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1. Introduction

The dominant dimensions of algebras were introduced by Nakayama in 1958 (see [22]) and have played
an important role in the representation theory and homological algebra of finite-dimensional algebras. They
have been studied intensively by Tachikawa, Morita, Miiller and many others (for example, see [9,11,13-15,
19,21-24)).

Definition 1.1. Let A be an Artin algebra. The dominant dimension of A, denoted by domdim(A), is the
largest natural number n or co, such that, in a minimal injective coresolution

0—4A—1" 1" — ... [t ..

of the regular A-module A, all I’ are projective for 0 < i < n.
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Dominant dimensions are closely related to self-orthogonal generator-cogenerators. Recall that a finitely
generated module M over an Artin algebra A is said to be self-orthogonal if Exti,(M, M) = 0 for all
1 > 1; and is called a generator-cogenerator if all indecomposable projective A-modules and indecomposable
injective A-modules are isomorphic to direct summands of M. According to the Morita-Tachikawa corre-
spondence [20,24], Artin algebras of dominant dimension at least 2 are exactly the endomorphism algebras
of generator-cogenerators. Moreover, Miiller showed that the endomorphism algebra B of a generator-
cogenerator M has dominant dimension at least n > 1 if and only if Ext’y (M, M) =0forall 1 <i<n —1
(see [21, Lemma 3]).

The extreme case n = oo involves the Nakayama conjecture (see [22]), one of the core problems in
representation theory and homological algebra of finite-dimensional algebras (see [3, p. 409-410]):

(NC) If an Artin algebra has infinite dominant dimension, then it is self-injective.
This conjecture can be interpreted equivalently by self-orthogonal modules as follows [21]:
(NC-M) A generator-cogenerator over an Artin algebra is projective whenever it is self-orthogonal.

To understand the Nakayama conjecture, Tachikawa considered special self-orthogonal modules and
divided the Nakayama conjecture into two conjectures, called Tachikawa’s first and second conjectures
nowadays (see [24, p. 115-116)).

(TC1) If an Artin algebra A satisfies Ext’y (D(A), A) = 0 for all n > 1, then A is self-injective, where D
is the usual duality of Artin algebra.

(TC2) Let A be a self-injective Artin algebra and M a finitely generated A-module. If M is self-orthogonal,
then M is projective.

For a collection of all related conjectures and open problems, we refer to [3, Conjectures, p. 409; open
problems, p. 411]. It is known in [24] that (NC) holds if and only if both (TC1) and (TC2) hold.

Despite efforts made in the past decades, all these conjectures still remain open in general. Recently,
some new advances on Tachikawa’s second conjecture and the Nakayama conjecture have been made in
[10,12]. Tt is proved that Tachikawa’s second conjecture for symmetric algebras is equivalent to saying that
indecomposable symmetric algebras do not have any non-trivial stratifying ideals (see [10, Theorem 1.1]).
Moreover, it is shown that the Nakayama conjecture holds for Gorenstein-Morita algebras introduced in [12].
One of the main tools there to prove these results is recollements of certain “nice” triangulated categories
such as Gorenstein stable categories or derived module categories of algebras.

In the present paper, we consider a self-orthogonal generator-cogenerator M over an arbitrary Artin
algebra, such that its Nakayama translation is orthogonal to M. If the endomorphism algebra of M is
virtually Gorenstein in the sense of Beligiannis and Reiten (see [7, Chapter X, Definition 3.3]), then M is
projective. Our proof is based on an amazing characterization of virtually Gorenstein algebras in terms of
contravariantly finite subcategories of module categories given in [6]. As a corollary of our main results,
we re-obtain a recent result in [12]: Strongly Morita, virtually Gorenstein algebras satisfy the Nakayama
conjecture.

To state our result more precisely, we introduce a few notions and notation.

Unless stated otherwise, all algebras considered are Artin algebras over a fixed commutative Artin ring,
and all modules are left modules.

