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Abstract

As is known, every finite-dimensional algebra over a field is isomorphic to the centralizer algebra
of two matrices. So it is fundamental to study first the centralizer algebra of a single matrix, called
a centralizer matrix algebra. In this article, stable equivalences between centralizer matrix algebras
over arbitrary fields are completely characterized in terms of a new type of equivalence relation on
matrices. Moreover, stable equivalences of centralizer matrix algebras over perfect fields induce stable
equivalences of Morita type, thus preserve dominant, finitistic and global dimensions. Our methods
also show that algebras stably equivalent to a centralizer matrix algebra over a field have the same
number of non-isomorphic, non-projective simple modules. Thus the Auslander—Reiten conjecture on
stable equivalences holds true for centralizer matrix algebras.
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1 Introduction

In the representation theory of algebras and groups, stable equivalence is one of the fundamental cate-
gorical equivalences between different algebras. There is a large variety of literature on the subject. For
example, the series of works of Auslander and Reiten on stable equivalence of dualizing R-varieties I-V
(see [3], [28]). Stably equivalent algebras have many important invariants. One of them is that stably
equivalent algebras have a one-to-one correspondence between non-projective, indecomposable modules
(see [4, Proposition 1.3, p.337]), and another invariant is the dominant dimension of stably equivalent al-
gebras without nodes and without semisimple summands (see [25]). Despite great progresses made in the
past decades, there are still many fundamental but difficult questions on stable equivalences of algebras.
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For instance, how can we characterize stable equivalences of algebras (or special classes of algebras)? In
this direction, there are only a few classes of algebras for which the problem is partially or completely
solved. For example, Auslander and Reiten showed that an algebras with radical-square-zero is stably
equivalent to hereditary algebras (see [2], [28]). Also, stable equivalences between representation-finite
self-injective algebras over an algebraically closed field induce derived equivalences (see [1]), and thus
can be characterized by tensor products of bimodules or two-sided tilting complexes (see [30]).

Another important question on stable equivalences is the not yet solved Auslander—Reiten conjecture
[4, Conjecture (5), p.409] (see also [31]):

(ARC) Stably equivalent algebras over fields have the same number of non-isomorphic, non-projective
simple modules.

Despite a lot of efforts made in the last decades, not much is known about this conjecture. For
representation-finite algebras over algebraically closed fields, it was verified in [24]. This result was
extended to Frobenius-finite algebras over algebraically closed fields under stable equivalences of Morita
type in [18]. Notably, the conjecture was reduced to self-injective algebras (see [25]).

We aim to investigate stable equivalences and the related conjecture for an interesting class of algebras,
called centralizer matrix algebras, that were studied initially by Georg Ferdinand Frobenius (see [12]), and
have attracted considerable attentions in different areas (see [10, 11, 14, 32, 37]). Recently, centralizer
matrix algebras have been investigated intensively in [33, 35, 36, 37]. Now, let us recall their definition.

Let n be a natural number, R a field and M, (R) the full n x n matrix algebra over R with the identity
matrix I,. For a nonempty subset X of M, (R), we consider the centralizer algebra of X in M, (R):

Su(X,R) :={a eM,(R) | ax=xa,Vx € X}.

For simplicity, we write Sy,(c,R) for S, ({c},R). Clearly, S,(X,R) = NcecSu(c, R).

To understand S, (X,R) for a finite set X, it is enough to consider the case |X| = 2 by [6, Lemma
1]. Thus it is fundamental to understand first the centralizer algebra of a single matrix. Such an algebra
Su(c,R) is called a centralizer matrix algebra in this article.

Centralizer matrix algebras contribute an important part to general finite-dimensional algebras. This
can be seen by a result, due to Sheila Brenner [6, 7].

Theorem. (Brenner). Every finite-dimensional algebra over a field R is isomorphic to a centralizer
algebra of two matrices in a full matrix algebra over R.

Very recently, a lot of new features of centralizer matrix algebras have been discovered. For instance,
both (ARC) and the finitistic dimension conjecture are verified for centralizer matrix algebras over arbi-
trary fields (see [38] and [21], respectively). Further, the Morita and derived equivalences of centralizer
matrix algebras are completely described in terms of M- and D-equivalences on matrices, respectively.
Thus the categorical equivalences about centralizer matrix algebras are reduced to matrix equivalences in
linear algebra [21, Theorem 1.3].

In the present note, we will focus on the following question on stable equivalences.

Question: Given a field R and two matrices ¢ € M,(R), d € M,,(R), how can we decide whether
Su(c,R) and S,,(d,R) are stably equivalent or not?

As is known, one of the main obstacles in dealing with stable equivalences is that there are not any
criteria of stable equivalences in homological bimodules, while Morita and derived equivalences do have
bimodule descriptions (see [26] and [30]). Nevertheless, we will overcome this difficulty, introduce a new
type of equivalence relation on matrices and provide surprisingly a complete characterization of stable
equivalences between centralizer matrix algebras, as was done for Morita and derived equivalences in
[21].

The new type of equivalence relation on all square matrices is called an S-equivalence. It is defined
purely in terms of linear algebra. We refer to Section 3 for details. When the ground field is perfect (for



example, a finite field, an algebraically closed field, or a field of characteristic 0), we can say much more
about stable equivalences between centralizer matrix algebras.
Now, let us state our main results and their consequences more precisely.

Theorem 1.1. (1) Let R be a field, ¢ and d be square matrices over R (may have different sizes). Suppose
that the minimal polynomial of either ¢ or d over R is separable. Then the centralizer matrix algebra
of ¢ and the centralizer matrix algebra of d are stably equivalent if and only if the matrices c and d are
S-equivalent.

(2) All algebras stably equivalent to a centralizer matrix algebra over a field have the same number
of non-isomorphic, non-projective simple modules.

Recall that a polynomial of positive degree is said to be separable if all of its irreducible factors have
only simple roots in their splitting fields. By Theorem 1.1(1), the existence of a stable equivalence between
centralizer matrix algebras can be decided by methods in linear algebra. Theorem 1.1(2) generalizes
slightly [38, Theorem 1.4(1)], which says that (ARC) holds true for centralizer matrix algebras. Here, we
do not require that both algebras considered are centralizer matrix algebras.

The strategy of the proof of Theorem 1.1 runs as follows: First, we show that stable equivalences
between centralizer matrix algebras preserve non-semisimple blocks. This is not true in general. Thus we
have to consider the stable equivalence between blocks of centralizer matrix algebras. Second, we apply
stable equivalences of Morita type to studying the stable equivalences of these blocks. This is carried
out by investigating stable equivalences between the endomorphism algebras of generators over certain
quotient algebras of the polynomial algebra R|[x]. Finally, we lift a stable equivalence of Frobenius parts
to the one of algebras themselves.

The following is an immediate consequence of Theorem 1.1(1).

Theorem 1.2. Let R be a field, ¢ € M,,(R) and d € M,,(R). Assume one of the following holds:
(1) R is perfect.
(2) Either c or d is invertible of finite order.

Then Sy(c,R) and S, (d,R) are stably equivalent if and only if c and d are S-equivalent.

As another consequence of Theorem 1.1(1), we consider permutation matrices. Let ¥, denote the
symmetric group of permutations on {1,2,---,n}. Given a prime number p > 0 and a permutation ¢ € £,,,
we can define a p-regular part r(G) and a p-singular part s(G) of ¢, and consider r(c) and s(o) as elements
in X,. As a convention, we set () = ¢ when p = 0. Let ¢; denote the permutation matrix of G over R.
We refer to Section 4.4 for more details.

Clearly, S,,(cr(c) ,R) is a semisimple algebra (see [37, Theorem 1.2(1)]), and therefore its stable module
category is trivial. But, for singular parts, we have the following.

Corollary 1.3. Let R be a field of characteristic p >0, 6 € X, and T € X,,. If S,,(¢s,R) and S, (¢, R) are
stably equivalent, then so are S,(cy(s),R) and Spy(cy(x),R).

Finally, we point out an important property of centralizer matrix algebras over perfect fields.

Corollary 1.4. (1) Two centralizer matrix algebras over a perfect field are stably equivalent if and only
if they are stably equivalent of Morita type.

(2) Stably equivalent centralizer matrix algebras over a perfect field have the same global, finitistic
and dominant dimensions.

This article is outlined as follows. In Section 2 we recall basic definitions and terminologies. Also,
we prepare some preliminaries for later proofs. In Section 3 we introduce the S-equivalence relation on all
square matrices over a field. In Section 4 we prove all results mentioned in Section 1. During the course



of proofs, we generalize slightly a result in [38, Theorem 1.4(1)] about Auslander—Reiten conjecture
on stable equivalences (see Proposition 4.8). Finally, we mention a couple of open problems related
to results in this article. For example, how can we characterize stable equivalences between centralizer
matrix algebras over a principal integral domain?

2 Preliminaries

In this section we first fix notation and recall definitions and facts on both homological dimensions and
stable equivalences, and then we prepare a few lemmas on modules over polynomial algebras.

2.1 Definitions and notation

Throughout this paper, R denotes a fixed field unless stated otherwise. Algebras always mean finite-
dimensional unitary associative algebras over R, and modules mean left modules.

Let A be an algebra and A” the opposite algebra of A. By A-mod we denote the category of all finitely
generated left A-modules, and by A-proj (respectively, A-inj) the full subcategory of A-mod consisting
of projective (respectively, injective) A-modules. Let A-mod stand for the full subcategory of A-mod
consisting of modules without any nonzero projective direct summands.

For M € A-mod, let add(M) be the full subcategory of A-mod consisting of modules isomorphic to
direct sums of finitely many indecomposable direct summands of M. Let ¢(M) stand for the composition
length of M. The basic module of M is defined to be the direct sum of representatives of isomorphism
classes of indecomposable direct summands of M, denoted by B(M). Let M » denote the direct sum of
all non-projective indecomposable summands of M. Thus M /My is projective. For r € N, we write M”
for the direct sum of r copies of M.

The module 4 M is called a generator (or cogenerator) for A-mod if add(4A) C add(M) (or add(D(A4))
C add(M), where D : A-mod — A” -mod is the usual duality of A. By —* we denote the A-duality, that is
M* :=Homy (M,A).

Let pres(M) be the full subcategory of A-mod consisting of those modules L such that there is an exact
sequence: P, — Py — L — 0 in A-mod, with Py, P; € add(M), and let app(M) be the full subcategory of
pres(M) consisting of those modules L that the induced map Homu (M, Py) — Homy (M, L) is surjective.

For homomorphisms f: X —Y and g : Y — Z in A-mod, we write fg : X — Z for their composition.
This implies that the image of an element x € X under f is denoted by (x) f. Thus Homy4 (X,Y) is naturally
a left End4 (X)- and right End4 (Y )-bimodule. The composition of functors between categories is written
from right to left, that is, for two functors F : C — D and G : D — £, we write Go F, or simply GF, for
the composition of F with G. The image of an object X € C under F is written as F (X).

Let N € A-mod. We write rad(M,N) for the set of homomorphisms f € Homy (M, N) such that, for
any homomorphisms g : Z — M and h : N — Z, the composition g fh : Z — Z is not an automorphism of
Z. Thus rad(M, M) is just the Jacobson radical of the endomorphism algebra Ends (M) of M.

The Nakayama functor v4 := DHomy (—,A) ~ D(A) ®4 — from A-mod to itself restricts to an equiv-
alence from A-proj to A-inj. An A-module P is said to be V-stably projective if Vi, P is projective for all
i > 0. For example, if a*> = a € A satisfies add(v4(Aa)) = add(Aa), then Aa is v-stably projective. In
this case, the idempotent a € A is said to be v-stable. Let A-stp denote the full subcategory of A-mod
consisting of all v-stably projective A-modules. Clearly, there is a v-stable idempotent e € A such that
A-stp = add(Ae). It is known that eAe is a self-injective algebra (see [19, 23]). Following [19], the algebra
eAe is called the Frobenius part of A. This is uniquely determined by A up to Morita equivalence.

If A is a self-injective algebra and M € A-mod, then the Frobenius part of Ends(A & M) is Morita
equivalent to A.



For a class C of A-modules in A-mod, the number of modules in C always means the cardinality of
the set of isomorphism classes of modules in C.

Letn:0—X —Y — Z — 0 be an exact sequence in A-mod. We say that n has no split direct
summands if it has no split exact sequences as its direct summands.

2.2 Homological dimensions and conjectures

In this subsection, we recall the notions of dominant, finitistic and global dimensions.
Given an algebra A, the global dimension of A, denoted gl.dim(A), is defined by

gl.dim(A) := sup{proj.dim(M) | M € A-mod},

while the finitistic dimension of A, denoted fin.dim(A), is defined by

fin.dim(A) := sup{proj.dim(M) | M € A-mod, proj.dim(M) < co}.
Clearly, fin.dim(A) < gl.dim(A). The well-known finitistic dimension conjecture reads [5]:
(FDC) For any algebra A over a field, fin.dim(A) < oo.

