g(x)t) is
isomorphic to the A-module M(t).
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(2) Suppose that the polynomial f (x) is separable and K := R[x]/( f (x)). Then
(i) A can be viewed as a K-algebra and A' K[x]/(xn) as algebras over K.
(ii) If g(x) ∈ R[x] is irreducible such that A is stably equivalent to R[x]/(g(x)m) for m ≥ 2, then

A' R[x]/(g(x)m).

Now we consider the endomorphism algebras of generators over A.

Lemma 2.10. Let M be a generator for A-mod, that is AA ∈ add(M), and Λ := EndA(M).
(1) If n≥ 2, then every simple Λ-module is neither projective nor injective.
(2) Λ has nodes if and only if n = 2.
(3) The Frobenius part of Λ is Morita equivalent to A.

Proof. Since the Nakayama algebra A is local and symmetric, any indecomposable direct summand
of M is isomorphic to a submodule of AA. Let F be the functor HomA(M,−) : add(AM)→ Λ-proj and
P := F(AA). Clearly, F is an equivalence and P is an indecomposable projective-injective Λ-module with
soc(P)' top(P) since A is a local symmetric Nakayama algebra. The left exactness of F implies that any
indecomposable projective Λ-module is isomorphic to a submodule of P.

(1) Suppose n≥ 2. Then the indecomposable, projective-injective Λ-module P is not simple. To show
that every indecomposable projective Λ-module is not simple, we show that HomΛ(X ,Y ) 6= 0 for any
indecomposable projective Λ-modules X and Y . In fact, let X ′ and Y ′ be indecomposable direct summands
of AM such that F(X ′) = X and F(Y ′) = Y . Since A is a local algebra, we always have HomA(X ′,Y ′) 6= 0
(for example, a nonzero homomorphism from the top of X ′ to the socle of Y ′). Thus

HomΛ(X ,Y ) = HomΛ(F(X ′),F(Y ′))' HomA(X ′,Y ′) 6= 0.

This implies that no simple Λ-module is projective. Otherwise, Λ would have only one simple projective
module, this would contradict to the fact that P is not simple. Since the Nakayama functor ν : Λ-proj→
Λ-inj is an equivalence, we deduce that, for any indecomposable injective Λ-modules U and V ,

HomΛ(U,V )' HomΛ(ν
−1(U),ν−1(V )) 6= 0.

This shows that no simple Λ-modules are injective.
(2) If n = 1, then the algebra A is simple, and therefore the algebra Λ is semisimple. Thus Λ has no

nodes by definition.
If n = 2, then Λ is Morita equivalent to either A or the Auslander algebra C of A. Note that C is

a Nakayama algebra with 2 indecomposable projective C-modules P1 and P2 = P of lengths 2 and 3,
respectively. There is an almost split sequence 0→ top(P2)→ P1→ top(P1)→ 0, which shows that Λ has
a node.

Finally, we consider n ≥ 3. Let S be a non-projective, non-injective simple Λ-module, we show
that S is a composition factor of rad(P)/soc(P). Actually, let Q be the projective cover of S with Q =
HomA(M,Y ) for an indecomposable AY ∈ add(M). Then Q is a non-simple submodule of P with soc(Q) =
soc(P). If Q 6= P, then Q⊂ rad(P) and 0 6= Q/soc(Q) is a submodule of rad(P)/soc(P). Thus, as a com-
position factor of Q/soc(Q), S is a composition factor of rad(P)/soc(P). If Q = P, then the multiplicity
of top(P) in P is at least LL(A) ≥ 3, and therefore S = top(P) is a composition factor of rad(P)/soc(P).
Hence Λ has no nodes.

(3) This is clear. �

Lemma 2.11. Suppose that M is a generator for A-mod. Let B := R[x]/(g(x)m) for some irreducible
polynomial g(x) and m ≥ 2, and let N be a generator for B-mod. If EndA(M) and EndB(N) are stably
equivalent, then so are A and B.
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Proof. Let Λ := EndA(M) and Γ := EndB(N). By Lemma 2.10(3), the Frobenius part of Γ is Morita
equivalent to B. Suppose that F : Λ-mod→ Γ-mod is an equivalence of R-categories. Then Λ is semisim-
ple if and only if so is Γ. This implies that m = 1 if and only n = 1. Thus we may assume both n≥ 2 and
m≥ 2. Under this assumption, we are led to considering the two cases.

(1) m ≥ 3 and n ≥ 3. Then both Λ and Γ have no nodes by Lemma 2.10(2). Thus it follows from
Lemma 2.6(2) that A and B are stably equivalent.

(2) m = 2 or n = 2. In this case, we claim m = n = 2. Suppose contrarily m 6= n. Then one of m and
n is at least 3. We may assume n = 2 and m ≥ 3. According to Lemma 2.10(2), Λ has nodes, but Γ has
no nodes. We consider the node-eliminated algebra Λ′ of Λ. Clearly, Λ′ is stably equivalent to Λ and has
the Frobenius part equal to 0 (see Remark 2.5). Note that both Λ′ and Γ have no semisimple summands.
Thus, by Lemma 2.6(2), the Frobenius part of Λ′ and the Frobenius part B of Γ are stably equivalent,
and therefore B-mod = 0. However, for m≥ 2, the B-module R[x]/(g(x)) is non-projective, and therefore
B-mod 6= 0, a contradiction. This shows m = n = 2.

The Auslander algebra of A := R[x]/( f (x)2) (respectively, B := R[x]/(g(x)2)) is a Nakayama algebra
with 3 non-projective indecomposable modules, one of which is injective of length 2 and the other two
are simple. Since stably equivalent algebras have the same number of non-projective indecomposable
modules, it follows that

(i) either Λ is Morita equivalent to A, and Γ is Morita equivalent to B; or
(ii) Λ is Morita equivalent to the Auslander algebras of A, and Γ is Morita equivalent to the Auslander

algebras of B.
To complete the proof, we only need to deal with (ii). By using Hom-functor, we see that the endo-

morphism algebra of any simple Λ-module (respectively, Γ-module) is isomorphic to R[x]/( f (x)) (respec-
tively, R[x]/(g(x))). By the definition of stable endomorphism algebras of modules, we see that the stable
endomorphism algebra of any simple Λ-module (respectively, Γ-module) is isomorphic to R[x]/( f (x)) (re-
spectively, R[x]/(g(x))). Clearly, there exists a simple Λ-module, say T , such that F(T ) is simple. Since
F is an equivalence of categories, it follows that R[x]/( f (x))' EndΛ(T )' EndΓ(F(T ))' R[x]/(g(x)) as
algebras. This yields that A and B are stably equivalent since R[x]/( f (x)) and R[x]/(g(x)) are the only
non-projective indecomposable A- and B-module, respectively. �

Finally, we point out the following facts (see [21, Lemma 2.19] and [37, Theorem 1.2(1)]).

Lemma 2.12. (1) For c ∈Mn(R), there are isomorphisms of R-algebras:

Sn(c,R)' Sn(ctr,R)' Sn(c,R)
op ' EndR[c](R

n),

where ctr denotes the transpose of the matrix c.
(2) If R is of characteristic p ≥ 0 and σ ∈ Σn, then Sn(cσ,R) is semisimple if and only if σ = r(σ),

where cσ is the permutation matrix of σ over R and r(σ) is the p-regular part of σ.

3 New equivalence relation on square matrices

In this section we introduce an S-equivalence on all square matrices over a field.
Let R[x] the polynomial algebra over a field R in one variable x. For polynomials f (x) and g(x) of

positive degree, we write f (x) | g(x) or f (x) ≤ g(x) if f (x) divides g(x), that is, g(x) = f (x)h(x) with
h(x) ∈ R[x]. Then the set of monic polynomials in R[x] of positive degree is actually a partially ordered
set with respect to this polynomial divisibility.

The elementary divisors of c ∈ Mn(R) is defined to the elementary divisors of the matrix xIn− c ∈
Mn(R[x]), and all elementary divisors of c form a multiset. Let Ec be the set of elementary divisors of c
(thus Ec has no duplicate elements), and let Rc be the subset of Ec consisting of all reducible elementary
divisors of c that are maximal with respect to ≤.
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For f (x) ∈ Rc, we define the set Pc( f (x)) of power indices of f (x) by

Pc( f (x)) := {i≥ 1 | p(x)i ∈ Ec with p(x) an irreducible factor of f (x)}.

Let Z>0 be the set of all positive integers and s ∈ Z>0. Given a set T := {m1,m2, · · · ,ms} ⊂ Z>0
with m1 > m2 > · · ·> ms, we associate it with a set JT =: {m1,m1−m2, · · · ,m1−ms}. For a finite subset
H ⊂ Z>0, H = JT if and only if T = JH .

Now, we introduce an apparently new type of equivalence relation on square matrices, which is dif-
ferent from the ones in [21, Definition 1.1].

Definition 3.1. Matrices c∈Mn(R) and d ∈Mm(R) are S-equivalent, denoted c S∼ d, if there is a bijection
π : Rc→ Rd such that, for any f (x) ∈ Rc, the two conditions hold:

(1) R[x]/( f (x))' R[x]/(( f (x))π) as algebras over R, and
(2) either Pc( f (x)) = Pd(( f (x))π) or Pc( f (x)) = JPd(( f (x))π).

This is an equivalence relation on all square matrices over R. Let us give examples to illustrate S-
equivalent matrices.

Example 3.2. Let Jn(λ) denote the n×n Jordan block with the eigenvalue λ ∈ R.
(1) We take c = J3(0)⊕ J1(0)⊕ J1(1) ∈ M5(R) and d = J3(1)⊕ J2(1) ∈ M5(R), where ⊕ means

taking block diagonal matrix. Then Ec = {x3,x,x− 1} and Ed = {(x− 1)3,(x− 1)2}. By definition,
Rc = {x3} and Rd = {(x−1)3}. Further, Pc(x3) = {1,3}, Pd((x−1)3) = {2,3} and JPd((x−1)3) = {1,3}.
Let π : Rc → Rd be the map, x3 7→ (x− 1)3. Then c S∼ d by Definition 3.1. This also shows that c1 =
J3(0)⊕ J1(0) ∈M4(R) is S-equivalent to d.

(2) The S-equivalence is different from the D-equivalence introduced in [21]. On the one hand, the
matrices c and d in (1) are S-equivalent, but not D-equivalent by [21, Definition 1.1]. On the other hand,
let c := J5(0)⊕ J4(0)⊕ J1(0) ∈M10(R) and d := J5(0)⊕ J2(0)⊕ J1(0) ∈M8(R). By [21, Example 4.4], c
and d are D-equivalent, but not S-equivalent.

Clearly, the similarity of matrices preserves S-equivalence, that is, if c is similar to c1 and if d is
similar to d1, then c S∼ d implies c1

S∼ d1.

4 Stable equivalences of centralizer matrix algebras

This section is devoted to proofs of main results and their corollaries by following the strategy mentioned
in the introduction.