Let A be an algebra. We denote by A-Mod (respectively, A-mod) the category of all (respectively, finitely
generated) A-modules, and by v4 the Nakayama functor D(A) ® 4 —, where D stands for the usual duality
over Artin algebras universally.

Following [4, Definition 8.1], an algebra A is said to be wirtually Gorenstein provided that for each A-
module X € A-Mod, the functor Ext’ (X, —) vanishes for all i > 1 on all Gorenstein injective A-modules in
A-Mod if and only if the functor Ext’(—, X) vanishes for all i > 1 on all Gorenstein projective A-modules
in A-Mod. The class of virtually Gorenstein algebras contains Gorenstein algebras and algebras of finite
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representation type, and is closed under taking derived equivalences and stably equivalences of Morita type
(see [4-6]). Moreover, it was shown in [4] that virtually Gorenstein algebras satisfy the Gorenstein symmetric
conjecture (see [3, Conjecture (13), p. 410] for the statement). Note, however, that not all algebras are
virtually Gorenstein (see [6] for a counterexample). As a generalization of virtually Gorenstein algebras,
the class of compactly Gorenstein algebras is introduced in [12, Section 1.2]. We conjecture that all Artin
algebras should be compactly Gorenstein.

One of our main results is a combination of the Nakayama conjecture and Tachikawa’s first conjecture
on virtually Gorenstein algebras (see Remark 3.2 for the first conjecture).

Theorem 1.2. Suppose that A is an algebra with domdim(A) = oo and Exty (D(A),A) =0 for alln > 1. If
A is virtually Gorenstein, then A is self-injective.

Theorem 1.2 will be used to prove our next result about self-orthogonal modules.

Theorem 1.3. Let A be an algebra, and let M be a finitely generated, generator-cogenerator for A-mod.
Suppose Exty (M @ va(M),M) = 0 for all n > 1. If the endomorphism algebra of the A-module M is
virtually Gorenstein, then M is a projective A-module.

The above results reveal a close relation between the Nakayama conjecture and virtually Gorenstein
algebras. A direct consequence of Theorem 1.3 is the following corollary which includes the case that A is
a symmetric algebra. In this case, the Nakayama functor is the identity functor.

Corollary 1.4. Let A be an algebra and let M be a finitely generated, self-orthogonal A-module which is a
generator-cogenerator with va(M) € add(aM). If the endomorphism algebra of 4 M is virtually Gorenstein,
then M is a projective A-module.

Recall from [12, Section 1.2] that strongly Morita algebras are, by definition, the endomorphism algebras of
those generators M over a self-injective algebra A such that add(4 M) = add(v4(M)). The class of strongly
Morita algebras contains gendo-symmetric algebras that are the endomorphism algebras of generators over
symmetric algebras (see [13,14]).

Now, we apply Corollary 1.4 to strongly Morita algebras and give a completely different proof of the
following result which is a special case of [12, Corollary 1.4].

Corollary 1.5. Let A be a strongly Morita, virtually Gorenstein Artin algebra. If A has infinite dominant
dimension, then it is self-injective.

Proof. Let A be a strongly Morita algebra. Then A = Endj (M), where A is a self-injective algebra and
M € A-mod is a generator with add(, M) = add(vx(M)). Suppose domdim(A) = co. Then Ext) (M, M) =0
for alln > 1 by [21, Lemma 3]. Since A is virtually Gorenstein, the A-module M is projective by Corollary 1.4.
This implies that A is Morita equivalent to A, and thus self-injective because Morita equivalences preserve
self-injective algebras. O

Finally, we point out that virtually Gorenstein algebras can be obtained from Frobenius extensions. For
details, we refer the reader to Proposition 3.6.

The contents of this paper are sketched as follows. In Section 2, we fix some notation and recall the
definitions of contravariantly or covariantly finite subcategories as well as two relevant theorems. In Section 3,
we first give some properties of algebras of infinite dominant dimensions (Lemma 3.1) and then show
Theorem 1.2. Subsequently, we apply Theorem 1.2 to show Theorem 1.3. Finally, we show that Frobenius
extensions provide a way to get new virtually Gorenstein algebras from given ones.
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2. Preliminaries

In this section, we briefly recall some definitions and notation used in this paper.

