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QUADRATIC FORMS FOR A-GOOD MODULE
CATEGORIES OF QUASI-HEREDITARY ALGEBRAS

SHAOXUE Liv AND CHANGCHANG XI

Department of Mathematics, Beijing Normal University,
100875 Beijing, China

1.INTRODUCTION

Let 4 be a finite-dimensional algebra over an algebraically closed field
k. We consider in this note only finite—dimensional left A-modules. Given
a class @ of A-modules, we denote by F(O) the class of all 4-modules M
which have a filtration M = My 2 M; 2 - 2 M, =0 with M,_;/M; £ ©
for all 7 = 1,--- ,n. The modules in F(O) are called O-good modules.

Let E(1),--+ , B(n) be a complete list of non-isomorphic simple A~modules,

note that here we fix a particular ordering for labelling the simple 4-modules.
For any 1, let P(7) be the projective cover of E(¢) and A(4) the maximal fac-
tor module of P(7) in F(E(1),- -, E(1)) which is called a standard module.
Dually, we have the costandard module V(i) which is the maximal submod-
ule of the injective hull Q(¢) of E(7) and liesin F(E(1),--- , E(7)). We denote
by A the class of all standard modules A(7),1 <7 < n.

Recall that an algebra A with an order E of the simple modules is called
guasi-hereditary if End(A(¢)) = k for any 1 <1 < n and the module 44 <
F(A). Quasi-hereditary algebras are introduced by Cline, Parshall and Scott
in their investigation of representations of complex Lie algebras and algebraic
groups.

It is proved by Dlab and Ringel in {DR] that an algebra is hereditary if
and only if it is quasi-hereditary algebra for any order of the simple modules.
In this note we are going to consider hereditary algebras as quasi-hereditary
algebras and mainly interested in the subcategory F(A), especially, when it
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3720 LIU AND X1

is finite (i.e. there are only finitely many indecomposable modules'in F{A)).
We introduce a quadratic form for arbitrary quasi-hereditary algebras and
prove that for a hereditary algebra the subcategory F(A) is finite if and
only if the quadratic form is weakly positive. This result on F(A) has the
similarity to that fér the whole module category (see [BGP], for example).
Throughout the note, we assume that & denotes an algebraically closed
field and that an algebra means always a finite dimensional k-algebra. For
a module M over a k-algebra A, we denote by dimM the usual dimension
verctor of M. All notion and notation appeared in the note are standard.

2. THE QUADRATIC FORMS AND MAIN RESULTS

Let A be a quasi-hereditary algebra with standard modules A = {A(1),. .-,
A(n)}. In this section we shall define a quadratic form associated with the
standard modules and use the quadratic form to investigate the subcategory
F(A).

Note that for a quasi-hereditary algebra, we always have

(1)  Homa(A(i),A(7)) =0for>j,

(2} Ezty (A1), A7) =0fort>jandt > 1,

(3)  F(A)is closed under direct summands.

Definition 1. For a quasi-hereditary algebra A with standard modules
A we define an integral bilinear form by o) : 2" X Z" — Z by

braai(z,y) =y > (=1)dim, Eat* (A1), Alj)aiy;
120 i<
for all z = (21, vz ),y = (Y1, oo yn) = 2
We define an integral quadratic form g, 4 o,(z) by

Ry A e/
qa.Ay t & —— 4Ly, T b{.AA»(r,I)

for all z = Z”.

Recall that an integral quadratic form ¢ : Z® — Z is called positive
provided g(z) > 0 for all 0 = ¢ € Z™, and weakly positive if g{z) > 0 for all
z > 0te,z=0and z; 2 0fori=1,---.n). Finally, an element z ¢ Z™

satisfying q(z) = 1 is called a root of q.
For a module M in F(A) let us denote by [M : A} the vector ([M :
AL, -+, IM - A(n)]) € Z7, where [M : A(7)] is the number of A(4) occur-

p) N
ring as composition factors of a A-filtration.
The main results of this note are two theorems.

Theorem A. Let 4 be a hereditary algebra with standard modules A. If
g 4.y s weakly positive, then F(A) is finite, and moreover, the number of
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isomorphic classes of indecomposable modules in F(A) is just the number of
positive roots of g4 ).

To prove the above theorem, we need some preparations.

Lemma 2. If 4 s quasi-hereditary algebra, then qq A,((M : A5 =

NaldimM) for all M € F{A), where x4 is the Euler form of A introduced
by Ringel in [R1].