For c ∈Mn(R), let mc(x) be the minimal polynomial of c over R and Ac := R[x]/(mc(x)). We write

mc(x) :=
lc

∏
i=1

fi(x)ni for ni ≥ 1 and Ui := R[x]/( fi(x)ni) for i ∈ [lc]

where all fi(x) are distinct irreducible (monic) polynomials in R[x]. It is known that Ui is a local, symmet-
ric Nakayama R-algebra for i ∈ [lc], and

Ac 'U1×U2×·· ·×Ulc .

Since Ac ' R[c] and the R[c]-module Rn = {(a1,a2, · · · ,an)
tr | ai ∈ R,1≤ i≤ n} can be regarded as an

Ac-module, we can decompose the Ac-module Rn, according to the blocks of Ac, in the following way:

(?) Rn '
lc⊕

i=1

si⊕
j=1

R[x]/( fi(x)ei j)
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as R[x]-modules, where ei j are positive integers. Note that {{ fi(x)ei j | i ∈ [lc], j ∈ [si]}} is the multiset of
all elementary divisors of c (see [9, Chapter 4], where (?) is stated in terms of invariant subspaces of a
linear transformation).

Let Mi :=
⊕si

j=1 R[x]/( fi(x)ei j) be the sum of indecomposable direct summands of Rn belonging to
the block Ui, and Ai := EndUi(Mi) for i ∈ [lc]. Then all algebras Ai are indecomposable.

Clearly, for i ∈ [lc], we have Pc( fi(x)ni) = {ei j | j ∈ [si]} and B(Mi) '
⊕

r∈Pc( fi(x)ni ) R[x]/( fi(x)r) as
Ui-modules. Since Rn is a faithful Mn(R)-module, Rn is also a faithful R[c]-module, and therefore Rn is a
generator for R[c]-mod, and Mi is a faithful Ui-module for i ∈ [lc].

Sn(c,R)' EndR[c](R
n)' EndAc(

lc⊕
i=1

Mi) =
lc

∏
i=1

EndUi(Mi) =
lc

∏
i=1

Ai.

This is a decomposition of blocks of Sn(c,R). Moreover, a block Ai is semisimple if and only if ni = 1. As
the R[c]-module Rn is a generator, we see that the bimodule R[c]Rn

Sn(c,R)
has the double centralizer property,

that is, EndSn(c,R)
op (Rn

Sn(c,R)
) = R[c].

The following lemma is an immediately consequence of (?).

Lemma 4.1. There is a bijection π from Ec to the set of non-isomorphic, indecomposable direct summands
of the Ac-module Rn, sending h(x) to the Ac-module R[x]/(h(x)) for h(x) ∈ Ec.

Similarly, for d ∈ Mm(R), we write md(x) = ∏
ld
j=1 g j(x)m j for m j ≥ 1, where all g j(x) are distinct

irreducible (monic) polynomials in R[x]. Let Ad := R[x]/(md(x)) = V1×·· ·×Vld with Vj := R[x]/(g j(x)m j)
for j ∈ [ld ]. Clearly, Vj is a local, symmetric Nakayama R-algebra. By the canonical isomorphism Ad '
R[d] of algebras, we have a decomposition of the Ad-module Rm:

(??) Rm '
ld⊕

i=1

ti⊕
j=1

R[x]/(gi(x) fi j),

where the multiset {{gi(x) fi j | i ∈ [ld ], j ∈ [ti]}} is the multiset of elementary divisors of d. This is also
a decomposition of R[x]-modules. Let Ni :=

⊕ti
j=1 R[x]/(gi(x) fi j) be the sum of indecomposable direct

summands of Rn belonging to the block Vi, and Bi := EndVi(Ni) for i ∈ [ld ]. Then all algebras Bi are
indecomposable. Moreover, a block Bi is semisimple if and only if mi = 1.

For i ∈ [ld ], we have Pd(gi(x)mi) = { fi j | j ∈ [ti]} and B(Ni) '
⊕

r∈Pd(gi(x)mi ) R[x]/(gi(x)r) as Vi-
modules, and the following isomorphisms hold:

Sm(d,R)' EndR[d](R
m)' EndAd (

ld⊕
i=1

Ni) =
ld

∏
i=1

EndVi(Ni) =
ld

∏
i=1

Bi.

This is a decomposition of blocks of Sm(d,R) and the bimodule R[d]Rm
Sm(d,R)

has the double centralizer
property, that is, EndSm(d,R)

op (Rm
Sm(d,R)

) = R[d].

4.1 Stable equivalences between blocks of centralizer matrix algebras

In this subsection we study behaviour of blocks of centralizer matrix algebras under stable equivalences.
Let Λ be an Artin algebra. We denote by P(Λ)I the set of representatives of isomorphism classes of

projective Λ-modules without nonzero injective direct summands.
In general, stably equivalent algebras may have different numbers of non-semisimple blocks (see

[38, Example 4.7]). In the following, we will show that stable equivalences between centralizer matrix
algebras over a field do preserve non-semisimple blocks (see Definition 2.1).
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First, we fix some notation. We have a block decomposition Sn(c,R)'EndR[c](Rn)'∏
lc
i=1 EndUi(Mi)=

∏
lc
i=1 Ai. Let A be the direct sum of all non-semisimple blocks of Sn(c,R). Now, we partition the blocks

Ai of A in the following way.
(1) SA,≥2 := {A1,A2, · · · ,Aa1} consists of the blocks Ai with ni ≥ 3 and having at least 2 non-injective

indecomposable projective modules for 1≤ i≤ a1.
(2) SA,1 := {Aa1+1,Aa1+2, · · · ,Aa2} consists of the blocks Ai with ni ≥ 3 and having only 1 non-

injective indecomposable projective module for a1 < i≤ a2.
(3) SA,0 := {Aa2+1,Aa2+2, · · · ,Aa3} consists of the blocks Ai with ni ≥ 3 and all indecomposable pro-

jective Ai-modules being injective for a2 < i≤ a3.
(4) SA := {Aa3+1,Aa3+2, · · · ,Aa4} consists of the blocks Ai with ni = 2 for a3 < i≤ a4, where 0≤ a1 ≤

a2 ≤ a3 ≤ a4 ≤ lc.

Note that A = ∏
a4
i=1 Ai and ni is the Loewy length of both Ui and the center of Ai. For an Artin algebra

Λ, we denote by Λ′ the node-eliminated algebra of Λ. Thus Λ and Λ′ are stably equivalent, and the latter
has no nodes.

Let Ã := ∏
a3
i=1 Ai ×∏a3<i≤a4(Ai)

′. Then we have the following result.

Lemma 4.2. The algebra Ã has neither nodes nor semisimple direct summands. Moreover, there exists
a stable equivalence FA : A-mod→ Ã-mod such that FA preserves non-semisimple blocks of the algebras
and its restriction to a block Ai is the identity functor for i ∈ [a3].

Proof. Recall that Ui = R[x]/( fi(x)ni) and Ai = EndUi(Mi) for i ∈ [lc]. For i ∈ [a3], it follows from
Lemma 2.10(1)-(2) that Ai has neither nodes nor projective simple modules. For a3 < j ≤ a4, the node-
eliminated algebra (A j)

′ of A j has no nodes and is stably equivalent to A j. Clearly, Ã does not have any
semisimple direct summands. Now it is easy to get a desired stable equivalence FA between A and Ã. �

For Sm(d,R), let B be the sum of its non-semisimple blocks. Similarly, we have a partition of blocks
of B: there are natural numbers 0 ≤ b1 ≤ b2 ≤ b3 ≤ b4 ≤ ld , such that the blocks of B are partitioned as
{B1, · · · ,Bb1}∪{Bb1+1, · · · ,Bb2}∪{Bb2+1, · · · ,Bb3}∪{Bb3+1, · · · ,Bb4}. This partition of blocks of B has
the corresponding properties (1)-(4) as the one of blocks of A.

Let B̃ := ∏
b3
j=1 B j ×∏b3< j≤b4(B j)

′. Then, by Lemma 4.2, B̃ has neither nodes nor semisimple direct
summands, and there is a stable equivalence FB : B-mod→ B̃-mod such that FB preserves non-semisimple
blocks and its restriction to a block B j is the identity functor for j ∈ [b3].

From now on, we assume that there is a stable equivalence F between Sn(c,R) and Sm(d,R).
The functor F restricts to a stable equivalence between A and B. Thus H := FB ◦F ◦F−1

A : Ã-mod→
B̃-mod is a stable equivalence. Let J : B̃-mod→ Ã-mod be a quasi-inverse of H. As in Lemma 2.6(1), H
and J induce bijections H ′ : P(Ã)I →P(B̃)I and J′ : P(B̃)I →P(Ã)I , respectively, such that their
compositions are identity maps.

Let SA,≥1 := SA,≥2∪SA,1 and SB,≥1 := SB,≥2∪SB,1. In the following, we will show that H restricts to
a stable equivalence between blocks in SA,≥1 and blocks in SB,≥1.

Lemma 4.3. The bijection H ′ induces a bijection between SA,≥1 and SB,≥1.

Proof. Recall the following facts:
(i) Ui is a symmetric, local Nakayama algebra, and therefore any indecomposable Ui-module is iso-

morphic to a submodule of Ui for i ∈ [lc].
(ii) Mi is a generator for Ui-mod. Let Ai := EndUi(Mi). Then any indecomposable projective Ai-

module is isomorphic to a submodule of Pi := HomUi(Mi,Ui) for i ∈ [lc]. This follows from (i) and the
left exactness of Hom-functors.
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(iii) Pi is projective-injective by the isomorphism νAiHomUi(Mi,Ui)'HomUi(Mi,νUiUi) (see [18, Re-
mark 2.9 (2)]). In particular, Pi is the unique (up to isomorphism) indecomposable projective-injective
Ai-module for i ∈ [lc].

Now, let i ∈ [a2]. The proof will be proceeded by the following two steps.

Step 1: We show that H ′ induces a bijection from SA,≥2 to SB,≥2. Thus a1 = b1.

In fact, let Ai ∈ SA,≥2, that is, i ∈ [a1], ni ≥ 3 and Ai has at least 2 non-isomorphic, non-injective
indecomposable projective modules Pi1 and Pi2 which are not simple by Lemma 2.10(1). Then there exist
2 indecomposable direct summands Mi1 and Mi2 of the Ui-module Mi such that Pik = HomUi(Mi,Mik)
for 1 ≤ k ≤ 2. As Ui is a local Nakayama algebra, we may assume that Mi1 is isomorphic to a proper
submodule of Mi2. It then follows from the left exactness of the Hom-functor HomUi(Mi,−) that Pi1 is
isomorphic to a submodule of Pi2. Hence there is an exact sequence of Ai-modules

0−→ Pi1 −→ Pi2 −→ Pi2/Pi1 −→ 0

with Pi2/Pi1 indecomposable. By Lemma 2.6(3), there is an exact sequence of B̃-modules

(∗) 0−→ H ′(Pi1)−→ H ′(Pi2)⊕P′1 −→ H(Pi2/Pi1)−→ 0,

with P′1 being a projective-injective B̃-module. We show that both H ′(Pi1) and H ′(Pi2) lie in the same
block of B̃.