Let C be an additive category.

Let X be an object in C. We denote by add(X) the full subcategory of C consisting of all direct summands
of finite coproducts of copies of X. If C admits small coproducts (that is, coproducts indexed over sets exist
in C), then we denote by Add(X) the full subcategory of C consisting of all direct summands of small
coproducts of copies of X. Dually, if C admits products, then Prod(X) denotes the full subcategory of C
consisting of all direct summands of products of copies of X.

Let B be a full subcategory of C. A morphism f : X — Y in C is called a right B-approximation of Y
provided that X € B and Hom¢ (B, f) : Home (B, X) — Home(B,Y) is surjective for any B € B. If each
object of C admits a right B-approximation, then B is said to be contravariantly finite in C. Dually, we can
define left approximations of objects and covariantly finite subcategories in C.

Let C be an abelian category. The category B is called a thick subcategory of C if it is closed under direct
summands in C and has the two-out-of-three property: for any short exact sequence 0 - X - Y — 27 — 0
in C with two terms in B, the third term belongs to B as well. For a class S of objects in C, we denote
by Thick(S) the smallest thick subcategory of C containing S. When C has enough projective objects, B is
called a resolving subcategory of C if B contains all projective objects of C and is closed under extensions
and kernels of epimorphisms in C (see [2, Section 3]).

Let A be an algebra. Let Q4 and €2, stand for the usual syzygy and cosyzygy operators over A-Mod,
respectively. For a class S of objects in A-Mod, we denote by St (respectively, +S) the full subcategory of
A-Mod consisting of modules X such that Ext} (S, X) = 0 (respectively, Ext’y (X, S) = 0) for all S € S and
n> 1.

Let U and V be full subcategories of A-Mod closed under isomorphisms. Denote by U@V the full subcat-
egory of A-Mod which consists of all modules X such that X W ~U @V, where W e U NV, U € U and
V € V. Note that if f C A-mod and ¥V C A-mod are closed under direct summands, then X € U &V if and
only if X ~ U @V with U € Y and V € V. In this case, we simply write U & V for UBV; in other words,
UV ={X€Amod | XUV, Uecl,V eV}

Let A-Proj and A-Inj (respectively, A-proj and A-inj) be the full subcategories of A-Mod counsisting of
(respectively, finitely generated) projective and injective A-modules, respectively. As usual, the projective
and injective dimensions of an A-module X are denoted by pdim(X) and idim(X), respectively. Let

P<®(A) :={X € A-Mod | pdim(X) < oo} and F<>°(A):={X € A-Mod | idim(X) < co}.
They are thick subcategories of A-Mod. Their restrictions to finitely generated modules are denoted by
PET(A) = P=2(A)N A-mod  and  SF5%°(A) := #=>(A) N A-mod.

Then 2<>(A) is a resolving subcategory, and Z£>(A) U #2°(A) C Thick(A-proj U A-inj) € A-mod.

As a preparation for showing Theorem 1.3, we need the following two important results. The first one
characterizes virtually Gorenstein algebras.

Theorem 2.1. [6, Theorem 1] The following are equivalent for an algebra A.
(1) The algebra A is virtually Gorenstein.
(2) The subcategory Thick(A-proj U A-inj) of A-mod is contravariantly finite.
(3) The subcategory Thick(A-proj U A-inj) of A-mod is covariantly finite.

The next result describes modules in a resolving, contravariantly finite subcategory.



H.X. Chen, C.C. Xi / Journal of Pure and Applied Algebra 230 (2026) 108224 5

Theorem 2.2. [2, Proposition 3.8] Let A be an algebra. Suppose X is a resolving, contravariantly finite
subcategory of A-mod. Let Si1,S2,---,5; be a complete set of nonisomorphic simple A-modules and let
fi: Xi = S; be a minimal right 2 -approzimation of S; for 1 < i < t. Then the modules in Z consist of the
summands of modules M with the property that there is a finite filtration M = My D My D --- D M, =0
such that, for each 0 <i <n—1, we have M;/M,11 ~ X; for some j € {1,2,--- ,t}.