This conjecture is a central problem in the representation theory of algebras. The validity of (FDC)
implies the one of several other homological conjectures (see [4, Conjectures, p.409]). Unfortunately,
(FDC) is still open to date. In fact, only a few cases are verified. For example, it was verified for monomial
algebras [15] and algebras of radical cube-zero [17]. In the last decades, there were several approaches
to the conjecture. For instance, Igusa-Todorov’s ¢- and y-dimensions [20], extensions of algebras [34],
removing arrows [16] and delooping levels [13].

Consider a minimal injective resolution of 4A:

00— A—Iby— 1) — - —L— -

The dominant dimension of A, denoted dom.dim(A), is the maximal # € N (or o) such that Iy, Iy, -+ ,I,_;
are projective. Related to dominant dimension, there is a well-known conjecture, called the Nakayama
conjecture (see [27], or [4, Conjectures, p.409]):

(NC) If dom.dim(A) = oo, then A is a self-injective algebra.

It is easy to see that the validity of (FDC) for an algebra A implies the one of (NC) for the algebra A.
Note that both conjectures are open. However, we have verified them for centralizer matrix algebras [21,
Theorem 1.2].

2.3 Stable equivalences and elimination of nodes

In this subsection we recall some basics on stable equivalences and a procedure of producing algebras
without nodes.

By A-mod we denote the stable module category of A, which has the same objects as A-mod, but the
morphism set Hom, (X,Y) of objects X and Y is the quotient of Homy (X,Y) modulo P(X,Y), the set of
all homomorphisms from X to Y that factorize through projective A-modules. If M is a non-projective
indecomposable A-module, then P(M, M) C rad(End4 (M)), the Jacosbson radical of Enda (M).

Though we mainly work with finite-dimensional algebras over fields, we will state notions and facts
in the most general form of Artin algebras, in order to be referred in other cases.

Definition 2.1. (1) Two Artin algebras A and T over a commutative Artin ring R are said to be stably
equivalent if there is an equivalence F : A-mod — I'-mod of R-linear categories.

(2) A stable equivalence F : A-mod — I'-mod of Artin algebras A and T preserves non-semisimple
blocks provided that, for non-projective indecomposable modules M,N € A-modp, F(M) and F(N) lie
in the same block of T if and only if M and N lie in the same block of A.



Let F be a stable equivalence between A and I'. Then F induces a one-to-one correspondence between
A-mod» and I'-mod 4, but may not preserve the numbers of non-semisimple blocks of algebras. This
can be seen by the example in [38, Example 4.7].

A special stable equivalence was introduced by Broué for finite-dimensional algebras.

Definition 2.2. [8] Finite-dimensional algebras A and B over a field are stably equivalent of Morita type
if there exist bimodules s4Mp and gN4 such that

(1) M and N are projective as one-sided modules,

(2) There are bimodule isomorphisms: AM Qg Ny ~ pAs ® P and pN @4 Mp ~ gBp ® Q, where P is a
projective A-A-bimodule and Q is a projective B-B-bimodules.

Clearly, the exact functor N ®4 — : A-mod — B-mod induces a stable equivalence N ®4 — : A-mod —
B-mod. By Definition 2.2(1), proj.dim(gN ®4 X) < proj.dim(4X) for all X € A-mod, where proj.dim(X)
denotes the projective dimension of X. Similarly, proj.dim(4M ®pY) < proj.dim(gY) for all ¥ € B-mod.
Moreover, by Definition 2.2(2), we have proj.dim(4X) < proj.dim(X & P ®4 X) = proj.dim(M Qp N ®4
X) < proj.dim(gN ®4 X) < proj.dim(4X). This implies that stable equivalences of Morita type preserve
the global and finitistic dimensions.

An example of stable equivalences of Morita type is that derived equivalent self-injective algebras are
stably equivalent of Morita type [30]. Now we give another example of stable equivalences of Morita

type.

Lemma 2.3. [22] Let B be a self-injective algebra and X € B-mod. Then the endomorphism algebras
Endg(B @® X) and Endg(B @ Qp(X)) are stably equivalent of Morita type, where Qp(X) stands for the

syzygy of X.

We discuss a special case of Lemma 2.3: Let B be a symmetric algebra. Consider the exact sequence
of B-B-bimodules:
00— N—B®rB—B—0.

Then N is projective as a one-side B-module, and N ®p — induces a stable equivalence of Morita type
between B and itself. Clearly, N ®p — ~ Qp(—) on B-mod.

Given a B-module M, we set A := Endg(B® M) and I := Endg(B ® Qp(M)). Let P := Homg(B ®
M,B) and Q := Homg(B® Qg(M),B). Then 5P and rQ are projective modules. We may assume that
M is a basic module without nonzero projective summands. In [22, Section3], a stable equivalence F of
Morita type is constructed between A and I” such that the following diagram is commutative (up to natural
isomorphism):

PRp—

B-mod pres(P) A-mod
(e) Vo l ;
B-mod il pres(Q) I'-mod.

In the study of stable equivalences of Artin algebras, the notion of nodes plays an important role.

Definition 2.4. [23] A non-projective, non-injective simple module over an Artin algebra is called a node
if the middle term of the almost split sequence starting at the simple module is projective.

By [23, Lemma 1], a non-injective simple module S of an Artin algebra is a node if and only if S is
not a composition factor of rad(Q)/soc(Q) for any indecomposable projective module Q. Thus an Artin
algebra has no nodes if and only if every non-projective, non-injective simple module is a composition
factor of rad(P)/soc(P) for some indecomposable projective module P.



Given an Artin algebra A, let S be the direct sum of all non-isomorphic nodes of A, I the trace of S in
A, and J the left annihilator of I in A. Martinez-Villa showed in [23, Theorem 2.10] that an Artin algebra
A with nodes is stably equivalent to the triangular matrix algebra

(4 0)

without nodes. It is shown in [38, Lemma 3.12(3)] that A and A’ have the same numbers of non-projective
simple modules. We often say that A’ is obtained from A by eliminating nodes or A’ is the node-eliminated
algebra of A.

Remark 2.5. Let f(x) be an irreducible polynomial in R[x], A := R[x]/(f(x)?), M(1) := R[x]/(f(x)),
M(2) := A and aM := M(1) ® M(2). Clearly, M(1) is the unique non-projective, indecomposable A-
module. Let C := Ends (M) be the Auslander algebra of A, and let ¢; € C be the canonical projection of
M onto M(i) for i = 1,2. Then C is a Nakayama algebra and has 2 indecomposable projective modules
P(1) :=Ce; and P(2) := Cey. The non-projective indecomposable C-modules are S; := top(P(1)), Sz :
= top(P(2)) and the injective envelope I(S;) of S;. Moreover, there are three almost split sequences of
C-modules:

0— 8 —I(5;) — S, — 0, 0— S —P(1)— S — 0 and

0—P(1) —P2)®SI — I(S1) — 0.

Let I';- be the quiver of C obtained from the Auslander-Reiten quiver I'c of C by removing both projective
vertices and all related arrows. Then I'; is of the form e — e — e. By eliminating nodes, A is stably

_ A/rad(A) 0 . . C/soc(C) 0
L /.
equivalent to A" := < rad(A) A frad( A))’ and C is stably equivalent to C" := < s0c(C)  C/CerC)"

: o A/rad(A) 0

/

The algebra A" has two indecomposable projective modules < rad(A) ) and < A frad( A)> The first one
is injective, while the second one is simple and isomorphic to a submodule of the first one. The algebra
(Cey +soc(C)) /soc(C)) <(Cez +soc(C)) /soc(C))

y . L
C’ has three indecomposable projective modules < soc(Cey) soc(Cen)

and ( c/ C(’)e C> . The second one is injective, while the third one is simple and isomorphic to a submodule
2

of both the first and second ones. Note that the Frobenius parts of both A’ and C’ are 0.
We recall the following results of Martinez-Villa in [25, Proposition 1.5 and Theorems 1.7 and 2.6].

Lemma 2.6. [25] Let F : A-mod — I'-mod be a stable equivalence of Artin algebras A and I in which
both algebras have neither nodes nor semisimple summands.

(1) The functor F provides a bijection F' : P(A) s — P (I').», which preserves simple projective
modules in Z(A) y. The inverse of F' is H' induced from a quasi-inverse H of the functor F.

(2) The functor F induces a stable equivalence between the Frobenius parts of A and T.

(3) Let 0 = X © O —f> YOO, &P 4 Z — 0 be an exact sequence of A-modules without split exact
sequences as its direct summands, where X,Y,Z € A-mod», Q1,02 € Z(A).» and P is a projective-
injective A-module. Then there is an exact sequence

00— FX)®F(01) 5 FY)aF'(0) &P 25 F(Z) — 0

in I-mod, such that it has no split direct summands and rP' is projective-injective.



Here, g’ is a projective cover of F(Z) if g is a projective cover of Z, and Z(A) s is the category of
projective A-modules without nonzero injective direct summands.
As a consequence of Lemma 2.6, we have the following result.

Lemma 2.7. Let F : A-mod — I'-mod be a stable equivalence of Artin algebras A and I in which both
algebras have neither nodes nor semisimple summands, and let P and Q be the sums of projective-injective
indecomposable A-modules and T'-modules, respectively. Suppose N € () 4 and M is a non-projective
indecomposable module. If M belongs to pres(P & N), then F (M) belongs to pres(Q @ F'(N)).

Proof. Let P(X) denote a projective cover of X € A-mod, and let N(X) be the canonical exact se-
quence: 0 — QA (X) = P(X) — X — 0. Clearly, if X € A-mod &, then 1(X) has no split direct summands.
Moreover, we have the following fact.

() LetY € A-proj and X € A-mod. Then X € pres(Y) if and only if P(X) and P(QA (X)) lie in add(Y).

Now, let M € pres(P @& N) be non-projective and indecomposable. Then P(M) and P(QA(M)) lie in
add(P®N). Since Q4 (M) has no nonzero injective direct summands, we can write QA (M) = (Pi_, X;) &
Z with X; being non-projective indecomposable module for all i € [s] and Z € (A).. Therefore
P(QAM))=P((P_Xi)®Z) = (Di- P(X;)) ®Z € add(P & N). This implies that P(X;) € add(P®N)
for all i € [s] and Z € add(N). Since each of N(Xj),---,n(X;) and (M) has no split direct summands,
it follows from Lemma 2.6(3) that there are exact sequences N(F(X))),--- ,M(F(X;)) and (F(M)) such
that each of them has no split direct summands. From these exact sequences, we see that P(F (X;)) €
add(Q @ F'(N)) for all i € [s], P(F(M)) € add(Q ® F'(N)) and Qr(F(M)) = F(®i_, X)) ® F'(Z) =
(B, F(X;)) ®F'(Z). Clearly, F'(Z) € add(Q @ F'(N)) since Z € add(N). Thus P(Qr(F(M))) =
(B, P(F(X;)))®F'(Z) € add(Q® F'(N)). Hence F(M) € pres(Q@® F'(N)) by (x). O

2.4 Modules over quotients of polynomial algebras

In this subsection we show some facts on stably equivalent endomorphism algebras of generators over
quotients of R[x].

Throughout this subsection, let [n] be the set {1,2,---,n}, f(x) a fixed irreducible polynomial in R[x]
and A := R[x]/(f(x)").

Clearly, A is a local, symmetric Nakayama algebra. Moreover, A has n indecomposable modules
M(i) := R[x]/(f(x)"), i € [n]. For convenience, we set M(0) = 0. For n > 2, let I,y := {M(i) | i €
[n—1]} € A-mod » be the set of representatives of isomorphism classes of non-projective indecomposable
A-modules.

Suppose that F : A-mod — A-mod is a stable equivalence. Then F induces an action F on ', 1,
namely, for M € T',,_y, F(M) is the unique module in I',,_; such that F(M) ~ F(M) in A-mod. Clearly,
for the stable equivalence Q4 : A-mod — A-mod, we have Q4 (M (i)) = M(n — i), where Q4 is the syzygy
operator of A.

Lemma 2.8. [21, Lemma 2.10] Let n > 2. If F is a stable equivalence between A and itself, then the
induced action F on T',,_1 coincides with either the identity action or Q.

For a positive integer m and an irreducible polynomial g(x) € R[x], if A ~ R[x]/(g(x)™) as R-algebras,
thenn = LL(R[x]/(f(x)")) = LL(R[x]/(g(x)™)) = m. Moreover, the indecomposable R|[x] /(g(x)")-module
R[x]/(g(x)") is isomorphic to the A-module M(z) for 7 € [n].

For the convenience of the reader, we summarize the above facts and [21, Lemma 2.14, Corollary
2.15] as a lemma.