Suppose contrarily that H ′(Pi1) and H ′(Pi2) lie in different blocks of B̃. Then HomB̃(H
′(Pi1),H ′(Pi2))=

0. It then follows from (∗) that the non-projective indecomposable module H(Pi2/Pi1) contains an iso-
morphic copy of H ′(Pi2) as a direct summand. This is a contradiction. Therefore H ′(Pi1) and H ′(Pi2) lie
in the same block of B̃.

Now, suppose that H ′(Pi1) and H ′(Pi2) lie in a common block C of B̃. By Remark 2.5, a block (B j)
′

of B̃, with b3 < j ≤ b4, always has at most 2 non-isomorphic, non-injective indecomposable projective
modules, one of which is simple. It then follows from Lemma 2.6(1) that C 6' (B j)

′ as algebras for b3 <
j ≤ b4. Hence C is a block of the form B j for some j ∈ [b3]. Since the two non-injective indecomposable
projective modules H ′(Pi1) and H ′(Pi2) lie in C, we deduce that C is a block of the form B j for some
j ∈ [b1] by our partition of blocks. Hence H ′ sends all non-injective, indecomposable projective Ai-
modules to the ones belonging to the block B j with j∈ [b1]. Similarly, by considering the the quasi-inverse
J of H and the bijection map J′ which is the inverse of H ′, we know that the non-injective indecomposable
projective B j-modules are mapped by J′ into modules belonging to the block Ai. Thus H ′ restricts to a
one-to-one correspondence between P(Ai)I and P(B j)I . This implies that H ′ induces a bijection from
SA,≥2 to SB,≥2, such that the corresponding blocks have the same number of non-isomorphic, non-injective
indecomposable projective modules. Thus a1 = b1.

Step 2: We prove that H ′ induces a bijection between SA,1 and SB,1. Thus a2 = b2.

Actually, let Ai ∈ SA,1, that is, a1 < i≤ a2 and Ai has only 1 non-injective indecomposable projective
module, say Qi. If H ′(Qi) lies in a block (B j)

′ for b3 < j ≤ b4, then, by Remark 2.5, H ′(Qi) has a simple
projective submodule, say P̃j. With a similar argument as in Step 1, we deduce that Qi and the simple
projective module J′(P̃j) lie in the same block Ai. Note that Qi is not simple and Qi 6' J′(P̃j). Thus the
block Ai contains at least 2 non-injective indecomposable projective modules. This is a contradiction.
Thus it follows from Step 1 that H ′(Qi) belongs to a block B j ∈ SB,1. Conversely, for B j ∈ SB,1, there is
a unique non-injective indecomposable projective B j-module, say R j. As J′ is the inverse of H ′, we see
that J′(R j) belongs to a block Ai ∈ SA,1. So H ′ induces a bijection between the set of blocks in SA,1 and
the set of blocks in SB,1. Thus a2 = b2. �

Having established a bijection between SA,≥1 and SB,≥1, we now show that the corresponding blocks
are stably equivalent.
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Lemma 4.4. Let H ′ : SA,≥1 → SB,≥1 be the bijection in Lemma 4.3. If H ′(Ai) = B j, then the functor H
restricts to a stable equivalence between Ai and B j.

Proof. For convenience, we define an operator Ĥ from the set of representatives of isomorphism
classes of indecomposable Ai-modules to that of indecomposable B j-modules:

Ĥ(X) =

{
H ′(X) if X is projective,
H(X) otherwise.

By Lemma 4.3, we may assume H ′(Ai) = Bi for i ∈ [a2]. To show that H restricts to a stable equiv-
alence between Ai and Bi, we only need to show that, for any non-projective indecomposable Ai-module
M, H(M) belongs to the block Bi, and that, for any non-projective indecomposable Bi-module N, J(N)
belongs to the block Ai.

Indeed, let i ∈ [a2] and M ∈ Ai-mod be a non-projective indecomposable module. Then H(M) is
indecomposable. Now, we prove that H(M) lies in the block Bi. We divide the proof into two parts (a)
and (b) below.

(a) We show that, for the unique indecomposable projective-injective Ai-module Pi, Ĥ(rad(Pi)) lies in
the block Bi.

As a submodule of the indecomposable injective module Pi, rad(Pi) has simple socle and therefore
is indecomposable. Recall that each non-injective indecomposable projective Ai-module is isomorphic
to a submodule of Pi. This implies that each non-injective, indecomposable projective Ai-module is i-
somorphic to a submodule of rad(Pi). By our partitions of blocks, Ai has at least one non-injective,
indecomposable projective Ai-module, say P. In particular, P is isomorphic to a submodule of rad(Pi). If
rad(Pi) is projective, then it follows from H ′(Ai) = Bi that Ĥ(rad(Pi)) = H ′(rad(Pi)) lies in the block Bi,
and therefore (a) follows.

Now assume that rad(Pi) is not projective. Then rad(Pi) and P are non-isomorphic, and so there exists
an exact sequence

0−→ P ι−→ rad(Pi)
η−→ rad(Pi)/P−→ 0.

Since rad(Pi) is indecomposable, rad(Pi)/P does not have any nonzero projective direct summands. Ap-
plying Lemma 2.6(3) to this sequence, we get an exact sequence of B̃-modules:

0−→ H ′(P) ι′−→ H(rad(Pi))⊕P′2
η′−→ H(rad(Pi)/P)−→ 0,

with P′2 a projective-injective B̃-module. Due to H ′(Ai) = Bi, we see that H ′(P) belongs to the block Bi.
Contrarily, suppose that H(rad(Pi)) does not belong to the block Bi. Then HomB̃(H

′(P),H(rad(Pi)))=
0, and therefore Im(ι′) ⊂ P′2. Thus H(rad(Pi)/P) ' (H(rad(Pi))⊕P′2)/Im(ι′) ' H(rad(Pi))⊕P′2/Im(ι′).
Applying the quasi-inverse J of H to this isomorphism, we deduce that rad(Pi) is isomorphic to a direct
summand of rad(Pi)/P. Thus P = 0. This contradicts to P being indecomposable. Thus Ĥ(rad(Pi)) =
H(rad(Pi)) belongs to the block Bi.

(b) We show that H(M) belongs to the block Bi.
Indeed, let P(M) be a projective cover of the indecomposable Ai-module M. Then there is a canonical

exact sequence of Ai-modules 0→ Ω(M)
f→ P(M)

g→M→ 0, which has no split exact sequences as its
direct summands. Write Ω(M) = L1⊕L2, with L1 ∈ Ai-modP and L2 ∈P(Ai)I , and P(M) = Q⊕ (Pt

i ),
with Q ∈P(Ai)I and t ∈ N. By Lemma 2.6(3), we get an exact sequence of B̃-modules

(‡) 0−→ H(L1)⊕H ′(L2)
f ′−→ H ′(Q)⊕P′3

g′−→ H(M)−→ 0,

such that P′3 is a projective-injective B̃-module and (‡) has no split direct summands. We have to consider
the two cases: Q 6= 0 and Q = 0.
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(1) Assume Q 6= 0. We claim that H(M) lies in the block Bi. Suppose contrarily that H(M) does not
belong to Bi. Then it follows from H ′(Ai) = Bi that H ′(Q) and H(M) lie in different blocks, and therefore
HomB̃(H

′(Q),H(M)) = 0. Thus Im( f ′) = H ′(Q)⊕(Im( f ′)∩P′3). Since H ′(Q) is projective, there exists a
homomorphism h′ : H ′(Q)→ H(L1)⊕H ′(L2) such that h′ f ′p1 = idH ′(Q), where p1 is the projection from
H ′(Q)⊕P′3 to H ′(Q). This implies that the exact sequence

0−→ Im(h′)
( f ′|Im(h′))p1
−→ H ′(Q)−→ 0−→ 0

is a split direct summand of (‡). This is a contradiction, and therefore H(M) lies in the block Bi.
(2) Assume Q= 0. Then H ′(Q) = 0. According to the blocks of B̃, we write P′3 =

⊕l
k=1 Xk such that Xi

and X j are in different blocks for i 6= j, but all indecomposable direct summands of Xi belong to a common
block of B̃. We shall show that all indecomposable direct summands of P′3 lie in the same block of B̃, that
is, l = 1. Contrarily, suppose l ≥ 2. By (‡), we have Im( f ′) =

⊕l
k=1Yk, where Yk is a submodules of Xk

for k ∈ [l]. Since H(L1)⊕H ′(L2) contains no projective-injective direct summands, each Yk is a proper
submodules of Xk. Therefore H(M)' P′3/Im( f ′)'

⊕l
k=1 Xk/Yk is decomposable. This contradicts to the

fact that H(M) is indecomposable. Thus l = 1 and all indecomposable direct summands of P′3, including
P′3 itself, lie in a common block of B̃.

Suppose that Ω(M) has a direct summand isomorphic to rad(Pi). Then f ′ in (‡) restricts to an injective
homomorphism from Ĥ(rad(Pi)) to P′3. Therefore Ĥ(rad(Pi)) and P′3 lie in the same block Bi by (a).
Further, H ′(Q) = 0 implies HomB̃(P

′
3,H(M)) 6= 0 in (‡). This yields that H(M) and P′3 lie in the same

block Bi.
Suppose that Ω(M) has no direct summands isomorphic to rad(Pi). Under the assumption Q = 0, we

have P(M) = Pt
i . We consider the following exact sequence of Ai-modules

(]) 0−→Ω(M)
f−→ (rad(Pi))

t g|(rad(Pi))t−→ rad(M)−→ 0.