3. Algebras of infinite dominant dimension

In this section, we concentrate on algebras of infinite dominant dimension. These algebras have the
following property.

Lemma 3.1. Let B be an algebra of infinite dominant dimension. Then the following hold true.
(1) There is a finitely generated B-module E such that Add(E) = B-ProjN B-Inj = #2<°°(B)N.# <*(B).
(2) Suppose Ext’y(D(B), B) = 0 for all n > 1. Then Thick(B-Proj U B-Inj) = 2<%(B)3.# <*(B) and
Thick(B-proj U B-inj) = ,@éoo(B) @ ffgoo(B).

Proof. Since B is an Artin algebra, it is known that each finitely generated B-module M satisfies Add(M) =
Prod(M) (for example, see [18, Lemma 1.2]). This property will be used freely in our proof.

(1) Let & := B-Proj N B-Inj be the category of projective-injective B-modules, and let £ € B-mod such
that add(F) = B-proj N B-inj. Then Add(E) C &. Since domdim(B) > 1, the injective envelope of pB
belongs to add(F). It follows that each projective B-module can be embedded into a module in Add(E),
and therefore & C Add(F) by the splitting property of injective modules. Thus & = Add(FE).

Let &-dims(B) (respectively, &-dim®(B)) be the full subcategory of B-Mod consisting of all modules
X such that there is a long exact sequence of B-modules

o — X9 — X7 — Xg— X — 0 (respectively, 0 — X — Xy — X7 — Xo —> )

with X; € & for all i > 0. As & consists of all projective-injective B-modules and is a thick subcategory of
B-Mod, we can show that both &-dim.,(B) and &-dim*°(B) are thick subcategories of B-Mod containing
&. Moreover, since & = Add(F) = Prod(FE), the categories &-dim,(B) and &-dim® (B) are closed under
direct sums and products in B-Mod. Since domdim(B) = oo, we have gB € &-dim™(B). Note that
domdim(B°P) = domdim(B) by [21, Theorem 4]. Thus D(Bg) € &-dimy,(B). Consequently,

(1) P<*(B) C £-dim™(B) and £<°(B) C &-dimy(B).

Since &-dim™(B) N #<>°(B) = &, we obtain 22<°°(B) N #<>°(B) = &. This shows (1).

(2) Let € := 2<>(B)&. <>°(B). Since #<*(B) = Thick(B-Proj) and .#<>(B) = Thick(B-Inj), we
have ¥ C Thick(B-Proj U B-Inj). To show the converse inclusion, it suffices to show that & is a thick
subcategory of B-Mod. However, this will be done by the following three steps.

Step 1. We show that % is closed under extensions in B-Mod.

In fact, by the assumption of (2), D(Bg) € *B. It follows from B-Inj = Prod(D(Bg)) = Add(D(Bg))
that B-Inj C +B. Note that the category - B is always closed under kernels of surjections in B-Mod. This
implies .#<>(B) C 1B, or equivalently, gB € .#<°(B)*. Since B-Proj = Prod(gB) and .#<*(B)*:
is closed under cokernels of injections in B-Mod, we have 2<*°(B) C .#<°(B)L. Further, we show
F<®(B) C 2<°(B)*. In fact, for any X € 2<°°(B) and for any n € N, it follows from Z<>*(B) C
&-dim™ (B) (see the inclusion in (})) that there are B-modules X,, € B-Mod and Q,, € Add(pB) such that
X ~Q%(X,) ®Qn. For Y € B-Mod and m > 1, it is clear that

Exth(X,Y) ~ Exth (QE(X,) @ Qn,Y) ~ ExtZ (X, Y) ~ Ext (X, Q5" (Y)).
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Thus Ext (X,Y) =0 for m > 1 if Y € .#<°°(B). This shows .# <**(B) C £2<>(B)*.