Lemma 2.9. (1) Ler g(x) € R[x| be an irreducible polynomial and m > 0. If A ~ R[x]/(g(x)") as R-
algebras, then m = n. Moreover, for t € [n], the indecomposable R[x]/(g(x)")-module R[x]/(g(x)") is
isomorphic to the A-module M(t).



(2) Suppose that the polynomial f(x) is separable and K := R|x]/(f(x)). Then
(i) A can be viewed as a K-algebra and A ~ K|[x|/(x") as algebras over K.
(ii) If g(x) € R[x] is irreducible such that A is stably equivalent to R[x]/(g(x)™) for m > 2, then

A~ R[x]/(g(x)").
Now we consider the endomorphism algebras of generators over A.

Lemma 2.10. Let M be a generator for A-mod, that is /A € add(M), and A := Ends(M).
(1) If n > 2, then every simple A-module is neither projective nor injective.
(2) A has nodes if and only if n = 2.
(3) The Frobenius part of A is Morita equivalent to A.

Proof. Since the Nakayama algebra A is local and symmetric, any indecomposable direct summand
of M is isomorphic to a submodule of 4A. Let F be the functor Homy (M, —) : add(4M) — A-proj and
P:=F(4A). Clearly, F is an equivalence and P is an indecomposable projective-injective A-module with
soc(P) ~ top(P) since A is a local symmetric Nakayama algebra. The left exactness of F implies that any
indecomposable projective A-module is isomorphic to a submodule of P.

(1) Suppose n > 2. Then the indecomposable, projective-injective A-module P is not simple. To show
that every indecomposable projective A-module is not simple, we show that Homy (X,Y) # 0 for any
indecomposable projective A-modules X and Y. In fact, let X’ and Y’ be indecomposable direct summands
of 4M such that F(X') =X and F(Y') =Y. Since A is a local algebra, we always have Homy (X', Y’) # 0
(for example, a nonzero homomorphism from the top of X’ to the socle of Y’). Thus

Homy (X,Y) = Homy (F(X'),F(Y')) = Homu (X', Y") # 0.

This implies that no simple A-module is projective. Otherwise, A would have only one simple projective
module, this would contradict to the fact that P is not simple. Since the Nakayama functor v : A-proj —
A-inj is an equivalence, we deduce that, for any indecomposable injective A-modules U and V,

Homy (U, V) ~ Homu (v (U),v"'(V)) #0.

This shows that no simple A-modules are injective.

(2) If n =1, then the algebra A is simple, and therefore the algebra A is semisimple. Thus A has no
nodes by definition.

If n =2, then A is Morita equivalent to either A or the Auslander algebra C of A. Note that C is
a Nakayama algebra with 2 indecomposable projective C-modules P; and P, = P of lengths 2 and 3,
respectively. There is an almost split sequence 0 — top(P,) — P; — top(P;) — 0, which shows that A has
anode.

Finally, we consider n > 3. Let S be a non-projective, non-injective simple A-module, we show
that S is a composition factor of rad(P)/soc(P). Actually, let Q be the projective cover of S with Q =
Homy (M, Y) for an indecomposable 4Y € add(M). Then Q is a non-simple submodule of P with soc(Q) =
soc(P). If Q # P, then Q C rad(P) and 0 # Q/soc(Q) is a submodule of rad(P)/soc(P). Thus, as a com-
position factor of Q/soc(Q), S is a composition factor of rad(P)/soc(P). If Q = P, then the multiplicity
of top(P) in P is at least LL(A) > 3, and therefore S = top(P) is a composition factor of rad(P)/soc(P).
Hence A has no nodes.

(3) This is clear. [J

Lemma 2.11. Suppose that M is a generator for A-mod. Let B := R[x]/(g(x)™) for some irreducible
polynomial g(x) and m > 2, and let N be a generator for B-mod. If Ends(M) and Endg(N) are stably
equivalent, then so are A and B.



Proof. Let A :=Ends(M) and I' := Endg(N). By Lemma 2.10(3), the Frobenius part of I" is Morita
equivalent to B. Suppose that F' : A-mod — I'-mod is an equivalence of R-categories. Then A is semisim-
ple if and only if so is I'. This implies that m = 1 if and only n = 1. Thus we may assume both n > 2 and
m > 2. Under this assumption, we are led to considering the two cases.

(1) m >3 and n > 3. Then both A and I'" have no nodes by Lemma 2.10(2). Thus it follows from
Lemma 2.6(2) that A and B are stably equivalent.

(2) m =2 or n = 2. In this case, we claim m = n = 2. Suppose contrarily m # n. Then one of m and
n is at least 3. We may assume n = 2 and m > 3. According to Lemma 2.10(2), A has nodes, but I" has
no nodes. We consider the node-eliminated algebra A’ of A. Clearly, A’ is stably equivalent to A and has
the Frobenius part equal to 0 (see Remark 2.5). Note that both A’ and T" have no semisimple summands.
Thus, by Lemma 2.6(2), the Frobenius part of A’ and the Frobenius part B of I are stably equivalent,
and therefore B-mod = 0. However, for m > 2, the B-module R[x]/(g(x)) is non-projective, and therefore
B-mod # 0, a contradiction. This shows m =n = 2.

The Auslander algebra of A := R[x]/(f(x)?) (respectively, B := R|[x]/(g(x)?)) is a Nakayama algebra
with 3 non-projective indecomposable modules, one of which is injective of length 2 and the other two
are simple. Since stably equivalent algebras have the same number of non-projective indecomposable
modules, it follows that

(1) either A is Morita equivalent to A, and I" is Morita equivalent to B; or

(ii) A is Morita equivalent to the Auslander algebras of A, and I is Morita equivalent to the Auslander
algebras of B.

To complete the proof, we only need to deal with (ii). By using Hom-functor, we see that the endo-
morphism algebra of any simple A-module (respectively, I'-module) is isomorphic to R[x]/(f(x)) (respec-
tively, R[x]/(g(x))). By the definition of stable endomorphism algebras of modules, we see that the stable
endomorphism algebra of any simple A-module (respectively, I'-module) is isomorphic to R[x]/( f(x)) (re-
spectively, R[x]/(g(x))). Clearly, there exists a simple A-module, say 7', such that F(T) is simple. Since
F is an equivalence of categories, it follows that R[x]|/(f(x)) ~ End, (T) ~ End(F(T)) ~ R[x]/(g(x)) as
algebras. This yields that A and B are stably equivalent since R[x]/(f(x)) and R[x]/(g(x)) are the only
non-projective indecomposable A- and B-module, respectively. [

Finally, we point out the following facts (see [21, Lemma 2.19] and [37, Theorem 1.2(1)]).
Lemma 2.12. (1) For ¢ € M,(R), there are isomorphisms of R-algebras:

Sn(c,R) = Sp(c",R) = Su(c,R)" =~ Endgy (R"),

where c'" denotes the transpose of the matrix c.
(2) If R is of characteristic p > 0 and 6 € ¥, then S,(cs,R) is semisimple if and only if 6 = r(G),
where cg is the permutation matrix of G over R and r(G) is the p-regular part of G.

3 New equivalence relation on square matrices

In this section we introduce an S-equivalence on all square matrices over a field.

Let R[x] the polynomial algebra over a field R in one variable x. For polynomials f(x) and g(x) of
positive degree, we write f(x) | g(x) or f(x) < g(x) if f(x) divides g(x), that is, g(x) = f(x)h(x) with
h(x) € R[x]. Then the set of monic polynomials in R[x| of positive degree is actually a partially ordered
set with respect to this polynomial divisibility.

The elementary divisors of ¢ € M, (R) is defined to the elementary divisors of the matrix xI, — ¢ €
M, (R[x]), and all elementary divisors of ¢ form a multiset. Let E. be the set of elementary divisors of ¢
(thus ‘E. has no duplicate elements), and let & be the subset of E, consisting of all reducible elementary
divisors of ¢ that are maximal with respect to <.
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For f(x) € R, we define the set P.(f(x)) of power indices of f(x) by
P.(f(x)) :={i>1] p(x)' € E. with p(x) an irreducible factor of f(x)}.

Let Z~o be the set of all positive integers and s € Z~¢. Given a set T := {my,mp,--- ,ms} C Z~g
with m; > my > - > mj, we associate it with a set Jr =: {m;,m; —my,--- ;m; —m;}. For a finite subset
HCZ-y,H=Jrifand only if T = Jy.

Now, we introduce an apparently new type of equivalence relation on square matrices, which is dif-
ferent from the ones in [21, Definition 1.1].

Definition 3.1. Matrices c € M,(R) and d € M,,,(R) are S-equivalent, denoted c Rd, if there is a bijection
7 : R, — Ry such that, for any f(x) € R, the two conditions hold:

(1) R[x]/(f(x)) ~ R[x]/((f(x))w) as algebras over R, and

(2) either P(f(x)) = Pa((f(x))®) or Pe(f(x)) = Ip,((f(x))m)-

This is an equivalence relation on all square matrices over R. Let us give examples to illustrate S-
equivalent matrices.

Example 3.2. Let J,(A) denote the n x n Jordan block with the eigenvalue A € R.

(1) We take ¢ = J3(0) & J,(0) & J1(1) € M5(R) and d = J3(1) & J»(1) € Ms(R), where & means
taking block diagonal matrix. Then &, = {x*,x,x — 1} and E; = {(x — 1)3,(x — 1)?}. By definition,
R = {x’} and Ry = {(x—1)*}. Further, P.(x*) = {1,3}, Ps((x—1)?) = {2,3} and Jp,((,—1y3) = {1,3}.
Let @ : R — R, be the map, x*> — (x —1)3. Then ¢ Rd by Definition 3.1. This also shows that ¢; =
J3(0) @ J1(0) € M4(R) is S-equivalent to d.

(2) The S-equivalence is different from the D-equivalence introduced in [21]. On the one hand, the
matrices ¢ and d in (1) are S-equivalent, but not D-equivalent by [21, Definition 1.1]. On the other hand,
let ¢ :=J5(0) & J4(0) & J1(0) € M1p(R) and d := J5(0) & J»(0) & J1(0) € M3(R). By [21, Example 4.4], ¢
and d are D-equivalent, but not S-equivalent.

Clearly, the similarity of matrices preserves S-equivalence, that is, if ¢ is similar to ¢; and if d is

.. S L. . S
similar to dj, then ¢ ~ d implies c; ~ d;.

4 Stable equivalences of centralizer matrix algebras

This section is devoted to proofs of main results and their corollaries by following the strategy mentioned
in the introduction.
For ¢ € M,,(R), let m.(x) be the minimal polynomial of ¢ over R and A, := R[x]/(m(x)). We write

I

me(x) == Ijlfi(x)”" forn; > 1 and U; := R[x]/(fi(x)") fori € [I.]

where all f;(x) are distinct irreducible (monic) polynomials in R[x]. It is known that U; is a local, symmet-
ric Nakayama R-algebra for i € [I.], and

A ~Up xUyx---xU,,.

Since A, ~ R[c] and the R[c]-module R" = {(a;,az,--- ,a,)" | a; € R,1 <i < n} can be regarded as an
A.-module, we can decompose the A.-module R", according to the blocks of A., in the following way:

le

) R~ RN/ (i)

i=1 j=1
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as R[x]-modules, where ¢;; are positive integers. Note that {{f;(x)/ | i € [l],j € [s;]}} is the multiset of
all elementary divisors of ¢ (see [9, Chapter 4], where (x) is stated in terms of invariant subspaces of a
linear transformation).

Let M; := @’_; R[x]/(fi(x)/) be the sum of indecomposable direct summands of R" belonging to
the block Uj, and A, := Endy;, (M;) for i € [I.]. Then all algebras A; are indecomposable.

Clearly, for i € [I], we have P.(fi(x)") = {e;j | j € [si]} and B(M;) = @D,cp,(s,0m) RIX]/(fi(x)") as
U;-modules. Since R" is a faithful M, (R)-module, R" is also a faithful R[c]-module, and therefore R" is a
generator for R[c]-mod, and M; is a faithful U;-module for i € [.].

I

I
Sn(c,R) ~ Endgy(R") ~ Ends (P M; HEndU =[1A-
i=1

i=1

This is a decomposition of blocks of S,,(c,R). Moreover, a block A; is semisimple if and only if n; = 1. As
the R[c]-module R" is a generator, we see that the bimodule R[C]Rgn (eR) has the double centralizer property,
that is, Endg, (. pyor (R} (C.R)) = R|[c].

The following lemma is an immediately consequence of (x).