Clearly, the module rad(M) is not projective, that is, (rad(M))P 6= 0. By the assumption on Ω(M), any
non-zero split direct summand of (]) is of the form

0−→ 0−→ (rad(Pi))
k

g|
(rad(Pi))k−→ Y −→ 0

for a positive integer k ≤ t and a direct summand Y of rad(M). Deleting split direct summands of the
exact sequence (]), we obtain an exact sequence of Ai-modules

0−→Ω(M)
f0−→ (rad(Pi))

r g0−→ X −→ 0,

where r ≤ t and X is a nonzero direct summand of (rad(M))P . Recall that Ω(M) = L1⊕ L2 for L1 ∈
Ai-modP and L2 ∈P(Ai)I . According to Lemma 2.6(3), we get an exact sequence of B̃-modules:

0−→ H(L1)⊕H ′(L2)
f ′0−→
(
Ĥ(rad(Pi))

)r⊕P′4
g′0−→ H(X)−→ 0,

where P′4 is a projective-injective B̃-module.
Suppose that Ω(M) contains no indecomposable direct summand L such that Ĥ(L) lies in the block

Bi. Then it follows from (a) that HomB̃

(
H(L1)⊕H ′(L2),(Ĥ(rad(Pi)))

r
)
= 0 and so the image of f ′0 lies

in P′4. This implies that H(X) contains
(
Ĥ(rad(Pi))

)r as a direct summand. Since H(X) does not have
any non-zero projective direct summands and H ′(Ai) = Bi, we deduce that rad(Pi) is not projective and(
Ĥ(rad(Pi))

)r
=
(
H(rad(Pi))

)r. Using the quasi-inverse J of H, we deduce that X contains rad(Pi)
r as

a direct summand. This, together with the surjective homomorphism g0, implies that X ' rad(Pi)
r and
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Ω(M) = 0. Therefore M ' P(M) is projective. This contradicts to our choice of M. Hence Ω(M) has an
indecomposable direct summand L such that Ĥ(L) lies in the block Bi. Then it follows from the non-split
exact sequence (‡) that the modules H(M), P′3 and Ĥ(L) lie in the same block Bi. Thus we have proved
that H(M) lies in the block Bi.

Similarly, for i ∈ [b2] and a non-projective, indecomposable Bi-module N, we see that J(N) belongs
to the block Ai with i ∈ [a2]. Hence H induces a stable equivalence between Ai and Bi for i ∈ [a2]. �

Next, we show that H restricts to a stable equivalence between blocks in SA,0 ∪ SA and blocks in
SB,0∪SB.

For this purpose, we recall the Auslander–Reiten quiver of stable module category of an Artin algebra.
Given an Artin algebra Λ, let ΓΛ denote the Auslander–Reiten quiver of Λ, and let Γs

Λ
be the subquiver

of ΓΛ obtained by removing all projective vertices from ΓΛ. For a local, symmetric Nakayama algebra
Λ0 := R[x]/( f (x)n) with f (x) an irreducible polynomial, the quiver Γs

Λ0
of Λ0 is a connected quiver with

n−1 vertices and τ(M(i)) 'M(i) for i ∈ [n−1]. Here τ is the Auslander–Reiten translation. Moreover,
there is an arrow M(i)→ M( j) in Γs

Λ0
if and only if there is an arrow from M( j)→ M(i) in Γs

Λ0
for

i, j ∈ [n−1].
From Lemma 4.4, we see that H restricts to a stable equivalence between ∏

a2
i=1 Ai and ∏

b2
j=1 B j, which

preserves non-semisimple blocks, and therefore H restricts to a stable equivalence between

C := ∏
a2<i≤a3

Ai × ∏
a3<i≤a4

(Ai)
′ and D := ∏

b2< j≤b3

B j × ∏
b3< j≤b4

(B j)
′,

where (Ai)
′ and (B j)

′ are the node-eliminated blocks of Ai and B j, respectively. These products are
actually decompositions of blocks of C and D, respectively

In the following, we shall show that the restriction of H between C and D preserves non-semisimple
blocks as well as node-eliminated blocks, that is, for non-projective indecomposable C-modules M and
N, both H(M) and H(N) lie in a common node-eliminated block of D if and only if both M and N lie in a
common node-eliminated block of C.

First, we note the following immediate consequence of [4, Lemma 1.2(d), p.336].

Lemma 4.5. Suppose that G is a stable equivalence between algebras ∏
s
i=1Ci and ∏

t
j=1 D j, where Ci and

D j are indecomposable non-semisimple algebras for i ∈ [s] and j ∈ [t]. Suppose that the quivers Γs
Ci

and
Γs

D j
are connected for all i ∈ [s] and all j ∈ [t]. Then G preserves non-semisimple blocks, and therefore

s = t.

Lemma 4.6. The functor H induces a stable equivalence between C and D, preserving non-semisimple
blocks and node-eliminated blocks.

Proof. We have seen that H restricts to a stable equivalence between C and D. For convenience, we
denote this restriction by HC.

For a block Ai of C with a2 < i ≤ a3, we have Ai ∈ SA,0, that is, ni ≥ 3 and all indecomposable
projective Ai-modules are injective. Thus the Ui-module Mi is projective and Ai = EndUi(Mi) is Morita
equivalent to Ui = R[x]/( fi(x)ni). In particular, Ai is a symmetric Nakayama algebra with ni− 1 non-
projective, indecomposable modules. Thus, for a2 < i ≤ a3, Γs

Ai
is a connected quiver with two arrows

between any two connected vertices. For a block (Ai)
′ of C with a3 < i ≤ a4, we have Ai ∈ SA. In this

case, Γs
(Ai)′

is either • or of the form •→ •→ • by Remark 2.5.
Similarly, for a block B j of D with b2 < j ≤ b3, the quiver Γs

B j
is a connected quiver with two arrows

between any two connected vertices; and for b2 < j ≤ b3, the quiver Γs
(B j)′

is either • or of the form
•→ •→ •.

According to Lemma 4.5, we know that HC preserves non-semisimple blocks. To complete the proof,
it suffices to show that
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(i) a block Ai with a2 < i≤ a3 is never stably equivalent to a block (B j)
′ with b3 < j ≤ b4, and

(ii) a block (Ai)
′ with a3 < i≤ a4 is never stably equivalent to a block B j with b2 < j ≤ b3.

Actually, Γs
Ai

(respectively, Γs
B j

) contains a subquiver of the form • // •oo for a2 < i ≤ a3 (re-
spectively, b2 < j ≤ b3), while Γs

(Ai)′
(respectively, Γs

(B j)′
) contains no such subquivers for a3 < i ≤ a4

(respectively, b3 < j ≤ b4). According to [4, Lemma 1.2(d), p. 336], we infer that (i) and (ii) hold true. �

Combining the above discussions, we arrive at the following result.

Proposition 4.7. Suppose that there is a stable equivalence F between Sn(c,R) and Sm(d,R). Then F
preserves non-semisimple blocks. Moreover, if F induces a stable equivalence between non-semisimple
blocks Ai and B j with i, j ∈ [a4], then ni = m j.

Proof. Suppose that there is a stable equivalence F between Sn(c,R) and Sm(d,R). Note that A and B
denote the sums of non-semisimple blocks of Sn(c,R) and Sm(d,R), respectively, and that FA : A-mod→
Ã-mod and FB : B-mod→ B̃-mod are stable equivalences constructed by eliminating nodes (see Lemma
4.2).

By Lemmas 4.3 and 4.6, the stable equivalence H = FB ◦F ◦F−1
A : Ã-mod→ B̃-mod preserves non-

semisimple blocks. Since both FA and FB preserve non-semisimple blocks, we infer that F preserves
non-semisimple blocks.

Suppose that F induces a stable equivalence between non-semisimple blocks Ai and B j with i, j ∈ [a4].
Then Ui and Vj are stably equivalent by Lemma 2.11. In particular, Ui and Vj have the same number of
non-projective indecomposable modules, that is, ni−1 = m j−1. Hence ni = m j. �

Recall that the Auslander–Reiten conjecture on stable equivalences says that stably equivalent Artin
algebras have the same number of non-projective simple modules ([4, Conjecture (5), p.409] and [31]).

As a by-product of our methods developed in this subsection, we show the following result which
slightly generalizes [38, Theorem 1.4(1)] that states that the Auslander–Reiten conjecture holds true for
stable equivalences between centralizer matrix algebras. Here, we do not assume that both algebras
considered are centralizer matrix algebras.

Proposition 4.8. Any centralizer matrix algebra over a field R and its stably equivalent algebras have the
same number of non-projective simple modules.

Proof. Let c ∈Mn(R) and A := Sn(c,R). We may assume A = ∏
a1
i=1 Ai×∏

a2
i=a1+1 Ai×∏

lc
i=a2+1 Ai such

that {A1,A2, · · · ,Aa2} is exactly the set of all non-semisimple blocks of A, {A1,A2, · · · ,Aa1} is exactly
the set of those non-semisimple blocks without nodes, and {Aa2+1, · · · ,Alc} is the set of simple blocks of
A. Let Ã := ∏

a1
i=1 Ai×∏

a2
i=a1+1(Ai)

′. Clearly, Ã has neither nodes nor semisimple direct summands. By
Lemma 2.10(2), we have ni = LL(Z(Ai))≥ 3 for i ∈ [a1], and ni = LL(Z(Ai)) = 2 for a1 < i≤ a2.

Now, suppose that an R-algebra B is stably equivalent to A. Then the non-semisimple parts of A and B
are stably equivalent. Let B̃ be the product of non-semisimple blocks of the node-eliminated algebra B′ of
B. Then B̃ has neither nodes nor semisimple direct summands. Moreover, Ã and B̃ are stably equivalent.
By the definition of Ã and B̃, we see that A (respectively, B) and Ã (respectively, B) have the same number
of non-projective simple modules.

We shall show that Ã and B̃ have the same number of non-projective simple modules. This implies
that A and B have the same number of non-projective simple modules.

Indeed, according to Lemma 2.6(2), the Frobenius parts of Ã and B̃ are also stably equivalent. Further,
the Frobenius part of Ã is Morita equivalent to ∏

a1
i=1Ui by Lemma 2.10(3) and Remark 2.5, and the latter

is a Nakayama algebra. Thanks to [29, Theorem 1.3], an Nakayama Artin algebra and its stably equivalent
Artin algebras have the same number of non-projective simples. Thus the Frobenius parts of Ã and B̃ have
the same number of non-projective simple modules. Now, according to [38, Lemma 5.1(2)], we conclude
that Ã and B̃ have the same number of non-projective simple modules. �

18



Suppose that a non-semisimple block Ai of Sn(c,R) is stably equivalent to a non-semisimple block
B j of Sm(d,R). Then Ui = R[x]/( fi(x)ni) and Vj = R[x]/(g j(x)m j) are stably equivalent by Lemma 2.11.
Suppose further that fi(x) and g j(x) are separable. Then Ui'Vj as R-algebras by Lemma 2.9. Thus N j can
be regarded as a Ui-module via this isomorphism, and is actually a generator for Ui-mod. Subsequently,
we need to study stable equivalences between the endomorphism algebras of generators for A-mod, where
A is of the form R[x]/( f (x)n) for an irreducible polynomial f (x) ∈ R[x] and n≥ 2.

4.2 Stable equivalences between endomorphism algebras of generators

In this subsection, we characterize stable equivalences between the endomorphism algebras of generators
over quotients of the polynomial algebra in one variable.