To complete the proof of Step 1, we apply Z2<>®(B) C .#<*(B)* and .#<*(B) C #<>(B)* to show
the following fact (x).

() Each exact sequence 0 — U; & Vi — W — Us @ Vo — 0 of B-modules with U; € £22<°°(B) and
V; € #<°(B) for i = 1,2, is isomorphic to a direct sum of two exact sequences 0 — U; — Wy — Uy — 0 and
0— Vi —» Wy — Vo — 0 in B-Mod. In particular, W ~ W, & Wy with W, € #Z<>°(B) and W5 € #<%°(B).

Indeed, it follows from .#<*(B) C #<®(B)' that Exty(Us, V1) = 0, and from 2<®(B) C .#<<(B)*
that Ext}3(V2, U1) = 0. Hence, by the finite additivity of the bifunctor Extﬁg(—7 —), we have the following
isomorphism of abelian groups

(1) Exty (U ® Va,Up ® Vi) ~ Exty(Us, Uy) ® Exty(Va, V7).

Note that, for a pair (U,V) of B-modules, Exty(V,U) can be interpreted as the abelian group of the
equivalence classes of short exact sequences 0 - U — E — V — 0 in B-Mod (for example, see [3, 1.
Theorem 5.4]). Thus (x) follows from interpreting (1) as short exact sequences.

Now, it follows from (*) and Add(E) = £<°°(B)N.#<>°(B) that € is closed under extensions in B-Mod.

Step 2. We show that % is closed under direct summands in B-Mod. Alternately, we show that if
X@Y ~Ua®V in B-Mod with U € #<>°(B) and V € .#<>°(B), then X € ¥.

Let n := pdim(U) + 1 < co. Then Q% (U) = 0 which leads to Q}(X) & Q% (Y) ~ Q%(V). According to
V € #<°(B) C &-dimy(B), there is an exact sequence

0—Q(V)—Pyy— - — P —P—V-—0,
where P; lies in Add(FE) for 0 <i <n —1. Let

0— (X)) —I1°—T1"—. .. — 1" — " — ...
be a minimal injective coresolution of Q% (X). Since all P; are injective and Q7% (X) is a direct summand of
Q% (V), the injective module I/ is a direct summand of P,,_1_; for 0 < j < n —1, and Q5" (Q%(X)) is a

direct summand of V. In particular, I7 is projective and Q5" (Q7%(X)) € .# <°°(B). Now, we can construct
the following exact commutative diagram

0 —— QB(X) —— Qn—1 o Qo X 0
I | | |
fo l frn—2 1 fn-11 €x |
\ \ \ 4

0 —— Q(X) 0 m? mt Q5" (QE(X)) —=0

in which the first row arises from a minimal projective resolution of X and vertical maps are induced from
the identity map of Q7% (X). Taking the mapping cone of the quasi-isomorphism (fo, f1, -+ , fa—1,€x) yields
a long exact sequence

0 Quot — Quo®@I° — - — QuaI" > X oI — Q" (% (X)) — 0.

This implies L := Im(h) € £<>°(B) because Q; and I* are projective modules for all 0 < i < n — 1. Since
Q5" (Q3(X)) € F<=(B) and P<®(B) C .#<>®(B)~*, we have Exty (5" (2%(X)), L) = 0. It follows that

XoI" '~ Loy (VE(X)).

Clearly, I"~! € Add(E) = 2<®(B)N.# <®(B), L € #<(B) and Q5"(%(X)) € #<=(B). Thus X € %.
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Remark that if X is finitely generated, then all the modules in the above commutative diagram are
finitely generated. In this situation, I"~" € add(E), L € Z5>(B) and Q5" (Q3(X)) € F5°°(B).

Step 3. We show that % is closed under kernels of surjective homomorphisms, and cokernels of injective
homomorphisms in B-Mod.

Actually, since & consists of projective-injective modules and .#<*°(B) C &-dims(B), there holds
Qp(F<>(B)) C F<>°(B). Clearly, Qp(£<>°(B)) C #<>°(B). Thus Qp(%¢) C €. Dually, Q5 (%) C €.