Lemma 4.1. There is a bijection T from ‘E. to the set of non-isomorphic, indecomposable direct summands
of the A.-module R", sending h(x) to the A.-module R[x]/(h(x)) for h(x) € E,

Similarly, for d € M,,(R), we write mgy(x) = Hl;”:l gj(x)™ form; > 1, where all gj(x) are distinct
irreducible (monic) polynomials in R[x]. Let Ay := R[x]/(my(x)) =V} x --- x Vj, with V; := R[x] /(g(x)™)
for j € [l4]. Clearly, V; is a local, symmetric Nakayama R-algebra. By the canonical isomorphism A; ~
R[d] of algebras, we have a decomposition of the A;z-module R™:

Iy ti

(%) @ @ f’f

i=1 j=1

where the multiset {{g;(x)/V | i € [l4],j € [t;]}} is the multiset of elementary divisors of d. This is also
a decomposition of R[x]-modules. Let N; := @"': R[x]/(gi(x)/¥) be the sum of indecomposable direct
summands of R" belonging to the block V;, and B; := Endy,(N;) for i € [lz]. Then all algebras B; are
indecomposable. Moreover, a block B; is semisimple if and only if m; = 1.

For i € [l4], we have Py(gi(x)™) = {fij | j € [u]} and B(N;) = @yep,(g(xym) R/ (8i(x)") as Vi-
modules, and the following isomorphisms hold:

ly

Iy Iy
Sm(d,R) ~ Endgyy (R") ~ Endy, (D N;) = [ [ Endy,(N;) = [ [ Bi-
i=1 = i=1
This is a decomposition of blocks of S,,(d,R) and the bimodule Rla)RS (d.R) has the double centralizer

property, that is, Endg ; gor (RY ) = R[d].

4.1 Stable equivalences between blocks of centralizer matrix algebras

In this subsection we study behaviour of blocks of centralizer matrix algebras under stable equivalences.
Let A be an Artin algebra. We denote by Z?(A) s the set of representatives of isomorphism classes of
projective A-modules without nonzero injective direct summands.
In general, stably equivalent algebras may have different numbers of non-semisimple blocks (see
[38, Example 4.7]). In the following, we will show that stable equivalences between centralizer matrix
algebras over a field do preserve non-semisimple blocks (see Definition 2.1).

12



First, we fix some notation. We have a block decomposition S, (c, R) ~ Endg(. (R") ~ Hﬁ‘:  Endy, (M;) =
Hf"‘: 1Ai. Let A be the direct sum of all non-semisimple blocks of S,(c,R). Now, we partition the blocks
A; of A in the following way.

(1) Sa>2 :={A1,Az, -+ ,Ag, } consists of the blocks A; with n; > 3 and having at least 2 non-injective
indecomposable projective modules for 1 <i < aj.

(2) Sa1 = {Ag+1,A4,+2, -+ ,Aq,} consists of the blocks A; with n; > 3 and having only 1 non-
injective indecomposable projective module for a; < i < ajp.

(3) 840 :={Aa+1,A0,12, - ,Aa, } consists of the blocks A; with n; > 3 and all indecomposable pro-
jective A;-modules being injective for a, < i < as.

(4) S4 :={Aus+1,Aus42, + ,Aq, } consists of the blocks A; with n; = 2 for a3 < i < a4, where 0 < a; <
ay <az < a4 <.

Note that A =[], A; and n; is the Loewy length of both U; and the center of A;. For an Artin algebra
A, we denote by A’ the node-eliminated algebra of A. Thus A and A’ are stably equivalent, and the latter
has no nodes.

LetA := 12, Ai X [4y<i<a,(Ai)'- Then we have the following result.

Lemma 4.2. The algebra A has neither nodes nor semisimple direct summands. Moreover, there exists
a stable equivalence Fy : A-mod — A-mod such that F4 preserves non-semisimple blocks of the algebras
and its restriction to a block A; is the identity functor for i € |as].

Proof. Recall that U; = R[x]/(fi(x)") and A; = Endy,(M;) for i € [I.]. For i € [a3], it follows from
Lemma 2.10(1)-(2) that A; has neither nodes nor projective simple modules. For a3 < j < a4, the node-
eliminated algebra (A;)’ of A; has no nodes and is stably equivalent to A;. Clearly, A does not have any
semisimple direct summands. Now it is easy to get a desired stable equivalence F4 between A and A. O

For S,,(d,R), let B be the sum of its non-semisimple blocks. Similarly, we have a partition of blocks
of B: there are natural numbers 0 < by < by < b3 < by < 1y, such that the blocks of B are partitioned as
{B1,-++,Bp, } U{Bp,+1,-- ,Bp, } U{Biy+1,* yBby } U{Bpy+1,"- -, Bp, }. This partition of blocks of B has
the corresponding properties (1)-(4) as the one of blocks of A.

Let B := H?;l B X [lp,<j<p,(B;)". Then, by Lemma 4.2, B has neither nodes nor semisimple direct

summands, and there is a stable equivalence Fp : B-mod — B-mod such that Fp preserves non-semisimple
blocks and its restriction to a block B; is the identity functor for j € [bs3].

From now on, we assume that there is a stable equivalence F between S,(c,R) and S,,(d,R).

The functor F restricts to a stable equivalence between A and B. Thus H := FgoF o F, A_l : Z—M —
E—miod is a stable equivalence. Let J : E—miod — A-mod be a quasi-inverse of H. As in Lemma 2.6(1), H
and J induce bijections H' : 2(A) y — P(B) s and J' : P(B) y — P(A). s, respectively, such that their

compositions are identity maps.

Let Sa>1 :=84>2U8a,1 and Sg >1 := S>> USp 1. In the following, we will show that H restricts to
a stable equivalence between blocks in S >1 and blocks in Sp >1.

Lemma 4.3. The bijection H' induces a bijection between Sp > and Sg >1.

Proof. Recall the following facts:

(1) U; is a symmetric, local Nakayama algebra, and therefore any indecomposable U;-module is iso-
morphic to a submodule of U; for i € [I,].

(ii) M; is a generator for U;-mod. Let A; := Endy,(M;). Then any indecomposable projective A;-
module is isomorphic to a submodule of P; := Homy;,(M;,U;) for i € [I;]. This follows from (i) and the
left exactness of Hom-functors.
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(iii) P; is projective-injective by the isomorphism v4,Homy, (M;, U;) ~ Homy. (M;, vy,U;) (see [18, Re-
mark 2.9 (2)]). In particular, P; is the unique (up to isomorphism) indecomposable projective-injective
A;-module fori € [I.].

Now, let i € [az]. The proof will be proceeded by the following two steps.

Step 1: We show that H' induces a bijection from Sa,>2 10 Sg>2. Thus a; = by.

In fact, let A; € S5 >, that is, i € [a1], n; > 3 and A; has at least 2 non-isomorphic, non-injective
indecomposable projective modules P;; and P, which are not simple by Lemma 2.10(1). Then there exist
2 indecomposable direct summands M;; and M, of the U;-module M; such that Py = Homy, (M;, M)
for 1 <k <2. As U; is a local Nakayama algebra, we may assume that M;; is isomorphic to a proper
submodule of Mj,. It then follows from the left exactness of the Hom-functor Homy;, (M;, —) that P; is
isomorphic to a submodule of P;. Hence there is an exact sequence of A;-modules

0— Py — Py —Pp/Py —0
with P /P;; indecomposable. By Lemma 2.6(3), there is an exact sequence of B-modules
(x) 0— H'(Py) — H'(Po)®P — H(Pp/P;1) — 0,

with P/ being a projective-injective B-module. We show that both H'(P;;) and H'(P;) lie in the same
block of B.

Suppose contrarily that H'(P;; ) and H'(P;) lie in different blocks of B. Then Homz(H'(Py),H' (P2)) =
0. It then follows from (x) that the non-projective indecomposable module H(P;/P;;) contains an iso-
morphic copy of H'(Py) as a direct summand. This is a contradiction. Therefore H'(P;;) and H'(P;) lie
in the same block of B.

Now, suppose that H'(P;;) and H'(P;) lie in a common block C of B. By Remark 2.5, a block (B;)’
of B, with b3 < J < ba, always has at most 2 non-isomorphic, non-injective indecomposable projective
modules, one of which is simple. It then follows from Lemma 2.6(1) that C % (B;)’ as algebras for b3 <
J < bs. Hence C is a block of the form B; for some j € [b3]. Since the two non-injective indecomposable
projective modules H'(P;;) and H'(Py) lie in C, we deduce that C is a block of the form B; for some
Jj € [b1] by our partition of blocks. Hence H' sends all non-injective, indecomposable projective A;-
modules to the ones belonging to the block B; with j € [b;]. Similarly, by considering the the quasi-inverse
J of H and the bijection map J’ which is the inverse of H’, we know that the non-injective indecomposable
projective Bj-modules are mapped by J' into modules belonging to the block A;. Thus H’ restricts to a
one-to-one correspondence between & (4;) » and & (B;) . This implies that H' induces a bijection from
Sa,>2 to Sp >2, such that the corresponding blocks have the same number of non-isomorphic, non-injective
indecomposable projective modules. Thus a; = b;.

Step 2: We prove that H' induces a bijection between Sa,1 and Sg 1. Thus ar = b;.

Actually, let A; € 84,1, that is, a; < i < ap and A; has only 1 non-injective indecomposable projective
module, say Q;. If H'(Q;) lies in a block (B;)’ for b3 < j < by, then, by Remark 2.5, H'(Q;) has a simple
projective submodule, say IN’J With a similar argument as in Step 1, we deduce that Q; and the simple
projective module J'(P;) lie in the same block A;. Note that Q; is not simple and Q; % J'(P;). Thus the
block A; contains at least 2 non-injective indecomposable projective modules. This is a contradiction.
Thus it follows from Step 1 that H'(Q;) belongs to a block B i € Sp,1. Conversely, for B; € Sp 1, there is
a unique non-injective indecomposable projective B;-module, say R;. As J' is the inverse of H', we see
that J'(R ;) belongs to a block A; € Sa,1. So H " induces a bijection between the set of blocks in Sa,1 and
the set of blocks in S 1. Thus ay = b,. [

Having established a bijection between Sy >1 and Sp >1, we now show that the corresponding blocks
are stably equivalent.
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Lemma 4.4. Let H' : 54 >1 — S >1 be the bijection in Lemma 4.3. If H'(A;) = Bj, then the functor H
restricts to a stable equivalence between A; and B;.

Proof. For convenience, we define an operator A from the set of representatives of isomorphism
classes of indecomposable A;-modules to that of indecomposable B;-modules:

A(x) = {H’(X) if X is Projective,
H(X) otherwise.

By Lemma 4.3, we may assume H'(A;) = B; for i € [a,]. To show that H restricts to a stable equiv-
alence between A; and B;, we only need to show that, for any non-projective indecomposable A;-module
M, H(M) belongs to the block B;, and that, for any non-projective indecomposable B;-module N, J(N)
belongs to the block A;.

Indeed, let i € [ap] and M € A;-mod be a non-projective indecomposable module. Then H(M) is
indecomposable. Now, we prove that H(M) lies in the block B;. We divide the proof into two parts (a)
and (b) below.

(a) We show that, for the unique indecomposable projective-injective A;-module P;, A (rad(P;)) lies in
the block B;.

As a submodule of the indecomposable injective module P;, rad(P;) has simple socle and therefore
is indecomposable. Recall that each non-injective indecomposable projective A;-module is isomorphic
to a submodule of P,. This implies that each non-injective, indecomposable projective A;-module is i-
somorphic to a submodule of rad(P;). By our partitions of blocks, A; has at least one non-injective,
indecomposable projective A;-module, say P. In particular, P is isomorphic to a submodule of rad(P;). If
rad(P,) is projective, then it follows from H’(A;) = B; that A (rad(P;)) = H'(rad(P;)) lies in the block B;,
and therefore (a) follows.

Now assume that rad(P;) is not projective. Then rad(P;) and P are non-isomorphic, and so there exists
an exact sequence

0 — P 5 rad(P,) — rad(P,)/P — 0.

Since rad(F;) is indecomposable, rad(P;)/P does not have any nonzero projective direct summands. Ap-
plying Lemma 2.6(3) to this sequence, we get an exact sequence of B-modules:

0 — H'(P) - H(rad(P)) ® P, - H(rad(P,) /P) — 0,

with P} a projective-injective B-module. Due to H'(A;) = B;, we see that H'(P) belongs to the block B;.

Contrarily, suppose that H (rad(F;)) does not belong to the block B;. Then Homyz(H'(P),H (rad(P;))) =
0, and therefore Im(1") C P5. Thus H (rad(P;)/P) ~ (H(rad(P;)) ® P})/Im(V) ~ H(rad(P;)) & P5/Im(V’).
Applying the quasi-inverse J of H to this isomorphism, we deduce that rad(P;) is isomorphic to a direct
summand of rad(P;)/P. Thus P = 0. This contradicts to P being indecomposable. Thus H (rad(P;)) =
H (rad(P;)) belongs to the block B;.

(b) We show that H(M) belongs to the block B;.