Throughout this subsection, we fix an irreducible polynomial f (x) ∈ R[x] of positive degree u and set
A := R[x]/( f (x)n) for a positive integer n ≥ 2. Let M(i) := R[x]/( f (x)i) ∈ A-mod for 1 ≤ i ≤ n. We set
M(0) := 0. For 0≤ j ≤ i≤ n, we denote by

f ji : M( j)→M(i), xk +( f (x) j) 7→ f (x)i− j · xk +( f (x)i) for 0≤ k ≤ u j−1 and

gi j : M(i)→M( j), xk +( f (x)i) 7→ xk +( f (x) j) for 0≤ k ≤ ui−1

the canonical injective and surjective homomorphisms, respectively. Clearly, f jigik = 0 if j+ k ≤ i. For
j ≤ i, there is an exact sequence 0→M( j)→M(i)→M(i− j)→ 0 in A-mod.

Any stable equivalence G between A and itself induces a permutation G on Γn−1 := {M(i) | i∈ [n−1]}.
For the stable equivalence ΩA : A-mod→ A-mod induced by the syzygy operator ΩA, we have Ω

2
A = id.

We start with consideration of the endomorphism algebras of generators for A-mod.

Lemma 4.9. (1) For M ∈ A-mod, we have EndA(A⊕M)' EndA(A⊕M)op as R-algebras.
(2) For 1 ≤ j < i ≤ n, let h := i− j and Λ := EndA(A⊕M(i)). Then the exact sequence η j : 0→

M( j)
f ji→M(i)

gih→M(h)→ 0 of A-modules induces an exact sequences of Λ-modules:

0−→ HomΛ(A⊕M(i),M( j))
( f ji)∗−→ HomΛ(A⊕M(i),M(i))

(gih)∗−→ HomΛ(A⊕M(i),M(h))−→ 0.

Proof. (1) This is an immediate consequence of Lemma 2.12.
(2) Note that the sequence HomA(A,η j) is exact. We need to show that HomA(M(i),η j) is also an ex-

act sequence. Since j < i, the modules M(i),M( j) and M(h) can be viewed as B := R[x]/( f (x)i)-modules
and we have HomA(M(i),M(k)) = HomB(M(i),M(k)) for k = i, j or h. As the B-module M(i) is projec-
tive, HomB(M(i),η j) is an exact sequence. Thus it follows from HomA(M(i),M(k))=HomB(M(i),M(k))
for k = i, j or h that HomA(M(i),η j) is an exact sequence. �

The following lemma will be used in characterizing stable equivalences between the endomorphism
algebras of generators for A-mod.

Lemma 4.10. Let 1 ≤ j ≤ i ≤ n− 1 and Λ := EndA(A⊕M(i)). Then EndΛ(HomA(A⊕M(i),M( j))) '
EndA(M( j)) = R[x]/( f (x) j) as R-algebras.

Proof. Let M := A⊕M(i) and F := HomA(M,−) be the Hom-functor: A-mod→ Λ-mod. Then

EndΛ

(
F(M( j))

)
= HomΛ

(
HomA(M,M( j)),HomA(M,M( j))

)
' HomA

(
AM⊗Λ HomA(M,M( j)),M( j)

)
.

By Lemma 4.9(2), the exact sequence 0→M(i− j)→M(i)
gi j→M( j)→ 0 induces an exact sequence

0−→ F(M(i− j))−→ F(M(i))
(gi j)∗−→ F(M( j))−→ 0.
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This shows that gi j is a right add(AM)-approximation of M( j). Clearly, there is a surjective homomor-
phism f : M → M(i− j). Thus M( j) ∈ app(M). By [39, Lemm 2.2(1)], we have EndΛ(F(M( j))) '
EndA(M( j)) as R-algebras. �

The following lemma is useful in later proofs.

Lemma 4.11. Let j ∈ [n], T := HomA(A⊕M( j),A), Λ := EndA(A⊕M( j)) and T ∗ := HomΛ(T,Λ). Then
the Λ

op
-module D

(
HomA(A⊕M( j),M(i))

)
is an indecomposable object in pres(T ∗) for i ∈ [ j], where

D := HomR(−,R) is the R-duality. Moreover, D
(
HomA(A⊕M( j),M(i))

)
' ΛopT ∗⊗EndΛop (T ∗) M(i) as

Λop-modules.

Proof. Let H be the Hom-functor HomA(A⊕M( j),−) : A-mod→ Λ-mod. Note that T ' νΛT by
our proof in Lemma 2.10(3). Therefore T ∗ ' D(T ) holds as Λ

op
-modules. Let ires(ΛT ) be the full

subcategory of Λ-mod consisting of those modules L such that there is a minimal injective presentation
0→ ΛL→ I1 → I2 with I1, I2 ∈ add(ΛT ). Then D : ires(ΛT )→ pres(T ∗) is a duality of categories. By
Lemma 4.10, the modules H(M(i)), i ∈ [ j], are pairwise non-isomorphic indecomposable Λ-modules.
Thus, to complete the proof, it suffices to show H(M(i)) ∈ ires(ΛT ) for all i ∈ [ j].

Since H is left exact, we may assume that H(M(1)) ⊆ H(M(2)) ⊆ ·· · ⊆ P := H(M( j)) ⊆ T is
a chain of submodules of ΛT . Thus soc(ΛH(M(k)) ⊆ soc(ΛT ) for k ∈ [ j]. Due to (T ∗)Λ ' D(T )Λ,
we have soc(ΛT ) ' top(ΛT ). By Lemma 4.9(2), P/H(M(i)) ' H(M( j− i)) for i < j. This implies
soc(P/H(M(i))) ' soc(H(M( j− i))) ∈ add

(
soc(ΛT )

)
. To prove H(M(i)) ∈ ires(ΛT ) for all i ∈ [ j], it

suffices to show soc(T/H(M(i))) ∈ add
(
soc(ΛT )

)
for all i ∈ [ j].

Suppose contrarily that soc(T/H(M(i))) has a simple submodule, say V/H(M(i)), such that V/H(M(i))
6' soc(ΛT ), where V is a submodule of T containing H(M(i)). On the one hand, as top(ΛP) and soc(ΛT )
are all the simple Λ-modules (up to isomorphism), we have V/H(M(i))' top(ΛP). From soc(P/H(M(i)))∈
add
(
soc(ΛT )

)
,we have

(
V/H(M(i))

)
∩
(
P/H(M(i))

)
= 0. Thus top(ΛP)'V/H(M(i)) is a composition

factor of (T/H(M(i)))/(P/H(M(i)))' T/P. On the other hand, the multiplicity [L : S] of a simple mod-
ule S as composition factors of a module L over an algebra ∆ is given by

[L : S] = `
(

End∆(P(S))
Hom∆(P(S),L)

)
,

where P(S) is a projective cover of S. In our case, EndΛ(P)'EndA(M( j))'R[x]/( f (x) j), which is a local
algebra with the unique simple module R[x]/( f (x)). Thus, for an EndΛ(P)-module X , we have dimR(X) =
[X : top(P)]dimR

(
R[x]/( f (x))

)
, that is, the composition length of any EndΛ(P)-module is determined by

its R-dimension. Since A is a symmetric algebra, we have dimR(HomΛ(P,T )) = dimR(HomA(M( j),A)) =
dimR(M( j)). Further, dimR(HomΛ(P,P)) = dimR(HomA(M( j),M( j))) = dimR(M( j)). Hence the multi-
plicities of top(ΛP) as composition factors in both P and T are equal. Thus T/P cannot have top(ΛP) as
a composition factor. This proves the first statement.

Now, we prove the second statement. Since T ∗ ' D(T ) as Λ
op

-modules, it follows that

EndΛop(T ∗)' EndΛop(D(T ))' EndΛ(T )op ' A.

So we can identify EndΛop(T ∗) with A. As T ∗⊗A− : A-mod→ pres(T ∗) is an equivalence of categories,
the functor T ∗⊗A− preserves indecomposable objects and endomorphism algebras of modules. Note that
two indecomposable A-modules X and Y are isomorphic if and only if EndA(X) ' EndA(Y ) as algebras.
Consequently, two indecomposable objects in pres(T ∗) are isomorphic if and only if their endomorphism
algebras are isomorphic. Thus it is sufficient to show that DH(M(i)) and ΛopT ∗⊗A M(i) have isomorphic
endomorphism algebras. However, this is clear from the following isomorphisms:

EndΛop(DH(M(i)))' EndΛ(H(M(i)))op ' EndA(M(i))op ' R[x]/( f (x)i)

20



and EndΛop(ΛopT ∗⊗A M(i))' EndA(Mi)' R[x]/( f (x)i). �

Now, let Λ be an arbitrary algebra. For P ∈ Λ-proj, we denote by pres(P) the full subcategory of
Λ-mod with objects in pres(P) (see Section 2.1 for definition).

Suppose that there is a stable equivalence F : Λ-mod→ Γ-mod between algebras Λ and Γ. Let T ∈
Λ-proj, W ∈ Γ-proj, E := EndΛ(T ) and L := EndΓ(W ). If F restricts to an equivalence FT : pres(T )→
pres(W ), then there exists the following commutative diagram of functors (up to natural isomorphism):

Λ-mod F // Γ-mod

(ε(FΛ,Γ,T,W )) : pres(T )
?�

OO

FT // pres(W )
?�

OO

E-mod G //

T⊗E−
OO

Γ-mod

W⊗E−
OO

with G := HomΓ(W,−) ◦FT ◦ (T ⊗E −) being an equivalence, where T ⊗E − : E-mod→ pres(T ) and
W⊗L− : L-mod→ pres(W ) are the equivalences induced by the equivalences T ⊗E− : E-mod→ pres(T )
and W ⊗L− : L-mod→ pres(W ), respectively. Observe that T ⊗E − : E-mod→ pres(T ) is well defined
because a homomorphism f : X → Y of modules factorizes through a projective module if and only if f
factorizes through a projective cover P(Y ) of Y , while P(Y ) lies in add(T ) if Y ∈ pres(T ).

Definition 4.12. Let T ∈ Λ-proj. A stable equivalence F : Λ-mod→ Γ-mod of Artin algebras Λ and Γ

satisfies (δT ) if EndΛ(X)' EndΓ(F(X)) for all non-projective indecomposable Λ-modules X ∈ pres(T ).

Lemma 4.13. Given (ε(FΛ,Γ,T,W )) and X ∈ E-proj, the functor G in the diagram satisfies (δX) if and only
if F satisfies (δT⊗E X).