Proof. Since dimM = 3" [M : A(4)]dimA(1), we obtain

XaldimM) = xa(d_[M : AG)|dimA (i) = ya(dim( S PHA0T)
(*1)tdimkEzft(@iA(i\)[‘M:A(i\’] ’ EE]A(J)[’VIA(N])

[

v

L)

0

D i < (=) dimy Eot (AG), AG))M - AGM - Af)]
=qrana,([M A}

Here we use the property that Ezt'(A(j), A({)) =0for j > 7 and ¢ > 1.)
The following lemma is taken from 'DR].

Lemma 3. Let A be a quasi-hereditary algebra for which the injective
dimension of each costandard module is at most 1. Then F(\)} is closed
under submodules .

Lemma 4. Let A be a hereditary algebra. If g 4 ) is weakly positive,
then End(M) = k for every indecomposable module M & F(A).

Proof. The method of the proof is analog to (H, p.164 |. Let W = F(A)
be a counterexample of minimal dimension and f a non-zero nilpotent en-
domorphism of M whose image [ has minimal dimension. Thus [ is inde-
composable and End(I) = k since I € F{A) by Lemmma 3. This implies that
f* = 0. Let K=ker(f)=97, K, with K, indecomposable, then [ T K. Let
7; : K — K; be the canonical projection, we consider the pushout diagram

0 — K — M — I — 0

| ‘
N
N

0 — K, — X — I — 0

Since M is indecomposable, we know that the lower exact sequence is not
split and therefore Ezt!(J, K;) # 0 for every j.

Take a non-zero projection p; : [ — K. Since I has minimal dimension,
p; is injective. Let Q=Cok(p;), the cokernel of p;. If we apply Hom{—, K)
to 0 — I 2 K, — Q — 0, then we get Ezt'(K;, K;) = 0 since

Ezt*(—,K;) = 0. Note that dim K; < dim M and K; € F(A). Hence
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dim End(K;) =1, and by Lemma 2,

0 < gran)([&;:A]) = xaldimK))
dim End(K;) — dim Eot'(K; K,)

=1-—dim Fzt'(K;, K;) <0.

il

This 1s a contradiction.

Proof of Theorem A. We use the well-known Tits argument. Let
A be given by the quiver = ((p,@1) and X £ F(A) be indecompos-
able with demX = :z. Choosing a basis for X we may identify X with
(X{a))aco, € H<'1:JLV)6Q1;C:L“V‘ This product is denoted by Viz). Tt
2200 GL. (k) acts on V{z)
in the following way: If X = (X({a))uco, < V(z) and g = (g, )20, = Glz0,
then X4 = (QY/X(O‘)QI‘I)(

is an affine variety. The affine group G(s) :=[]

LS Two modules X, Y are isomorphic if and
p——y 1200

only if they lie in the same G{z)-orbit in V(z). Moreover, the stabilizer of
X is Aut4(X). Denote by G{z)X := {X? g € G{z)} the orbit of X in V{:}.

Then, as in (KR!, one has

=dim End(X) — (dimV(z) — d&im G(z).X).

dimHom(X,X) — dimEzt' (X, X) = yaldimX)

Since 1 = g4 A (X Al) = xa(dimX), one gets dimV(z) = dimG{ )X
because dim End(X) = 1 by Lemma 4. It follows that the Gz}~ orbit of
X in V(z) is Zariski-open and dense. Therefore, it coincides with the orbit
of any other indecomposable module in V(z), and the map V —— [V : ]
provides an injective map into the set of positive roots of g4 1. Since a
weakly positive quadratic form has only finitely many positive roots, the
first part of Theorem A is proved.

To prove the second part of Theorem A, it suffices to show that for any
positive root = of g 4 o) there is an indecomposable module V in F{\) such
that [V : A] = z. This follows from the following observation.

Lemma 5. Let 4 be a hereditary algebra, and assume that g 4 o, is
weakly positive. Let = be a positive root of qa.ay. If we take a module V in
F(A) with [V 1 Al = z such that the dimension of End(V ) is minimal, then
this module is indecomposable.

For the proof of this lemma we need the following result due to Ringel
[R1].

Lemma 6. Let B be an algebra and 0 — X' — X — X" — 0 q
non-split ezact sequence in B-mod. Then dim End(X) < dim End(X' 3
XM
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Now we prove Lemma 5. Suppose we have a decomposition V =7, V;
of V into indecomposable modules with s > 2. Then V; £ F(A) and
End(Vi) = k by Lemma 4. Note that we also have Ezt'(V,,V;) = 0. In

the following we show that Exzt!(V;,V;) = 0 for all 4, ;.