Indeed, let P(M) be a projective cover of the indecomposable A;-module M. Then there is a canonical

exact sequence of A;-modules 0 — Q(M) EN P(M) % M — 0, which has no split exact sequences as its
direct summands. Write Q(M) = L; & Ly, with L; € A;-mod 4 and L, € #(A;).», and P(M) = Q& (P}),

with Q € Z(A;).» andt € N. By Lemma 2.6(3), we get an exact sequence of B-modules

(1) 0— H(L)®H (L) L5 H'(Q)® P, 5 HM) — 0,

such that P} is a projective-injective B-module and (f) has no split direct summands. We have to consider
the two cases: Q # 0 and Q =0.
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(1) Assume Q # 0. We claim that H(M) lies in the block B;. Suppose contrarily that H(M) does not
belong to B;. Then it follows from H'(A;) = B, that H'(Q) and H (M) lie in different blocks, and therefore
Homz(H'(Q),H(M)) =0. Thus Im(f") = H'(Q) ® (Im(f’) N P;). Since H'(Q) is projective, there exists a
homomorphism /' : H'(Q) — H(L;) © H'(Ly) such that /' ' py = idyy (@), where p is the projection from
H'(Q) @ P} to H'(Q). This implies that the exact sequence

(F i)
0 — Im(x) "

H(Q)—0—0
is a split direct summand of (). This is a contradiction, and therefore H (M) lies in the block B;.

(2) Assume Q =0. Then H'(Q) = 0. According to the blocks of E, we write P§ = @,’czl X such that X;
and X; are in different blocks for i # j, but all indecomposable direct summands of X; belong to a common
block of B. We shall show that all indecomposable direct summands of Pj lie in the same block of B, that
is, I = 1. Contrarily, suppose / > 2. By (%), we have Im(f’) = @f{zl Y:, where Y, is a submodules of X
for k € [I]. Since H(L;) ® H'(L,) contains no projective-injective direct summands, each Yy is a proper
submodules of X;. Therefore H(M) =~ P /Im(f') ~ @}_, Xi/Yx is decomposable. This contradicts to the
fact that H(M) is indecomposable. Thus / = 1 and all indecomposable direct summands of P}, including
Pj itself, lie in a common block of B.

Suppose that Q(M) has a direct summand isomorphic to rad(P;). Then f” in (%) restricts to an injective
homomorphism from A (rad(P;)) to P;. Therefore H(rad(P;)) and P} lie in the same block B; by (a).
Further, H'(Q) = 0 implies Homg(P;, H(M)) # 0 in (). This yields that H(M) and Pj lie in the same
block B;.

Suppose that Q(M) has no direct summands isomorphic to rad(P;). Under the assumption Q = 0, we
have P(M) = P!. We consider the following exact sequence of A;-modules

f

(#) 0— QM) — (rad(P))’ g‘<i(f’z>->)’

rad(M) — 0.
Clearly, the module rad(M) is not projective, that is, (rad(M)) s # 0. By the assumption on Q(M), any
non-zero split direct summand of () is of the form

g‘ (rad(P;

k
0—0— (rad(P))f =4y 0
for a positive integer k£ <t and a direct summand Y of rad(M). Deleting split direct summands of the
exact sequence (f), we obtain an exact sequence of A;-modules
0 — QM) L% (rad(P))" 2% X — 0,
where r <t and X is a nonzero direct summand of (rad(M))z. Recall that Q(M) = L, & L, for Ly €
A;-mody and L, € P (A;).». According to Lemma 2.6(3), we get an exact sequence of B-modules:
0 — H(L) @& H' (L) 2 (A(rad(P)))" & P} % H(X) — 0,

where P; is a projective-injective B-module.

Suppose that Q(M) contains no indecomposable direct summand L such that A(L) lies in the block
B;. Then it follows from (a) that Homy(H(L;) ® H'(L,), (H (rad(P;)))") = 0 and so the image of f;, lies
in P,. This implies that H(X) contains (H(rad(P,)))" as a direct summand. Since H(X) does not have
any non-zero projective direct summands and H'(A;) = B;, we deduce that rad(P;) is not projective and
(H (rad(P,))) = (H (rad(P,-)))r. Using the quasi-inverse J of H, we deduce that X contains rad(P;)" as
a direct summand. This, together with the surjective homomorphism gg, implies that X ~ rad(P;)" and
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Q(M) = 0. Therefore M ~ P(M) is projective. This contradicts to our choice of M. Hence (M) has an
indecomposable direct summand L such that A (L) lies in the block B;. Then it follows from the non-split
exact sequence () that the modules H (M), P} and H (L) lie in the same block B;. Thus we have proved
that H(M) lies in the block B;.

Similarly, for i € [b;] and a non-projective, indecomposable B;-module N, we see that J(N) belongs
to the block A; with i € [ay]. Hence H induces a stable equivalence between A; and B, for i € [ay]. O

Next, we show that H restricts to a stable equivalence between blocks in S40U a4 and blocks in
SpoUSs.

For this purpose, we recall the Auslander—Reiten quiver of stable module category of an Artin algebra.
Given an Artin algebra A, let I'y denote the Auslander—Reiten quiver of A, and let I} be the subquiver
of I'y obtained by removing all projective vertices from I'y. For a local, symmetric Nakayama algebra
Ao :=R[x]/(f(x)") with f(x) an irreducible polynomial, the quiver I'y of Ao is a connected quiver with
n— 1 vertices and t(M(i)) ~ M(i) for i € [n— 1]. Here 7 is the Auslander—Reiten translation. Moreover,
there is an arrow M (i) — M(j) in I'y  if and only if there is an arrow from M(j) — M(i) in T’ for
i,j€n—1].

From Lemma 4.4, we see that H restricts to a stable equivalence between [];2, A; and H?il Bj, which
preserves non-semisimple blocks, and therefore H restricts to a stable equivalence between

C:= ] Aix [] A andD:= ] B; x ] By,

ay<i<as az<i<ay by <j<b3 b3<j<bs

where (A;)" and (B;)' are the node-eliminated blocks of A; and B;, respectively. These products are
actually decompositions of blocks of C and D, respectively

In the following, we shall show that the restriction of H between C and D preserves non-semisimple
blocks as well as node-eliminated blocks, that is, for non-projective indecomposable C-modules M and
N, both H(M) and H(N) lie in a common node-eliminated block of D if and only if both M and N lie in a
common node-eliminated block of C.

First, we note the following immediate consequence of [4, Lemma 1.2(d), p.336].

Lemma 4.5. Suppose that G is a stable equivalence between algebras [];_, C; and ngl D;, where C; and
Dj are indecomposable non-semisimple algebras for i € [s] and j € [t]. Suppose that the quivers I't, and
Iy, are connected for all i € [s] and all j € [t]. Then G preserves non-semisimple blocks, and therefore
s=1.

Lemma 4.6. The functor H induces a stable equivalence between C and D, preserving non-semisimple
blocks and node-eliminated blocks.

Proof. We have seen that H restricts to a stable equivalence between C and D. For convenience, we
denote this restriction by Hc.

For a block A; of C with ay < i < a3, we have A; € S5, that is, n; > 3 and all indecomposable
projective A;-modules are injective. Thus the U;-module M; is projective and A; = Endy,(M;) is Morita
equivalent to U; = R[x|/(fi(x)"). In particular, A; is a symmetric Nakayama algebra with n; — 1 non-
projective, indecomposable modules. Thus, for a; <i < a3, I'} is a connected quiver with two arrows
between any two connected vertices. For a block (A;)" of C with a3 < i < a4, we have A; € S4. In this
case, I' f A is either e or of the form ¢ — e — e by Remark 2.5.

Similarly, for a block B; of D with by < j < b3, the quiver F};_i is a connected quiver with two arrows
between any two connected vertices; and for b, < j < b3, the quiver FfBj), is either e or of the form
o — 00— 0,

According to Lemma 4.5, we know that H¢ preserves non-semisimple blocks. To complete the proof,
it suffices to show that
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(i) a block A; with ay < i < a3 is never stably equivalent to a block (B;)" with b3 < j < by, and

(ii) a block (A;)" with a3 < i < ay4 is never stably equivalent to a block B; with by, < j < bs.

Actually, I'y - (respectively, T’ S}) contains a subquiver of the form e <:> o for ay <i < ajz (re-
spectively, by < ] < b3), while F‘ y (respectively, FEB ,) contains no such subquivers for a3 < i < ay
(respectively, by < j < by). Accordmg to[4, Lemma 1. 2(d) p- 336], we infer that (i) and (ii) hold true. [

Combining the above discussions, we arrive at the following result.

Proposition 4.7. Suppose that there is a stable equivalence F between S,(c,R) and Sy, (d,R). Then F
preserves non-semisimple blocks. Moreover, if F induces a stable equivalence between non-semisimple
blocks A; and B; with i, j € [a4), then n; = mj.

Proof. Suppose that there is a stable equivalence F between S,(c,R) and S,,(d,R). Note that A and B
denote the sums of non-semisimple blocks of S,(c,R) and S,,(d,R), respectively, and that F4 : A-mod —
g—mioci and Fp : B-mod — §_M are stable equivalences constructed by eliminating nodes (see Lemma
4.2).

By Lemmas 4.3 and 4.6, the stable equivalence H = FgoF o F, Afl : A-mod — B-mod preserves non-
semisimple blocks. Since both F4 and Fp preserve non-semisimple blocks, we infer that F preserves
non-semisimple blocks.

Suppose that F induces a stable equivalence between non-semisimple blocks A; and B with i, j € [a4].
Then U; and V; are stably equivalent by Lemma 2.11. In particular, U; and V; have the same number of
non-projective indecomposable modules, that is, n; — 1 = m; — 1. Hence n; = m;. [

Recall that the Auslander—Reiten conjecture on stable equivalences says that stably equivalent Artin
algebras have the same number of non-projective simple modules ([4, Conjecture (5), p.409] and [31]).

As a by-product of our methods developed in this subsection, we show the following result which
slightly generalizes [38, Theorem 1.4(1)] that states that the Auslander—Reiten conjecture holds true for
stable equivalences between centralizer matrix algebras. Here, we do not assume that both algebras
considered are centralizer matrix algebras.

Proposition 4.8. Any centralizer matrix algebra over a field R and its stably equivalent algebras have the
same number of non-projective simple modules.

Proof. Let ¢ € M,(R) and A := S,(c,R). We may assume A = [T A; x T2, , Ai ¥ Hg“:uﬁ_l A; such
that {A;,A2, -+ ,A,, } is exactly the set of all non-semisimple blocks of A, {A,Az,---,A, } is exactly
the set of those non-semisimple blocks without nodes, and {A4,+1,--- Ay, } is the set of simple blocks of
A. Let A := [T, Ai < T2 Za +1(47)". Clearly, A has neither nodes nor semisimple direct summands. By
Lemma 2.10(2), we have n; = LL(Z(A;)) > 3 fori € [a1], and n; = LL(Z(A;)) =2 fora; <i < a;.

Now, suppose that an R-algebra B is stably equivalent to A. Then the non-semisimple parts of A and B
are stably equivalent. Let B be the product of non-semisimple blocks of the node-eliminated algebra B’ of
B. Then B has neither nodes nor semisimple direct summands. Moreover, A and B are stably equivalent.
By the definition of A and B, we see that A (respectively, B) and A (respectively, B) have the same number
of non-projective simple modules.

We shall show that A and B have the same number of non- projective simple modules. This implies
that A and B have the same number of non-projective simple modules.

Indeed, according to Lemma 2.6(2), the Frobenius parts of A and B are also stably equivalent. Further,
the Frobenius part of A is Morita equivalent to []*, U; by Lemma 2.10(3) and Remark 2.5, and the latter
is a Nakayama algebra. Thanks to [29, Theorem 1.3], an Nakayama Artin algebra and its stably equivalent
Artin algebras have the same number of non-projective simples. Thus the Frobenius parts of A and B have
the same number of non-projective simple modules. Now, according to [38, Lemma 5.1(2)], we conclude
that A and B have the same number of non-projective simple modules. [
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Suppose that a non-semisimple block A; of S,(c,R) is stably equivalent to a non-semisimple block
Bj of S,,(d,R). Then U; = R[x]/(f;(x)") and V; = R[x]/(g;(x)") are stably equivalent by Lemma 2.11.
Suppose further that f;(x) and g ;(x) are separable. Then U; ~ V; as R-algebras by Lemma 2.9. Thus N; can
be regarded as a U;-module via this isomorphism, and is actually a generator for U;-mod. Subsequently,
we need to study stable equivalences between the endomorphism algebras of generators for A-mod, where
A is of the form R[x]/(f(x)") for an irreducible polynomial f(x) € R[x] and n > 2.

4.2 Stable equivalences between endomorphism algebras of generators

In this subsection, we characterize stable equivalences between the endomorphism algebras of generators
over quotients of the polynomial algebra in one variable.