Proof. Clearly, T ⊗E X ∈ add(T ) and therefore is a projective Λ-module. Recall that G induces a
one-to-one correspondence G : E-modP → L-modP , which clearly preserves non-projective indecom-
posable modules. Let Z be an arbitrary non-projective indecomposable E-modules in pres(X). Then
G(Z) is a non-projective indecomposable L-module. Since T ⊗E − : E-mod→ pres(T ) is an equivalence
of categories, it follows that T ⊗E Z is a non-projective indecomposable module in pres(T ⊗E X) and
EndE(Z)' EndΛ(T⊗E Z) as algebras. Similarly, W⊗L G(Z) is a non-projective indecomposable modules
in pres(W ) and EndL(G(Z)) ' EndΓ(W ⊗L G(Z)) as algebras. It follows from the commutative diagram
(ε(FΛ,Γ,T,W )) that F(T ⊗E Z) = FT (T ⊗E Z)'W ⊗L G(Z) in Γ-mod. Since F(T ⊗E Z) and W ⊗L G(Z) are
non-projective indecomposable modules, we have F(T ⊗E Z) 'W ⊗L G(Z) in Γ-mod. As Z is arbitrary,
we deduce that G satisfies (δX) if and only if EndΛ(T ⊗E Z)' EndΓ(W ⊗L G(Z))' EndΓ(F(T ⊗E Z)) for
all non-projective indecomposable module Z ∈ pres(X). Since T ⊗E − : E-mod→ pres(T ) is an equiva-
lence, any indecomposable module Y in pres(T ⊗E X) is isomorphic to T ⊗E Z for some indecomposable
module Z in pres(X). Thus EndΛ(T ⊗E Z) ' EndΓ(F(T ⊗E Z)) for all non-projective indecomposable
module Z ∈ pres(X) if and only if F satisfies (δT⊗E X). �

In the rest of this subsection, we assume that M,N ∈ A-modP , Λ := EndA(A⊕M), Γ := EndA(A⊕
N), ΛT := HomA(A⊕M,A) and ΓW := HomA(A⊕N,A). Then

(i) Λ' Λ
op

and Γ' Γ
op

by Lemma 4.9(1).
(ii) T 'D(T ∗)= νΛ(T ) (respectively, W 'D(W ∗)= νΛ(W )) is the unique indecomposable projective-

injective Λ-module (respectively, Γ-module) by the proof of Lemma 2.10(3).
(iii) EndΛ(T )' A' EndΛop(T ∗) and EndΓ(W )' A' EndΓop(W ∗).
The purpose of the rest of this subsection is to establish a relation between M and N under a stable

equivalence between Λ and Γ.
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Lemma 4.14. Suppose that n ≥ 3, M and N are indecomposable. If F : Λ-mod→ Γ-mod is a stable
equivalence, then there is a commutative diagram (ε(FΛop ,Γop ,T ∗,W ∗)). Further, if G is the bijection induced
by the stable equivalence G : A-mod→ A-mod in this diagram, then G = id if and only if F satisfies (δT ).

Proof. Let HM denote the Hom-functor HomA(A⊕M,−) : A-mod→ Λ-mod, T := HM(A) and W :=
HN(A). Then T (respectively, W ) is the unique projective-injective indecomposable Λ-module (respec-
tively, Γ-module). It follows from n ≥ 3 and Lemma 2.10 that both Λ and Γ have no nodes. Clearly, Λ

and Γ have no nonzero semisimple summands. According to Lemma 2.7, the stable equivalence functor
F induces an equivalence pres(T )→ pres(W ). Thus we have a commutative diagram (ε(FΛ,Γ,T,W )).

Since T ' νΛ(T ) as Λ-modules and W ' νΓ(W ) as Γ-modules, it follows that T ∗ := HomΛ(T,Λ) '
D(T ) and W ∗ := HomΓ(W,Γ)' D(W ) are the unique projective-injective indecomposable modules over
Λop and Γop, respectively. By (i), we have Λ ' Λop and Γ ' Γop. So, if Λ-mod (respectively, Γ-mod) is
identified with Λop-mod (respectively, Γop-mod) via those isomorphisms, then T is identified with T ∗ and
W is identified with W ∗, and therefore pres(T ) = pres(T ∗) and pres(W ) = pres(W ∗). Thus we obtain the
desired commutative diagram (ε(FΛop ,Γop ,T ∗,W ∗)). This provides a stable equivalence G : A-mod→ A-mod.

According to Lemma 2.8, the permutation G, induced by G, on the set Γn−1 equals either id or ΩA.
It follows from n ≥ 3 that EndA(M(1)) 6' EndA(M(n− 1)). Thus G = id if and only if EndA(M(i)) '
EndA(G(M(i))) as algebras for all i∈ [n−1]. By Lemma 4.13, we deduce that EndA(M(i))' EndA(G(M(i)))
as algebras for all i ∈ [n− 1] if and only if F satisfies (δT ∗). Since pres(T ) = pres(T ∗) by identifying Λ

with Λop (respectively, Γ with Γop), we see that F satisfies (δT ∗) if and only if F satisfies (δT ). �

Lemma 4.15. Suppose that M and N are indecomposable and that F : Λ-mod → Γ-mod is a stable
equivalence. Then AM ' AN if F satisfies (δT ), and AM 'ΩA(N), otherwise.

Proof. If n = 2, then A has 2 indecomposable modules. Thus the statement follows. Now, assume
n ≥ 3. In this case, EndA(M(1)) 6' EndA(M(n− 1)). Let a = `(M) and b = `(N). Then M 'M(a) and
N 'M(b). Without loss of generality, assume a≥ b.

Suppose that F : Λ-mod→ Γ-mod is a stable equivalence. Let HM := HomA(A⊕M,−) : A-mod→
Λ-mod, ΛT := HM(A) ∈ Λ-proj and ΓW := HN(A) ∈ Γ-proj. Then End

Λ
op (T ∗) ' A ' End

Γ
op (L∗), there

are a diagram (ε(FΛop ,Γop ,T ∗,W ∗)) and a stable equivalence G : A-mod→ A-mod by Lemma 4.14.
Set ∆ := EndA(A⊕ΩA(N)). Then there is the stable equivalence J : Γ-mod→ ∆-mod constructed

in [22, Section 3]. According to Lemma 4.14, J induces a stable equivalence K : A-mod → A-mod.
By the construction of J, the permutation K, induced by K, on Γn−1 equals ΩA. According to Lemma
2.8, the permutation G, induced by G, on the set Γn−1 equals either id or ΩA. Hence either G = id or
KG = K G = Ω

2
A = id. By Lemma 4.14, G = id if and only if F satisfies (δT ). Thus, to complete the

proof, it suffices to show that M ' N when G = id.
Suppose G = id. To prove M ' N, we only need to show a = b.
By Lemma 4.11, T ∗⊗A M(k)'D(HM(M(k)) in Λop-mod and W ∗⊗A M(k)'D(HN(M(k)) in Γop-mod

for k ∈ [b]. From the commutative diagram (ε(FΛop,Γop ,T ∗,W ∗)) and the assumption G = id it follows that

F(D(HM(M(k))))' F(T ∗⊗A M(k))'W ∗⊗A G(M(k))'W ∗⊗A M(k)' D(HN(M(k)))

in Γop-mod for k ∈ [b]. Note that two non-projective indecomposable Γop-modules are isomorphic in
Γop-mod if and only if they are isomorphic as Γop-modules. Thus F(D(HM(M(k)))) ' D(HN(M(k))) in
Γop-mod for k ∈ [b].

Contrarily, suppose a > b and k := a−b. We consider the following exact sequence of A-modules

♦ : 0−→M(k) l−→M(a) h−→M(b)−→ 0
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with l := fkb and h := gab the canonical homomorphisms, and apply the functor DHM to (♦). This gives
rise to the following exact sequence of Λop-modules

DHM(♦) : 0−→ DHM(M(b))
DHM(h)−→ D(P)

DHM(l)−→ DHM(M(k))−→ 0.

Note that the exact sequence DHM(♦) has no nonzero split direct summands. Applying Lemma 2.6(3),
we get the exact sequence of Γop-modules:

DHM(♦)′ : 0−→ F(DHM(M(b)))
DHM(h)′−→ (W ∗)⊕m⊕F(D(P))

DHM(l)′−→ F(DHM(M(k)))−→ 0,

where m is a non-negative integer and DHM(♦)′ does not have nonzero split direct summands. But
F(DHM(M(b))) ' DHN(M(b)) = D(Q) is an injective Γop-module, which yields that DHM(♦)′ does
have a nonzero split direct summand. This is a contradiction and shows a = b. �

Proposition 4.16. Λ and Γ are stably equivalent if and only if B(M)' B(N) or B(M)'ΩA(B(N)).

Proof. If n = 2, then the statement follows immediately. Now, assume n ≥ 3. Without loss of gener-
ality, we assume that M and N are basic modules.

If M ' N, then Λ' Γ, and therefore Λ and Γ are stably equivalent. If M ' ΩA(N), then Λ and Γ are
stably equivalent by Lemma 2.3.

Now, suppose that F : Λ-mod→ Γ-mod is a stable equivalence. We shall prove either M ' N or
M 'ΩA(N).

Indeed, it follows from n ≥ 3 and Lemma 2.10 that Λ and Γ have no nodes. According to Lemma
2.6(1), F induces a one-to-one correspondence F ′ : P(Λ)I →P(Γ)I . Now we write AM =⊕r

i=1Xi and
AN = ⊕s

j=1Yj, where Xi and Yj are indecomposable A-modules such that Xi 6' X j for i 6= j and Yp 6' Yq

for p 6= q. Let HM := HomA(A⊕M,−) : A-mod→ Λ-mod, HN := HomA(A⊕N,−) : A-mod→ Γ-mod.
Then T := HM(A) and W := HN(A) are the unique indecomposable projective-injective modules over Λ

and Γ, respectively, and the sets {HM(Xi) | i ∈ [r]} and {HN(Yj) | j ∈ [s]} are complete representatives
of isomorphism classes of non-injective, indecomposable projective modules over Λ and Γ, respectively.
The bijection of F ′ implies r = s. Thus we may assume F ′((HM(Xi)) = HN(Yi) for i ∈ [r].

For i ∈ [r], set Ti := HM(A⊕Xi), Wi := HN(A⊕Yi), Λi := EndΛ(Ti) and Γi := EndΓ(Wi). Then Ti =
T⊕HM(Xi)∈Λ-proj and Wi =W⊕HN(Yi)∈Γ-proj. If Z ∈ pres(Ti) is a non-projective indecomposable Λ-
module, then F(Z) ∈ pres(Wi) by Lemma 2.7. Thus F restricts to an R-linear equivalence FTi : pres(Ti)→
pres(Wi). As Λi-mod and pres(Ti) are equivalent, we have not only a stable equivalence Gi : Λi-mod→
Γi-mod, but also a commutative diagram (ε(FΛ,Γ,Ti,Wi)).

Let X ′i := HomΛ(Ti,T ) ∈ Λi-proj. Due to ΛT ∈ add(Ti), we have Ti⊗Λi X ′i = Ti⊗Λi HomΛ(Ti,T )' T
as Λ-modules, and therefore pres(Ti⊗Λi X ′i ) = pres(T ). Applying Lemma 4.13 to (εFΛ,Γ,Ti,Wi), we deduce
that Gi satisfies (δX ′i ) if and only if F satisfies (δT ). Hence, by Lemma 4.15, for i ∈ [r], we have AXi ' AYi

if F satisfies (δT ), and Xi 'ΩA(Yi) otherwise. Since i is arbitrary in [r] and T does not depend upon i, we
get M ' N or M 'ΩA(N). �

4.3 Stable equivalences of centralizer matrix algebras: Proofs of main results

This subsection is devoted to the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. (1) Suppose that Sn(c,R) and Sm(d,R) are stably equivalent. By Lemma 2.12,
Sn(c,R) is semisimple if and only if Mc consists of only irreducible polynomials if and only if Rc = /0.
Since an algebra stably equivalent to a semisimple algebra itself is semisimple, we may assume that both
Sn(c,R) and Sm(d,R) are non-semisimple, that is, Rc 6= /0 and Rd 6= /0.