Suppose we have Ezt*(V;,V2) # 0. Let 0 — Vo -2 W 2, Vi — 0 be
a non-split exact sequence. Then with V; £ F(A) also W belongs to F(A).
It is very easy to verify that the short exact sequence

)

ooledy o SN0 .
0— W Xwa@v, — via@l; —o

i>2 J>2

isnot split. Put V' = Wa,,, Vj, then [V Al = [Vt A=V 26,., V) ¢
Al =@,V Al =V A]. On the other hand, according to Lemma 6.
we have dim End(V') < dim End(V'). This contradicts the choice of V" and
shows that Ezt!(V;,14) = 0.

Since s > 2, one has dim End(V) = dim Hom(2_,V;, &5, V) = 2.
However, from

L= guaa)([V: A]) = xal(dimV)
= dimEnd(V) — dimExzt'(V,V) = dimEnd(V) > 2
one obtains a contradiction. Thus V must be indecomposable. This finishes
the proof of the lemma and also the proof of Theorem A.

In the following we shall discuss the converse of Theorem A.

Lemma 7 [R1]. Let B be an algebra and X a module satisfying End(X) =
E, Bzt (X, X) £ 0 and Ezt*(X,X) = 0. Then F(X) is infinite.

Lemma 8. Suppose that A is a hereditary algebra. If F(A) 1s fi-
nite, then for every indecomposable module M € F(A), there holds End(M) =
k.

Proof. Let V € F{A) be a counterexample of minimal dimension and
f a non-zero endomorphism of V. We set I = Im{f), the image of f, and
K = Ker(f) = € K, where K are indecomposable. As in the proof of
Lemma 4, we get an indecomposable module K, € F{A) with End(K;) = %
and Ezt*(K;, K;) # 0. Since proj.dim. K, < 1 by assumption, we know from
Lemma 7 that F(A}) is infinite. A contradiction.

Now we show the converse of Theorem A.

Theorem B. Let A be a hereditary algebra. If F(A) is finite, then g/ 4 5,
s weakly positive.
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Proof. Suppose that thereisan element 0 < ¢ £ N such that ¢/ 4 o (2} <
0. Let V be a module in F(A) with [V : A] = z such that dim End(V) is
minimal. Then we can prove that V' is indecomposable. By Lemma 8 one
has

2an(2) = xaldim V) = dimEnd(V) ~ dimEat* (V, V)
=1—dimEzt*{(V.V) <0
Thus Ezt'(V,V) & 0. By Lemma 7 we see that F(V') is infinite and therefore

F{A) is infinite. This contradicts our assumption and shows that ¢ 4 ., is
weakly positive. Thus the proof is finished.

In the following we give several examples to explain our results.

Example. (1) Let 4 be a hereditary algebra given by the following quiver

5 0 e 1
™~
6 ™~

with A = {A{{) [ i=1,.--,7}. Then A is representation wild and y 4 1s not
weakly positive. Since q(y) = yi =3 +¥5 “ Y5 —¥F —Y1Y2 —Y2Us — UaYs — Yyt
is positive and g, 4.4,(z) = Z L% S IL7 - LgTy — T1L9 — Laly — £3Tg — L4T7
=qlz)+zi +2l~zyz7 - zsn7, we see that g4 A (2) Is weakly positive (bt
not positive). Hence F(A) is finite by Theorem A.

(2) Let A be the Auslander algebra of k[T]/ < T° >. Then A is given by
the following quiver

32 32 34 iy Jo
1 2 3 4 5 6
[22% xn [42) Xy g
A 22, e L i
with relations Bgas = 0 and Biai_1 = o;58;51, ¢+ = 2,....5. (Heré we write

a3 to mean that « comes first and then 3 follows). One can check that
dim Hom(A(),A(j)) = dim Ezt'(A(3),A(y)) = 1 for i < j. Thus g 4 A, is
positive. For this algebra there hold proj.dim.A(¢) < 1 and inj.dim. V() < I,
1 < ¢ < 6. However, as shown in [DRY, the subcategory F(A) is infinite. This
shows that the converse of the above theorem may be false. (Note that this
algebra is not hereditary, so the dimension caculation of Ezt!{X.X) in the
Tits argument does not work}. For other examples one may see the dual
extensions of hereditary algebras defined in [X, 1.6]; for this class of quasi-
hereditary algebras, the quadratic form g, 4 A, is always positive.

(3) Consider the Auslander algebra 4 of k[X]/(X?). Then A is represen-
tation finite and hence F(A) is finite. On can also see that the projective
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dimension of standard modules and the injective dimension of costandard
modules are at most one. Moreover, the quadratic form g/4 4,(z) is positive.
But there is an indecomposable module M = F(A) with Enda(M) = k2,
this implies that for non-hereditary algebra the lemma 4 and lemma 3 are
not true in general.

(BGP]
(CPS]
[DR]
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