Throughout this subsection, we fix an irreducible polynomial f(x) € R[x] of positive degree u and set
A :=R[x]/(f(x)") for a positive integer n > 2. Let M (i) := R[x]/(f(x)") € A-mod for 1 <i < n. We set
M(0) := 0. For 0 < j <i < n, we denote by

fii : M(5) = M(i), X+ (£(x)7) = )+ (f(x))) for 0 <k <uj—1 and

gij  M(i) — M(j), X+ (f(x))) = A+ (f(x)7) for 0 <k <ui—1
the canonical injective and surjective homomorphisms, respectively. Clearly, fjigi = 0 if j+k < i. For
J </, there is an exact sequence 0 — M(j) — M(i) — M (i — j) — 0 in A-mod.
Any stable equivalence G between A and itself induces a permutation GonI',_ :={M (i) |i € [n—1]}.
For the stable equivalence Q4 : A-mod — A-mod induced by the syzygy operator Qy4, we have ﬁi =id.
We start with consideration of the endomorphism algebras of generators for A-mod.

Lemma 4.9. (1) For M € A-mod, we have Ends (A ® M) ~ Ends (A ® M)°P as R-algebras.
(2) For 1 < j<i<m, leth:=i—jand A:=Ends(A®M(i)). Then the exact sequence n;:0 —
M(j) iy (i) £ M(h) — 0 of A-modules induces an exact sequences of A-modules:

0 — Homp (A® M (i),M(j)) % Homy (A ® M (i),M(i)) (&) Homu (A® M (i),M(h)) — 0.

Proof. (1) This is an immediate consequence of Lemma 2.12.

(2) Note that the sequence Homy (A,7;) is exact. We need to show that Homyu (M (i),7;) is also an ex-
act sequence. Since j < i, the modules M (i), M(j) and M (h) can be viewed as B := R[x]/(f(x)’)-modules
and we have Homy (M (i),M(k)) = Homg (M (i),M(k)) for k =i, j or h. As the B-module M (i) is projec-
tive, Homg (M (i), ;) is an exact sequence. Thus it follows from Homgy (M (i), M (k)) = Hompg(M (i), M (k))
for k =i, j or h that Homyu (M(i),m;) is an exact sequence. [J

The following lemma will be used in characterizing stable equivalences between the endomorphism
algebras of generators for A-mod.

Lemma 4.10. Ler 1 < j<i<n—1and A:=Ends(A®M(i)). Then Endy(Homus (A DM (i),M(j))) ~
Ends (M(j)) = R[x]/(f(x)’) as R-algebras.

Proof. Let M := A@ M (i) and F := Homy (M, —) be the Hom-functor: A-mod — A-mod. Then

Enda (F(M(j))) = Homa (Homy (M, M(j)),Homy (M, M(}))) ~ Homy (,M @ Homy (M, M(j)),M(;)).
By Lemma 4.9(2), the exact sequence 0 — M (i — j) — M(i) oM (j) — 0 induces an exact sequence
0— F(M(i— j)) — F(M(i)) “5 F(M(j)) — 0.
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This shows that g;; is a right add(4M)-approximation of M(j). Clearly, there is a surjective homomor-
phism f: M — M(i — j). Thus M(j) € app(M). By [39, Lemm 2.2(1)], we have Ends (F(M(j))) ~
Enda(M(j)) as R-algebras. [J

The following lemma is useful in later proofs.

Lemma 4.11. Let j € [n], T := Homu(A®M(j),A), A:=Ends(ADM(j)) and T* :=Homyp (T, A). Then
the A" -module D(Homy (A & M(j),M(i))) is an indecomposable object in pres(T*) for i € [j], where
D := Homg(—,R) is the R-duality. Moreover, D(Homu (A ® M(j),M(i))) ~ oo T* @pnd,op (1) M(i) as
A°P-modules.

Proof. Let H be the Hom-functor Homy (A © M(j),—) : A-mod — A-mod. Note that T ~ VAT by
our proof in Lemma 2.10(3). Therefore 7% ~ D(T) holds as A”-modules. Let ires(,T) be the full
subcategory of A-mod consisting of those modules L such that there is a minimal injective presentation
0 — AL — I} — I with I}, € add(AT). Then D : ires(,T) — pres(T™) is a duality of categories. By
Lemma 4.10, the modules H(M(i)), i € [j], are pairwise non-isomorphic indecomposable A-modules.
Thus, to complete the proof, it suffices to show H(M(i)) € ires(5T') for all i € [].

Since H is left exact, we may assume that H(M(1)) C HM(2)) C--- C P:=H(M(j)) C T is
a chain of submodules of 7. Thus soc(AH(M(k)) C soc(oT) for k € [j]. Due to (T*)a =~ D(T)a,
we have soc(o7) ~ top(n7). By Lemma 4.9(2), P/H(M(i)) ~ H(M(j —i)) for i < j. This implies
soc(P/H(M(i))) ~ soc(H(M(j —i))) € add(soc(sT)). To prove H(M(i)) € ires(5T) for all i € [j], it
suffices to show soc(T /H(M(i))) € add(soc(oT)) for all i € [}].

Suppose contrarily that soc(T /H (M (i))) has a simple submodule, say V /H (M (i)), such that V /H (M (i))
% soc(AT), where V is a submodule of T containing H(M(i)). On the one hand, as top(sP) and soc(T)
are all the simple A-modules (up to isomorphism), we have V /H (M (i)) ~ top(oP). From soc(P/H (M (i))) €
add(soc(AT)),we have (V/H(M(i))) N (P/H(M(i))) = 0. Thus top(sP) ~ V /H(M(i)) is a composition
factor of (T/H(M(i)))/(P/H(M(i))) ~ T /P. On the other hand, the multiplicity [L : S] of a simple mod-
ule S as composition factors of a module L over an algebra A is given by

[L 8] = (goa, (ps) Homa(P(S), L)),
where P(S) is a projective cover of S. In our case, Endy (P) ~End4 (M(j)) ~ R[x]/(f(x)/), which is a local
algebra with the unique simple module R[x]/(f(x)). Thus, for an Enda (P)-module X, we have dimg (X ) =
[X : top(P)]dimg (R[x]/(f(x))), that is, the composition length of any Enda (P)-module is determined by
its R-dimension. Since A is a symmetric algebra, we have dimg (Homa (P, T')) = dimg(Homyu (M(j),A)) =
dimg(M(j)). Further, dimg(Homy (P, P)) = dimg(Homyu (M(j),M(j))) = dimg(M(j)). Hence the multi-
plicities of top(sP) as composition factors in both P and T are equal. Thus 7' /P cannot have top(sP) as
a composition factor. This proves the first statement.
Now, we prove the second statement. Since T* ~ D(T) as A" -modules, it follows that

EndAnp (T*) ~ EndAop (D(T)) ~ EndA(T)Op ~ A

So we can identify Endper (T*) with A. As T* ®4 — : A-mod — pres(7T*) is an equivalence of categories,
the functor T* ®4 — preserves indecomposable objects and endomorphism algebras of modules. Note that
two indecomposable A-modules X and Y are isomorphic if and only if Ends (X) ~ End4 (Y) as algebras.
Consequently, two indecomposable objects in pres(7*) are isomorphic if and only if their endomorphism
algebras are isomorphic. Thus it is sufficient to show that DH (M (i)) and peeT* ®4 M (i) have isomorphic
endomorphism algebras. However, this is clear from the following isomorphisms:

Endaer (DH (M(i))) ~ Enda (H(M(i)))* =~ Enda (M(i))® ~ R[x] /(f(x)")
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and Endpop (AopT* XA M(l)) ~ EndA(M,') ~ R[x]/(f(x)‘) O

Now, let A be an arbitrary algebra. For P € A-proj, we denote by pres(P) the full subcategory of
A-mod with objects in pres(P) (see Section 2.1 for definition). -

Suppose that there is a stable equivalence F : A-mod — I'-mod between algebras A and I'. Let T €
A-proj, W € I'-proj, E := End,(T) and L := Endr(W). If F restricts to an equivalence Fr : pres(T) —
pres(W), then there exists the following commutative diagram of functors (up to natural isomorphism):

A-mod F I'-mod
(&) : pres(7) pres(W)
T®g— T T WRE—
E-mod —% > Tmod

with G := Homp(W, —) o Fr o (T ®g —) being an equivalence, where T ®g — : E-mod — pres(7') and
W & — : L-mod — pres(W) are the equivalences induced by the equivalences T ®z — : E-mod — pres(T)
and W ®; — : L-mod — pres(W), respectively. Observe that T @z — : E-mod — pres(7T) is well defined
because a homomorphism f : X — ¥ of modules factorizes through a projective module if and only if f
factorizes through a projective cover P(Y) of Y, while P(Y) lies in add(T) if Y € pres(T).

Definition 4.12. Let T € A-proj. A stable equivalence F : A-mod — I'-mod of Artin algebras A and T’
satisfies (87) if Enda (X) ~ Endr(F (X)) for all non-projective indecomposable A-modules X € pres(T).

Lemma 4.13. Given (g, .. 7w)) and X € E-proj, the functor G in the diagram satisfies (8x) if and only
if F satisfies (Orepx )

Proof. Clearly, T ®g X € add(T) and therefore is a projective A-module. Recall that G induces a
one-to-one correspondence G : E-mod s — L-mod 4, which clearly preserves non-projective indecom-
posable modules. Let Z be an arbitrary non-projective indecomposable E-modules in pres(X). Then
G(Z) is a non-projective indecomposable L-module. Since T ®g — : E-mod — pres(7T') is an equivalence
of categories, it follows that 7 ®g Z is a non-projective indecomposable module in pres(7 ®g X) and
Endg(Z) ~ Enda (T ®g Z) as algebras. Similarly, W ®; G(Z) is a non-projective indecomposable modules
in pres(W) and Endz(G(Z)) ~ Endr(W ®1 G(Z)) as algebras. It follows from the commutative diagram
(&pyr,rw)) that F(T @ Z) = Fr(T ®¢ Z) ~ W ®1 G(Z) in I'-mod. Since F (T ®g Z) and W @ G(Z) are
non-projective indecomposable modules, we have F(T ®f Z) ~ W ®; G(Z) in I'-mod. As Z is arbitrary,
we deduce that G satisfies (8x) if and only if End (T ®g Z) ~ Endr(W ®; G(Z)) ~ Endr(F (T ®g Z)) for
all non-projective indecomposable module Z € pres(X). Since T ®g — : E-mod — pres(T) is an equiva-
lence, any indecomposable module Y in pres(7 ®g X) is isomorphic to T ®g Z for some indecomposable
module Z in pres(X). Thus Enda(7 ®g Z) ~ Endr(F (T ®g Z)) for all non-projective indecomposable
module Z € pres(X) if and only if F satisfies (d7rg,x). O

In the rest of this subsection, we assume that M, N € A-mod 4, A :=Ends(A® M), T := Ends (A ®
N), AT :=Homy(A@® M,A) and rW := Homy (A @ N,A). Then

A A~A" andT ~T” by Lemma 4.9(1).

(ii)) T ~ D(T*) = vA(T) (respectively, W ~ D(W*) = v, (W)) is the unique indecomposable projective-
injective A-module (respectively, I'-module) by the proof of Lemma 2.10(3).

(iil) Endp(7T) ~ A ~ Endaw (T*) and Endr(W) ~ A ~ Endro (W*).

The purpose of the rest of this subsection is to establish a relation between M and N under a stable
equivalence between A and I'.
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Lemma 4.14. Suppose that n > 3, M and N are indecomposable. If F : A-mod — I'-mod is a stable
equivalence, then there is a commutative diagram (g FAop.rop,T*,W*))' Further, if G is the bijection induced

by the stable equivalence G : A-mod — A-mod in this diagram, then G = id if and only if F satisfies (87).

Proof. Let Hy denote the Hom-functor Homy (A& M, —) : A-mod — A-mod, T := Hy(A) and W :=
Hy(A). Then T (respectively, W) is the unique projective-injective indecomposable A-module (respec-
tively, I'-module). It follows from n > 3 and Lemma 2.10 that both A and I" have no nodes. Clearly, A
and I" have no nonzero semisimple summands. According to Lemma 2.7, the stable equivalence functor
F induces an equivalence pres(7') — pres(W). Thus we have a commutative diagram (&£, ;. 7.w))-

Since T ~ vo(T) as A-modules and W ~ vp(W) as I'-modules, it follows that 7% := Homu (7, A) ~
D(T) and W* := Homp(W,I") ~ D(W) are the unique projective-injective indecomposable modules over
A°P and I'°P, respectively. By (i), we have A ~ A°P? and I' ~ I"°P. So, if A-mod (respectively, I'-mod) is
identified with A°P-mod (respectively, [ °P-mod) via those isomorphisms, then 7T is identified with 7* and
W is identified with W*, and therefore pres(7') = pres(7*) and pres(W) = pres(W*). Thus we obtain the
desired commutative diagram (8( Fyop. rop,T*,W*))' This provides a stable equivalence G : A-mod — A-mod.