Let A1, · · · ,As and B1, · · · ,Bt be the non-semisimple blocks of Sn(c,R) and Sm(d,R), respectively, and
A := A1×·· ·×As and B := B1×·· ·×Bt .
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By Proposition 4.7, we have s = t. For i ∈ [s], the block Ai is stably equivalent to B j for some j ∈ [t].
In this case, ni = m j. Thus we may assume that Ai is stably equivalent to Bi for 1≤ i≤ s. Recall that Ai :=
EndUi(Mi) and Bi := EndVi(Ni) with Ui := R[x]/( fi(x)ni) and Vi := R[x]/(gi(x)mi) by our notation. Note
that the non-semisimple blocks of Sn(c,R) are in one-to-one correspondence to the elementary divisors in
Rc. Thus we may define a bijective map π : Rc→ Rd , fi(x)ni 7→ gi(x)mi for i ∈ [s]. Note that Ai is Morita
equivalent to EndUi(B(Mi)), and Bi is Morita equivalent to EndVi(B(Ni)). This implies that EndUi(B(Mi))
and EndVi(B(Ni)) are stably equivalent. Thus Ui and Vi are stably equivalent by Lemma 2.11. Under our
assumption, all irreducible factors of mc(x) are separable, that is, fi(x) is separable for i ∈ [lc]. By Lemma
2.9(3), we get Ui ' Vi as algebras, that is, R[x]/( fi(x)ni) ' R[x]/(gi(x)mi) = R[x]/

(
( fi(x)ni)π

)
. Via this

isomorphism, we may view Ni as a module over Ui for i∈ [s]. Then B(Ni)'
⊕

j∈Pd(gi(x)mi ) R[x]/( fi(x) j) as
Ui-modules. Recall that B(Mi) '

⊕
r∈Pc( fi(x)ni ) R[x]/( fi(x)r) as Ui-modules. Since Mi and Ni are faithful

Ui-modules, respectively, it follows that B(Mi)'Ui⊕B(Mi)P and B(Ni)'Ui⊕B(Ni)P . By Proposition
4.16, either B(Mi)P ' B(Ni)P or B(Mi)P ' ΩUi(B(Ni)P). Clearly, we have Pc( fi(x)ni) = Pd(gi(x)mi)
if B(Mi)P ' B(Ni)P , and Pc( fi(x)ni) = JPd(gi(x)mi ) if B(Mi)P ' ΩUi(B(Ni)P). Thus c and d are S-
equivalent.

Conversely, suppose c S∼ d. Then, by definition, there is a bijection π between Rc and Rd such
that, for fi(x)ni ∈ Rc, the isomorphism R[x]/( fi(x)ni) ' R[x]/(( fi(x)ni)π) holds as algebras and either
Pc( fi(x)ni) = Pd(( fi(x)ni)π) or Pc( fi(x)ni) = JPd(( fi(x)ni )π). Thus s = t. We may assume ( fi(x)ni)π = gi(x)mi

for i ∈ [s]. In this case we have ni = mi. Then Ui = R[x]/( fi(x)ni) ' R[x]/(gi(x)mi) = Vi for i ∈ [s].
This isomorphism enables us to view Ni as a Ui-module. Now the condition Pc( fi(x)ni) = Pd(gi(x)mi)
and Pc( fi(x)ni) = JPd(gi(x)mi ) are equivalent to the isomorphisms B(Mi)P ' B(Ni)P and B(Mi)P '
ΩUi(B(Ni)P), respectively. Hence Ai = EndUi(Mi) and Bi = EndVi(Ni) are stably equivalent in both cases
for i ∈ [s] (by applying Lemma 2.3 to the case B(Mi)P 'ΩUi(B(Ni)P)). This yields that A = ∏

s
i Ai and

B = ∏
s
i Bi are stably equivalent. Hence Sn(c,R) and Sm(d,R) are stably equivalent.

(2) This is proved in Proposition 4.8. �

Proof of Theorem 1.2. By Theorem 1.1(1), it is sufficient to show that one of the minimal polynomi-
als mc(x) and md(x) of c and d is separable over R under our assumptions.

(1) If R is a perfect field, all irreducible factors of mc(x) and md(x) over R are clearly separable, and
therefore both mc(x) and md(x) are separable over R.

(2) We may assume that c is invertible and of finite order a. Then mc(x) divides xa− 1. We write
a = a′pνp(a) with p - a′ (here a = a′ if p = 0). Then xa − 1 = (xa′ − 1)pνp(a) . This implies that any
irreducible factor of mc(x) divides xa′ − 1 . It then follows from p - a′ that xa′ − 1 has distinct roots in
the algebraically closure of R. Thus any irreducible factor of xa′−1 has distinct roots in the algebraically
closure of R, and so is a separable polynomial. Hence mc(x) is a separable polynomial over R. �

4.4 Stable equivalences for permutation matrices: Proof of Corollary 1.3

This subsection is devoted to proving Corollary 1.3. We first prepare several useful lemmas.

Let σ = σ1 · · ·σs ∈ Σn be a product of disjoint cycle-permutations σi, and let λ = (λ1, · · · ,λs) be its
cycle type with λi ≥ 1 for i ∈ [s]. For a prime number p > 0, a cycle σi is said to be p-regular if p - λi, and
p-singular if p | λi. If p = 0, all cycles are regarded as p-regular cycles. Let r(σ) (respectively, s(σ)) be
the product of the p-regular (respectively, p-singular) cycles of σ. We consider r(σ) and s(σ) as elements
in Σn by letting r(σ) (respectively, s(σ)) fix the points involved in the p-singular cycles (respectively, p-
regular cycles) of σ. The permutation σ is said to be p-regular (or p-singular) if σ = r(σ) (or σ = s(σ)).
For p = 0, we define r(σ) = σ and s(σ) = id, the identity permutation.

We denote by cσ := ∑
n
i=1 ei,(i)σ ∈Mn(R) the permutation matrix of σ over R, where ei j is the matrix

with 1 in (i, j)-entry and 0 in other entries.
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Suppose that g(x) is an irreducible factor of the minimal polynomial mcσ
(x) of cσ. We define

qg(x) := max{νp(λ j) | j ∈ [k], such that g(x) divides xλ j −1}.

The elementary divisors of permutation matrices can be described in terms of their cycle types.

Lemma 4.17. [21, Lemma 2.17] Suppose that the characteristic of R is p≥ 0 and σ∈ Σn is a permutation
of cycle type (λ1, · · · ,λk). Then Ecσ

= {g(x)pνp(λi) | i ∈ [k], g(x) is an irreducible factor of xλi−1}.

Let c be a permutation matrix over a field of characteristic p≥ 0. Then, by Lemma 4.17, the matrix c
always has a maximal elementary divisor of the form (x−1)pa

for some non-negative integer a≥ 0. It is
uniquely determined by c, and is called the exceptional elementary divisor.

The following result is easy, we omit its proof.

Lemma 4.18. Let p > 0 be a prime, and let S,T ⊆ Z>0 be two sets consisting of p-powers. Suppose
S = JT . Then either S = T is a singleton set, or p = 2 and S = T = {2u,2u+1} for some u ∈ N.

As a corollary of Lemma 4.17, we have the following.

Lemma 4.19. Let R be a field of characteristic p > 0, and let σ ∈ Σn,τ ∈ Σm be two permutations such
that p divides the orders of both σ and τ. If cσ

S∼ cτ, then there exists a bijection π′ : Rcσ
→ Rcτ

such that
(1) π′ defines an S-equivalence between cσ and cτ.
(2) π′ maps the exceptional elementary divisor of cσ to the one of cτ.

Proof. Let (x− 1)pa
and (x− 1)pb

be the exceptional elementary divisors of cσ and cτ, respectively,
where a and b are nonnegative integers. Since p divides the order of σ (respectively, τ), it follows that p
divides at least one component of the cycle type of c (respectively, d). Thus, by Lemma 4.17, we have
a > 0 and b > 0. This implies that (x−1)pa ∈ Rcσ

and (x−1)pb ∈ Rcτ
.

Suppose cσ

S∼ cτ. Then, by definition, there is a bijection π : Rcσ
→ Rcτ

such that, for any f (x) ∈ Rc,
the two conditions hold:

(1) R[x]/( f (x))' R[x]/(( f (x))π) as algebras, and
(2) either Pc( f (x)) = Pd(( f (x))π) or Pc( f (x)) = JPd(( f (x))π).
Clearly, it follows from Lemma 4.17 that both Pc( f (x)) and Pd(( f (x))π) consist of p-powers for

all f (x) ∈ Rc. Thus, by Lemma 4.18, we deduce that Pc( f (x)) = Pd(( f (x))π) for all f (x) ∈ Rc. If
((x−1)pa

)π = (x−1)pb
, then π′ := π is a desired map.

Now, assume ((x−1)pa
)π 6= (x−1)pb

. For brevity, let j(x) := ((x−1)pa
)π and k(x) := ((x−1)pb

)π−1.
Then it follows from R[x]/(h(x))'R[x]/((h(x))π) for h(x)∈Rcσ

that j(x)= (x+u)pa
and k(x)= (x+v)pb

for u,v ∈ R with u 6= −1 6= v. By definition of π, Pcσ
((x− 1)pa

) = Pcτ
((x+ u)pa

) and Pcσ
((x+ v)pb

) =

Pcτ
((x− 1)pb

). Further, by Lemma 4.17, we have Pcσ
((x+ v)pb

) ⊆ Pcσ
((x− 1)pa

) and Pcτ
((x+ u)pa

) ⊆
Pcτ

((x−1)pb
). Thus the two inclusions and the two equalities show the following:

Pcσ
((x+ v)pb

) = Pcτ
((x−1)pb

) = Pcσ
((x−1)pa

) = Pcτ
((x+u)pa

).

This implies that both pa and pb are the maximal numbers in both Pcσ
((x−1)pa

) and Pcτ
((x−1)pb

). Thus
pa = pb and a = b. Note that Rcσ

= Rcσ
\{(x−1)pa

,(x− v)pa}∪{(x−1)pa
,(x− v)pa}. We define a map

π
′ : Rcσ

→ Rcτ
, h(x) 7→


(h(x))π if h(x) 6∈ {(x−1)pa

,(x+ v)pa},
(x−1)pa

if h(x) = (x−1)pa
,

(x+u)pa
if h(x) = (x+ v)pa

.