According to Lemma 2.8, the permutation G, induced by G, on the set I',_; equals either id or Q4.
It follows from n > 3 that Ends(M(1)) % Enda(M(n—1)). Thus G = id if and only if Ends (M (i)) =~

Ends (G(M(i))) as algebras for all i € [n—1]. By Lemma 4.13, we deduce that End4 (M (i)) ~ Enda (G(M(i)))
as algebras for all i € [n — 1] if and only if F satisfies (87+). Since pres(7') = pres(7*) by identifying A
with A°P (respectively, I" with ['°P), we see that F satisfies (87+) if and only if F satisfies (87). O

Lemma 4.15. Suppose that M and N are indecomposable and that F : A-mod — I'-mod is a stable
equivalence. Then s\M ~ N if F satisfies (87 ), and AM ~ Q4 (N), otherwise.

Proof. If n =2, then A has 2 indecomposable modules. Thus the statement follows. Now, assume
n > 3. In this case, Ends(M(1)) 22 Endy(M(n—1)). Leta = ¢(M) and b = ¢(N). Then M ~ M(a) and
N ~ M(b). Without loss of generality, assume a > b.

Suppose that F : A-mod — I'-mod is a stable equivalence. Let Hy, := Homy (A &M, —) : A-mod —
A-mod, AT := Hy(A) € A-proj and rW := Hy(A) € I'-proj. Then End,er (T*) ~ A ~ Endyer (L*), there
are a diagram (S(FAop, rop,T*.,W*)) and a stable equivalence G : A-mod — A-mod by Lemma 4.14.

Set A := End4 (A ® Q4(N)). Then there is the stable equivalence J : I'-mod — A-mod constructed
in [22, Section 3]. According to Lemma 4.14, J induces a stable equivalence K : A-mod — A-mod.
By the construction of J, the permutation K, induced by K, on I',,_; equals Q4. According to Lemma
2.8, the permutation G, induced by G, on the set I',_1 equals either id or Q4. Hence either G = id or
KG=KG= ﬁi =id. By Lemma 4.14, G = id if and only if F satisfies (87). Thus, to complete the
proof, it suffices to show that M ~ N when G = id.

Suppose G = id. To prove M ~ N, we only need to show a = b.

By Lemma4.11, T* ®4 M (k) ~ D(Hp (M (k)) in A°P-mod and W* @4 M (k) ~ D(Hy (M (k)) in I'°P-mod
for k € [b]. From the commutative diagram (&g, o, op,7+,w+)) and the assumption G = id it follows that

F(D(Hy(M(k)))) ~F(T* @sM(k)) ~W* @4 GM(k)) ~W* @4 M(k) ~ D(Hy(M(k)))
in I'°P-mod for k € [b]. Note that two non-projective indecomposable I"°°-modules are isomorphic in
[°P-mod if and only if they are isomorphic as I'°P-modules. Thus F(D(Hy (M (k)))) ~ D(Hyx(M(k))) in

I'°P-mod for k € [b].
Contrarily, suppose a > b and k := a — b. We consider the following exact sequence of A-modules

S 00— M(k) — M(a) 5 M(b) — 0
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with [ := fi, and h := g, the canonical homomorphisms, and apply the functor DH), to ({>). This gives
rise to the following exact sequence of A°°’-modules

DHy($) : 0 —s DHu(M (b)) "2 p(p) "™ DEy(M(Kk)) — 0.

Note that the exact sequence DH)(<>) has no nonzero split direct summands. Applying Lemma 2.6(3),
we get the exact sequence of ["°P-modules:

DHy (h) DHy (1)
—

DHy($)": 0 — F(DHy (M(b))) (W)™ & F(D(P)) F(DHy (M (k))) — 0,

where m is a non-negative integer and DHy;(<»)" does not have nonzero split direct summands. But
F(DHy (M (D))) ~ DHNx(M(b)) = D(Q) is an injective I'°P-module, which yields that DHy(<{>)" does
have a nonzero split direct summand. This is a contradiction and shows a = b. [

Proposition 4.16. A and I are stably equivalent if and only if B(M) ~ B(N) or B(M) ~ Qa(B(N)).

Proof. If n = 2, then the statement follows immediately. Now, assume n > 3. Without loss of gener-
ality, we assume that M and N are basic modules.

If M ~ N, then A ~ T, and therefore A and I are stably equivalent. If M ~ Q4 (N), then A and T are
stably equivalent by Lemma 2.3.

Now, suppose that F : A-mod — I'-mod is a stable equivalence. We shall prove either M ~ N or

Indeed, it follows from n > 3 and Lemma 2.10 that A and I" have no nodes. According to Lemma
2.6(1), F induces a one-to-one correspondence F' : Z(A) y — P (I') ». Now we write 4M = &_,X; and
aN = &7_,Yj, where X; and Y; are indecomposable A-modules such that X; #X;fori# jand Y, %Y,
for p # q. Let Hy := Homy(A® M, —) : A-mod — A-mod, Hy := Homs(A® N, —) : A-mod — I'-mod.
Then T := Hy(A) and W := Hy(A) are the unique indecomposable projective-injective modules over A
and I, respectively, and the sets {Hy(X;) | i € [r]} and {Hy(Y;) | j € [s]} are complete representatives
of isomorphism classes of non-injective, indecomposable projective modules over A and I, respectively.
The bijection of F’ implies r = s. Thus we may assume F’((Hy (X;)) = Hy(Y;) fori € [r].

Fori e [r], set T; ;= Hy(A®X;), W; := Hy(A®Y:), A; := Enda(T;) and I'; := Endr(W;). Then T; =
T ®Hy (X;) € A-projand W; =W @ Hy (Y;) € I'-proj. If Z € pres(T;) is a non-projective indecomposable A-
module, then F(Z) € pres(W;) by Lemma 2.7. Thus F restricts to an R-linear equivalence Fr; : pres(7;) —
pres(W;). As A;-mod and pres(T;) are equivalent, we have not only a stable equivalence G; : A;-mod —
I';-mod, but also a commutative diagram (&g, ;. 7, w;))-

Let X! := Homy (7;,T) € Aj-proj. Due to AT € add(T;), we have T; @, X! = T; @x, Homp (T;,T) ~ T
as A-modules, and therefore pres(7; @4, X/) = pres(T'). Applying Lemma 4.13 to (eg, .7,w;), we deduce
that G; satisfies (8y;) if and only if F satisfies (87). Hence, by Lemma 4.15, for i € [r], we have 4X; ~ »Y;
if F satisfies (37), and X; ~ Q4 (Y;) otherwise. Since i is arbitrary in [r] and T does not depend upon i, we
get M ~NorM~Qu(N).O

4.3 Stable equivalences of centralizer matrix algebras: Proofs of main results

This subsection is devoted to the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. (1) Suppose that S, (c,R) and S,,(d, R) are stably equivalent. By Lemma 2.12,
Su(c,R) is semisimple if and only if M. consists of only irreducible polynomials if and only if R, = 0.
Since an algebra stably equivalent to a semisimple algebra itself is semisimple, we may assume that both
Su(c,R) and S,,(d,R) are non-semisimple, that is, R, # 0 and Ky # 0.

LetAy,---,Asand By,---,B; be the non-semisimple blocks of S,(c,R) and S,,(d, R), respectively, and
A=A x---xAgand B:= By X --- X B,.
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By Proposition 4.7, we have s =t. For i € [s], the block A; is stably equivalent to B; for some j € [t].
In this case, n; = m;. Thus we may assume that A; is stably equivalent to B; for 1 <i <s. Recall that A; :=
Endy, (M;) and B; := Endy,(N;) with U; := R[x]/(fi(x)") and V; := R[x]/(gi(x)™) by our notation. Note
that the non-semisimple blocks of S, (c,R) are in one-to-one correspondence to the elementary divisors in
R.. Thus we may define a bijective map © : R, — Ry, fi(x)" > gi(x)™ for i € [s]. Note that A; is Morita
equivalent to Endy, (B(M;)), and B; is Morita equivalent to Endy,(B(N;)). This implies that Endy, (B(M;))
and Endy. (B(N;)) are stably equivalent. Thus U; and V; are stably equivalent by Lemma 2.11. Under our
assumption, all irreducible factors of m,(x) are separable, that is, f;(x) is separable for i € [I.]. By Lemma
2.9(3), we get U; ~ V; as algebras, that is, R[x]/(f;(x)") ~ R[x]/(gi(x)™) = R[x]/ ((f;(x)")®). Via this
isomorphism, we may view N; as a module over U; for i € [s]. Then B(N;) ~ @ jcp, (g,xym) RIX] / (fi(x)7) as
U;i-modules. Recall that B(M;) ~= @,cp,(f(xy) R[x]/(fi(x)") as Ur-modules. Since M; and N; are faithful
U;-modules, respectively, it follows that B(M;) ~ U; & B(M;) » and B(N;) ~ U; ® B(N;) ». By Proposition
4.16, either B(M;)» ~ B(N;) » or B(M;) » ~ Qu,(‘B(N;) »). Clearly, we have P.(f;(x)") = Ps(gi(x)™)
if Q(Mi)o' ~ @(N,')o’ , and Pc(f,'(x)ni) = Jp,(gi(x)m) if @(Mi)y ~ QUi(Q(Ni)gJ). Thus ¢ and d are S-
equivalent.

Conversely, suppose ¢ L. Then, by definition, there is a bijection T between X, and &, such
that, for f;(x)" € R., the isomorphism R[x]/(f;(x)") ~ R[x]/((fi(x)")m) holds as algebras and either
Pe(fi(x)") = Pa((fi(x)")T) or Pe(fi(x)™) = Jp,((:(x))n)- Thus s =¢. We may assume (f;(x)")7 = g;(x)™
for i € [s]. In this case we have n; = m;. Then U; = R[x|/(fi(x)") ~ R[x]/(gi(x)™) =V, for i € [s].
This isomorphism enables us to view N; as a U;-module. Now the condition P.(fi(x)") = P(gi(x)™)
and P(fi(x)") = Jp,(g,(xym) are equivalent to the isomorphisms B(M;)z =~ B(N;)» and B(M;)z ~
Qu,(‘B(N;) »), respectively. Hence A; = Endy, (M;) and B; = Endy, (NV;) are stably equivalent in both cases
for i € [s] (by applying Lemma 2.3 to the case B(M;) » ~ Qu,(B(N;) »)). This yields that A = [T} A; and
B =TI} B; are stably equivalent. Hence S, (c,R) and S,,(d,R) are stably equivalent.

(2) This is proved in Proposition 4.8. [J

Proof of Theorem 1.2. By Theorem 1.1(1), it is sufficient to show that one of the minimal polynomi-
als m¢(x) and my(x) of ¢ and d is separable over R under our assumptions.

(1) If R is a perfect field, all irreducible factors of m,(x) and m,(x) over R are clearly separable, and
therefore both m,(x) and m,(x) are separable over R.

(2) We may assume that c is invertible and of finite order a. Then m.(x) divides x* — 1. We write
a=dp'® with ptd (here a =d if p=0). Then x*—1= (x* —1)7" “Y" This implies that any
irreducible factor of m.(x) divides x* — 1 . It then follows from p { a’ that x¢ — 1 has distinct roots in
the algebraically closure of R. Thus any irreducible factor of x? — 1 has distinct roots in the algebraically
closure of R, and so is a separable polynomial. Hence m,(x) is a separable polynomial over R. [J

4.4 Stable equivalences for permutation matrices: Proof of Corollary 1.3

This subsection is devoted to proving Corollary 1.3. We first prepare several useful lemmas.

Let 6 = 0;---05 € X, be a product of disjoint cycle-permutations G;, and let A = (A, -+, As) be its
cycle type with A; > 1 for i € [s]. For a prime number p > 0, a cycle o; is said to be p-regular if p{A;, and
p-singular if p | A;. If p =0, all cycles are regarded as p-regular cycles. Let r(c) (respectively, s(G)) be
the product of the p-regular (respectively, p-singular) cycles of 6. We consider r(c) and s(0) as elements
in X, by letting r(o) (respectively, s(c)) fix the points involved in the p-singular cycles (respectively, p-
regular cycles) of 6. The permutation G is said to be p-regular (or p-singular) if 6 = r(c) (or 6 = s(0)).
For p = 0, we define r(6) = 6 and s(G) = id, the identity permutation.

We denote by ¢ := Y| €; ()6 € M,(R) the permutation matrix of G over R, where ¢;; is the matrix
with 1 in (i, j)-entry and O in other entries.

24



Suppose that g(x) is an irreducible factor of the minimal polynomial m,_(x) of c¢5. We define
Go(x) = max{V,(A;) | j € [k], such that g(x) divides XM -1}
The elementary divisors of permutation matrices can be described in terms of their cycle types.

Lemma 4.17. [21, Lemma 2.17] Suppose that the characteristic of R is p > 0 and 6 € ¥, is a permutation
of cycle type (M, -+, Mi). Then E., = {g(x)pr(m |i € [k], g(x) is an irreducible factor of X — 1}.