Then π′ is a desired map. �.
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Proof of Corollary 1.3. Let λ= (λ1, · · · ,λk) be the cycle type of σ∈ Σn, and let σ′ := (1,2, · · · ,λ1) · · ·
(∑k−1

j=1 λ j + 1,∑k−1
j=1 λ j + 2, · · · ,n) ∈ Σn. Then σ and σ′ are conjugate, and their permutation matrices are

similar. Since similar matrices have the same minimal polynomial, we have mcσ
(x) = mc

σ′ (x) = lcm(xλ1−
1, · · · ,xλk −1), the least common multiple of all xλi−1, i ∈ [k]. According to Lemma 4.17, we have

(†) Ecσ
= { f (x)pνp(λi) | i ∈ [k], f (x) is an irreducible factor of xλi−1}.

Note that x−1 /∈ Ecσ
if and only if νp(λi)> 0 for all i ∈ [k] if and only if σ = s(σ) if and only r(σ) = id.

By definition, the cycle type of s(σ) is (λi1 , · · · ,λit ,1, · · · ,1︸ ︷︷ ︸
k−t

), where {λi1 , · · · ,λit}= {λi | i∈ [k],νp(λi)>

0} and the number of 1-cycles of s(σ) is exactly the number of points involved in p-regular cycles of σ.
Thanks to (†), we obtain

Ecs(σ) =

{
{u(x) ∈ Ecσ

| u(x) is reducible in R[x]} if s(σ) = σ,

{u(x) ∈ Ecσ
| u(x) is reducible in R[x]}∪{x−1} if s(σ) 6= σ.

This implies

Rcs(σ) =

{
Rcσ

if s(σ) 6= id,
/0 if s(σ) = id.

Thus, if s(σ) 6= id, then Pcσ
((x− 1)pa

) = Pcs(σ)((x− 1)pa
) and Pcs(σ)(h(x)) = Pcσ

(h(x)) \ {1} for h(x) ∈
Rcs(σ) \ {(x− 1)pa}, where (x− 1)pa

is the exceptional maximal elementary divisor of cσ. Similarly, if

s(τ) 6= id, then Pcτ
((x−1)pb

) = Pcs(τ)((x−1)pb
) and Pcs(τ)(g(x)) = Pcτ

(g(x))\{1} for g(x) ∈ Rcs(τ) \{(x−
1)pb}, where (x−1)pb

is the exceptional maximal elementary divisor of cτ.
By Theorem 1.1(1), it suffices to show that if cσ

S∼ cτ, then cs(σ)
S∼ cs(τ). Suppose cσ

S∼ cτ. By Lemma
2.12(2), we have s(σ) = id if and only if s(τ) = id, and so the statement is clear when s(σ) = id.

In the following, we assume that s(σ) 6= id and s(τ) 6= id, that is, both Rcσ
and Rcτ

are nonempty. Then
p > 0 divides the orders of both σ and τ, and there is a bijection π : Rcσ

→Rcτ
such that, for all h(x)∈Rcσ

,
R[x]/(h(x))' R[x]/((h(x)π) as algebras and either Pcσ

(h(x)) = Pcτ
((h(x))π) or Pcσ

(h(x)) = JPcτ ((h(x))π).
According to (†), Pcσ

(h(x)) and Pcτ
((h(x))π) consist of only p-powers. Thus, by Lemma 4.18, we

obtain the equality Pcσ
(h(x)) = Pcτ

((h(x))π) for all h(x) ∈ Rcσ
. By Lemma 4.19, we may assume ((x−

1)pa
)π = (x−1)pb

. Then

Pcs(σ)((x−1)pa
) = Pcσ

((x−1)pa
) = Pcτ

((x−1)pb
) = Pcs(τ)((x−1)pb

).

Note that Pcs(σ)(h(x)) = Pcσ
(h(x)) \ {1} = Pcτ

(h(x)π) \ {1} = Pcs(τ)(h(x)π) for h(x) ∈ Rcs(σ) \ {(x− 1)pa}.
Thus the restriction of π to Rcs(σ) gives rise to an S-equivalence between s(σ) and s(τ). �

The above proof and [21, Theorem 1.1] imply the strong conclusion.

Corollary 4.20. Let R be a field of characteristic p> 0. If σ∈ Σn and τ∈ Σm are p-singular permutations,
then Sn(cσ,R) and Sm(cτ,R) are stably equivalent if and only if they are Morita equivalent.

In general, the converse of Corollary 1.3 does not have to be true. This is illustrated by the example.

Example 4.21. Let R be an algebraically closed field of characteristic 3. We take σ ∈ Σ8 with the cycle
type (6,2), and τ ∈ Σ7 with the cycle type (6,1). In this case, s(σ) is a permutation of the cycle type
(6,12), while s(τ) has the cycle type (6,1). Clearly, S8(cs(σ),R) and S7(cs(τ),R) are stably equivalent by
Corollary 1.3. In fact, they are Morita equivalent by [37, Lemma 2.5(2)].

By Lemma 4.17, Ecσ
= {(x− 1)3,(x+ 1)3,x− 1,x+ 1}, Rcσ

= {(x− 1)3,(x+ 1)3}, Pcσ
((x− 1)3) =

Pcσ
((x+1)3) = {1,3}; Ecτ

= {(x−1)3,(x+1)3,x−1}, Rcτ
= {(x−1)3,(x+1)3}, Pcτ

((x−1)3) = {1,3}
and Pcτ

((x+1)3) = {3}. Clearly, there are not any bijections between Rcσ
and Rcσ

such that cσ and cτ are
S-equivalent, and therefore S8(cσ,R) and S7(cτ,R) cannot be stably equivalent by Theorem 1.1(1).
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4.5 Homological dimensions and stable equivalences: Proof of Corollary 1.4

In this subsection, we show that stable equivalences preserve dominant, finitistic and global dimensions
of centralizer matrix algebras over perfect fields. This proves Corollary 1.4 .

We first point out a nice property of stable equivalences of centralizer matrix algebras over perfect
fields (for example, finite fields, algebraically closed fields, or fields of characteristic 0).

Proposition 4.22. Let R be a perfect field, c ∈ Mn(R) and d ∈ Mm(R). Then Sn(c,R) and Sm(d,R) are
stably equivalent if and only if they are stably equivalent of Morita type.

Proof. We first observe the following.
(a) If R-algebras A and B are stably equivalent of Morita type defined by bimodules AMB and BNA,

then so are the R-algebras A×R and B defined by the bimodules AMB⊕ RBB and BNA⊕ BBR.
(b) The algebra R and any separable R-algebra are always stably equivalent of Morita type.
(c) All semisimple algebras over perfect fields are separable. In particular, If R is a perfect field, then

R-algebras A and B are stably equivalent of Morita type if and only if so are their non-semisimple parts.

Now, suppose that F is a stable equivalence between Sn(c,R) and Sm(d,R). Then F preserves non-
semisimple blocks by Lemma 4.7. Thus, to complete the proof, it suffices to show that the corresponding
non-semisimple blocks under F are stably equivalent of Morita type. Let A be an arbitrary non-semisimple
block of Sn(c,R), and assume that B is the corresponding non-semsimple block of Sm(d,R) via F . By our
convention, A = EndUi(Mi) for some i ∈ [lc] and B = EndVj(N j) for some j ∈ [ld ]. Then, by Lemma 2.11,
there is an isomorphism Ui 'Vj of algebras. This enables us to view N j as an Ui-module. Recall that Mi

(respectively, N j) is a faithful module which contains the left regular modules Ui (respectively, Vj) as a
direct summand. Then, applying Lemma 4.16, we deduce that either B(Mi)P ' B(N j)P or B(Mi)P '
ΩUi(B(N j)P). Thus EndUi(Ui⊕B(Mi)P) and EndVj(Vj⊕B(N j)P) are stably equivalent of Morita type
in both cases (apply Lemma 2.3 for the second case). Hence A = EndUi(Mi) and B = EndVj(N j) are stably
equivalent of Morita type. �

Stable equivalences of Morita type between algebras over fields preserve the global and finitistic
dimensions of algebras (see Subsection 2.3). So we have the first two statements of the following result.

Corollary 4.23. Suppose that R is a perfect field, c ∈ Mn(R) and d ∈ Mm(R) such that c and d are
S-equivalent. Then

(1) gl.dim
(
Sn(c,R)

)
= gl.dim

(
Sm(d,R)

)
.

(2) fin.dim
(
Sn(c,R)

)
= fin.dim

(
Sm(d,R)

)
.

(3) dom.dim
(
Sn(c,R)

)
= dom.dim

(
Sm(d,R)

)
.

Proof. We prove (3). Suppose that c and d are S-equivalent. Then Sn(c,R) and Sm(d,R) are sta-
bly equivalent of Morita type by Theorem 1.2 and Proposition 4.22. Let A and B be the products of
non-semisimple blocks of Sn(c,R) and Sm(d,R), respectively. Then, by the facts (a)-(c) in the proof of
Proposition 4.22, A and B are stably equivalent of Morita type without separable direct summands. Now,
by [38, Lemma 3.11], A and B are stably equivalent of adjoint type. According to [22, Lemma 4.2(2)],
we have the equality dom.dim

(
A
)
= dom.dim

(
B
)
. Since the dominant dimension of an algebra is the

minimum of the ones of its blocks, it follows that dom.dim
(
Sn(c,R)

)
= dom.dim

(
Sm(d,R)

)
. �

Remark 4.24. (1) Under the assumptions that the ground field is algebraically closed and algebras con-
sidered have neither nodes nor semisimple direct summands, Corollary 4.23 (1) and (3) were shown by
Martı́nez-Villa in [25]. But Corollary 4.23 removes all of these restrictions for centralizer matrix algebras.
Moreover, for an arbitrary field R, it follows from [21, Lemma 4.8] that the dominant dimensions of the
centralizer matrix algebras over R of c and d are equal if c and d are S-equivalent.
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(2) In general, stable equivalences do not have to preserve dominant, finitistic and global dimensions.
This can be seen by the stable equivalence between A := Q[x]/(x2) and its node-eliminated algebra A′

which is isomorphic to the 2 by 2 upper triangular matrix algebra over Q. Hence Corollary 4.23 reflects
special features of centralizer matrix algebras and also shows that the 2×2 upper triangular matrix algebra
over a field R is the non-example of centralizer matrix algebra of the smallest dimension over R.

To end this section, we propose the following open problems.

Problem 1. For an arbitrary field (or principal integral domain) R, c ∈ Mn(R) and d ∈ Mm(R), we
conjecture that Sn(c,R) and Sm(d,R) are stably equivalent if and only if c and d are S-equivalent.

Problem 2. What are invariants of S-equivalence of matrices over fields?
Problem 3. What are equivalent characterizations of S-equivalence in terms of matrix theory?
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