Let ¢ be a permutation matrix over a field of characteristic p > 0. Then, by Lemma 4.17, the matrix ¢
always has a maximal elementary divisor of the form (x — 1)”" for some non-negative integer a > 0. It is
uniquely determined by c, and is called the exceptional elementary divisor.

The following result is easy, we omit its proof.

Lemma 4.18. Let p > 0 be a prime, and let S,T C 7~ be two sets consisting of p-powers. Suppose
S = 9r. Then either S = T is a singleton set, or p =2 and S = T = {2*,2“*'} for some u € N.

As a corollary of Lemma 4.17, we have the following.

Lemma 4.19. Let R be a field of characteristic p > 0, and let 6 € X,,,T € ¥, be two permutations such

. S . o
that p divides the orders of both 6 and . If ¢ ~ ¢z, then there exists a bijection W' : R, — R such that
(1) ' defines an S-equivalence between cs and c.
(2) &' maps the exceptional elementary divisor of cs to the one of cx.

Proof. Let (x— 1)7" and (x — I)Ph be the exceptional elementary divisors of ¢s and cr, respectively,
where a and b are nonnegative integers. Since p divides the order of ¢ (respectively, 7), it follows that p
divides at least one component of the cycle type of ¢ (respectively, d). Thus, by Lemma 4.17, we have
a > 0and b > 0. This implies that (x — 1)?" € R, and (x—1)"" € &,..

Suppose ¢ & ¢r. Then, by definition, there is a bijection ® : R, — K., such that, for any f(x) € R,,
the two conditions hold:

(1) Rx]/(f(x)) =~ R[x]/((f(x))7) as algebras, and

(2) either Pe(f(x)) = Pa((f(x))m) or Pe(f(x)) = Tp,(((x))
Clearly, it follows from Lemma 4.17 that both P.(f(x)) and P;((f(x))r) consist of p- powers for

TE
all f(x) € R.. Thus, by Lemma 4.18, we deduce that PL(}( )) = Pi((f(x))m) for all f(x) € R.. If
(x=1)"")w = (x—1)”", then 7’ := 7 is a desired map.

Now, assume ((x — 1)7*)m # (x — l)pb. For brevity, let j(x) := ((x—1)?")mand k(x) := ((x—1)? )
Then it follows from R[x]/(h(x)) ~ R[x]/((h(x))x) for h(x) € Ry, that](x) (x—l—u)” and k(x) = (x+v) »
for u,v € R with u # —1 # v. By definition of T, Pr((x — 1)P") = P..((x+ u)?") and P, ((x +v)?") =
P ((x— 1)7"). Further, by Lemma 4.17, we have P ((x+ )Py C PCG((x —1)") and P ((x+u)"") C
P.((x— l)l’b). Thus the two inclusions and the two equalities show the following:

Poo(x+9)") = Pe(x— 1)) = Pog (x — 1)) = P, ((x +)"™).

This implies that both p® and p” are the maximal numbers in both P, ((x—1)7") and P.,((x — 1)7"). Thus
p® = pP and a = b. Note that R, = R, \ {(x — )?*, (x —v)?" YU {(x — 1)7", (x —v)?"}. We define a map
(h(x))mif h(x) & {(x— 1P, (x+v)""},
iRy = Ry h(x) = (x— 1P if h(x) = (x—1)%",
(x+u)?  if h(x) = (x+v)?".

Then 7 is a desired map. (.
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Proof of Corollary 1.3. Let A= (A, -+ ,A) be the cycle type of 6 € X, and let 6" := (1,2,--- ;Ay) -
(le‘;{ A+ I,Z’;;% Aj+2,---,n) € X,. Then ¢ and ¢’ are conjugate, and their permutation matrices are
similar. Since similar matrices have the same minimal polynomial, we have ., (x) = m_, (x) = lem(x —
1,---,x* —1), the least common multiple of all x — 1, i € [k]. According to Lemma 4.17, we have

(1) oo = {fx)P"™ | i€ [K],f(x) is an irreducible factor of x* — 1}.
Note that x — 1 ¢ E._ if and only if v,,(A;) > O for all i € [] if and only if 6 = s(0) if and only r(c) = id.
By definition, the cycle type of s(G) is (A, - -+, A, 1,---, 1), where {A;,--- A, } = {A; [ i€ [k],v,(A) >
0} and the number of 1-cycles of (o) is exactly the nulflger of points involved in p-regular cycles of G.
Thanks to (), we obtain

_ J{ulx) € ., | u(x) is reducible in R[x]} if s(o) = o,
“© ) {u(x) € E., | u(x) is reducible in R[]} U{x—1}  if s(0) # o.
This implies
g = )% ifsl0)#id,
‘0o ifs(o)=id.
Thus, if s(c) # id, then P ((x — 10)13“) = P, ((x—=1)7") and P (h(x)) = Pey (h(x)) \ {1} for h(x) €
Ry \{(x—1)7"}, where (x —1)”" is the exceptional maximal elementary divisor of ¢s. Similarly, if

s(¢) # id, then Peg(x—1)7") = Pey, (x—1)"") and Pe, ((x)) = Pe,(8() \ {1} for g(x) € Re,, \ {(x -
l)pb}, where (x — l)f’b is the exceptional maximal elementary divisor of c.

By Theorem 1.1(1), it suffices to show that if cg L ct, then Cs(o) L Cs()- Suppose cg L cr. By Lemma
2.12(2), we have s(c) = id if and only if s(t) = id, and so the statement is clear when s(G) = id.

In the following, we assume that s(G) # id and s(t) # id, that is, both R, and &,, are nonempty. Then
p > 0 divides the orders of both 6 and 1, and there is a bijection 7w : R, — R, such that, for all a(x) € R;_,
R[x]/(h(x)) =~ R[x]/((h(x)™) as algebras and either P, (h(x)) = Pe,((h(x))®) or Py (h(x)) = Tp._((h(x))n)-

According to (1), P (h(x)) and P, ((h(x))m) consist of only p-powers. Thus, by Lemma 4.18, we
obtain the equality P (h(x)) = P, ((h(x))r) for all h(x) € R.,. By Lemma 4.19, we may assume ((x —
1)7")u = (x—1)”". Then

Peo ((x= 1)) = Peg(x = 1)) = Pe((x= 1)) = P (x = 1)),

Note that P, (h(x)) = Pey (h())\ {1} = Po.(h()T)\ {1} = Poy (h(6)) for h(x) € R \ {(x— 17"},
Thus the restriction of 7 to &, gives rise to an S-equivalence between s(o) and s(t). O

The above proof and [21, Theorem 1.1] imply the strong conclusion.

Corollary 4.20. Let R be a field of characteristic p > 0. If 6 € X, and T € X, are p-singular permutations,
then S, (cs,R) and Sy, (c, R) are stably equivalent if and only if they are Morita equivalent.

In general, the converse of Corollary 1.3 does not have to be true. This is illustrated by the example.

Example 4.21. Let R be an algebraically closed field of characteristic 3. We take ¢ € Xg with the cycle
type (6,2), and T € X; with the cycle type (6,1). In this case, s(o) is a permutation of the cycle type
(6,1%), while s(t) has the cycle type (6,1). Clearly, S(c,(s),R) and S7(cy(r),R) are stably equivalent by
Corollary 1.3. In fact, they are Morita equivalent by [37, Lemma 2.5(2)].

By Lemma 4.17, B, = {(x— 1)3, (x + 1)*,x — L,x+ 1}, R, = {(x = 1)*,(x +1)3}, P, (x = 1)?) =
Peg(84 1)) = {1,3}: By = {(x— 1%, (x+ 1), x— 1}, R, = { (v — 1), (x+ 1P}, Por((x— 1)°) = {1,3}
and P.,((x+ 1)) = {3}. Clearly, there are not any bijections between R, and K., such that c¢s and c; are
S-equivalent, and therefore Sg(cs,R) and S7(ct,R) cannot be stably equivalent by Theorem 1.1(1).
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4.5 Homological dimensions and stable equivalences: Proof of Corollary 1.4

In this subsection, we show that stable equivalences preserve dominant, finitistic and global dimensions
of centralizer matrix algebras over perfect fields. This proves Corollary 1.4 .

We first point out a nice property of stable equivalences of centralizer matrix algebras over perfect
fields (for example, finite fields, algebraically closed fields, or fields of characteristic 0).

Proposition 4.22. Let R be a perfect field, ¢ € My(R) and d € M,,(R). Then S,(c,R) and S,,(d,R) are
stably equivalent if and only if they are stably equivalent of Morita type.

Proof. We first observe the following.

(a) If R-algebras A and B are stably equivalent of Morita type defined by bimodules 4Mp and pNy,
then so are the R-algebras A x R and B defined by the bimodules 4Mp & gBp and pNy & pBg.

(b) The algebra R and any separable R-algebra are always stably equivalent of Morita type.

(c) All semisimple algebras over perfect fields are separable. In particular, If R is a perfect field, then
R-algebras A and B are stably equivalent of Morita type if and only if so are their non-semisimple parts.

Now, suppose that F is a stable equivalence between S, (c,R) and Sy,(d,R). Then F preserves non-
semisimple blocks by Lemma 4.7. Thus, to complete the proof, it suffices to show that the corresponding
non-semisimple blocks under F are stably equivalent of Morita type. Let A be an arbitrary non-semisimple
block of S, (c,R), and assume that B is the corresponding non-semsimple block of S,,(d,R) via F. By our
convention, A = Endy, (M;) for some i € [I.] and B = Endy,(N;) for some j € [ly]. Then, by Lemma 2.11,
there is an isomorphism U; ~ V; of algebras. This enables us to view N; as an U;-module. Recall that M;
(respectively, N;) is a faithful module which contains the left regular modules U; (respectively, V;) as a
direct summand. Then, applying Lemma 4.16, we deduce that either B(M;) » ~ B(N;)» or B(M;)» ~
Qu.(B(N;) z). Thus Endy, (U; © B(M;) ») and Endy, (V; @ B(N;) ») are stably equivalent of Morita type
in both cases (apply Lemma 2.3 for the second case). Hence A = Endy,(M;) and B = Endy, (N;) are stably
equivalent of Morita type. [

Stable equivalences of Morita type between algebras over fields preserve the global and finitistic
dimensions of algebras (see Subsection 2.3). So we have the first two statements of the following result.

Corollary 4.23. Suppose that R is a perfect field, ¢ € M,,(R) and d € M,,(R) such that ¢ and d are
S-equivalent. Then
(1) gl.dim(S,(c,R)) = gl.dim (S, (d,R)).
(2) fin.dim(S,(c,R)) = fin.dim(S,,(d,R)).
(3) dom.dim(Sn(c,R)) dom.dim(S,,(d,

R)).

Proof. We prove (3). Suppose that ¢ and d are S-equivalent. Then S,(c,R) and S,,(d,R) are sta-
bly equivalent of Morita type by Theorem 1.2 and Proposition 4.22. Let A and B be the products of
non-semisimple blocks of Sy,(c,R) and S, (d,R), respectively. Then, by the facts (a)-(c) in the proof of
Proposition 4.22, A and B are stably equivalent of Morita type without separable direct summands. Now,
by [38, Lemma 3.11], A and B are stably equivalent of adjoint type. According to [22, Lemma 4.2(2)],
we have the equality dom.dim (A) = dom.dim (B) Since the dominant dimension of an algebra is the
minimum of the ones of its blocks, it follows that dom.dim(S,(c,R)) = dom.dim(S,,(d,R)). O

Remark 4.24. (1) Under the assumptions that the ground field is algebraically closed and algebras con-
sidered have neither nodes nor semisimple direct summands, Corollary 4.23 (1) and (3) were shown by
Martinez-Villa in [25]. But Corollary 4.23 removes all of these restrictions for centralizer matrix algebras.
Moreover, for an arbitrary field R, it follows from [21, Lemma 4.8] that the dominant dimensions of the
centralizer matrix algebras over R of ¢ and d are equal if ¢ and d are S-equivalent.
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(2) In general, stable equivalences do not have to preserve dominant, finitistic and global dimensions.
This can be seen by the stable equivalence between A := Q[x]/(x?) and its node-eliminated algebra A’
which is isomorphic to the 2 by 2 upper triangular matrix algebra over Q. Hence Corollary 4.23 reflects
special features of centralizer matrix algebras and also shows that the 2 x 2 upper triangular matrix algebra
over a field R is the non-example of centralizer matrix algebra of the smallest dimension over R.

To end this section, we propose the following open problems.

Problem 1. For an arbitrary field (or principal integral domain) R, ¢ € M,(R) and d € M, (R), we
conjecture that S, (c,R) and S,,(d,R) are stably equivalent if and only if ¢ and d are S-equivalent.

Problem 2. What are invariants of S-equivalence of matrices over fields?

Problem 3. What are equivalent characterizations of S-equivalence in terms of matrix theory?
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