Let (0): 0 = X - Y — Z — 0 be an exact sequence in B-Mod. Then there are two relevant exact
sequences in B-Mod:

(01): 0—Qp(Z) - X®Pz —Y —0 and (62): 0 =Y —ZdIx — Qz(X) — 0,

where Py is a projective cover of Z and Ix is an injective envelop of X. To show Step 3, we consider the
following two cases:

(a) Suppose both Y and Z lie in €. Then Qp(Z) € €. It follows from (d1) and Step 1 that X @ Pz € %.
Thus X € ¥ by Step 2. This means that % is closed under kernels of surjections in B-Mod.

(b) Suppose both X and Y lie in €. Then Q5 (X) € €. It follows from (d2) and Step 1 that Z® Ix € €.
Thus Z € € by Step 2. Hence % is closed under cokernels of injections in B-Mod. This completes Step 3.

Thus € is a thick subcategory of B-Mod, and € = Thick(B-Proj U B-Inj). Similarly, by considering
finitely generated B-modules, we can prove the equality

Thick(B-proj U B-inj) = %;”(B)@%QOO(B)-

Since both Z5°(B) and #2>°(B) are closed under direct summands in B-mod, we have @f;m(B)é\a
Iz (B) = € N B-mod = Z£>(B) ® F5°°(B). This shows (2). O

Remark 3.2. Given a finite-dimensional k-algebra B over a field k, the condition Ext;(D(B), B) = 0 for all
integers n > 1 in Lemma 3.1 is equivalent to saying that the minimal self-orthogonal generator-cogenerator
B @ D(B) for B-mod is self-orthogonal. This is also related to Tachikawa’s first conjecture in [24, p. 115]:
If Extpg, oo (B, B®g B) = 0 for all n > 1, then B is self-injective. Note that this is equivalent to (TC1)
for finite-dimensional algebras.

In fact, there are isomorphisms of k-modules for all n > 1:

Exts (B ® D(B), B ® D(B)) ~ Extz(D(B), B) ~ Extpg, go» (B, B @k B),
(see [24, p. 114] for the last isomorphism).

Proof of Theorem 1.2. Let A be a virtually Gorenstein algebra, and let 2" = Thick(A-proj U A-inj). By
Theorem 2.1, 2" is contravariantly finite in A-mod. In other words, each finitely generated A-module X has a
right 2 -approximation Wx — X, that is, Wy € £ and the induced map Hom 4 (W, Wx ) — Hom 4 (W, X)
is surjective for any W € 2. Let Sy, -+, S, be a complete set of nonisomorphic simple A-modules, and let
W; — S; be a right 2 -approximation of S; for i = 1,--- ,m. Note that 2" is closed under direct summands
and that both Wx and W; are of finite length. By [3, Theorem 2.2, p. 7], we may assume that the right
Z -approximations Wx — X and W; — S; are minimal. Since 2" = ﬁéw(A)@ffgoo(A) by Lemma 3.1(2),
we have W; ~ U; @ V; for some U; € Zg>(A) and V; € S2°(A). Clearly, 2" is a thick subcategory of
A-mod and contains all finitely generated projective A-modules. In particular, 2" is closed under extensions
and kernels of surjections in A-mod. Thus 2" is a resolving subcategory of A-mod. By Theorem 2.2, 2~
consists of the direct summands of modules X with a filtration of finite length n:

X=XyDX;D:---D2X,=0
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such that, for each j = 0,---,n — 1, there is an isomorphism X;/X; 1 ~ W;, for some ¢; € {1,--- ,m}.
Now, we fix such an A-module X. Since Wy, ~ Uy, ® V;, with Uy, € f@éc’o(A) and V;, € ffgoo(A), we see
from (x) in the proof of Lemma 3.1(2) that there are finitely generated A-modules Y and Z with filtration
of finite length:

Y=Y2YV12--2Y,=0 and Z2=202212--22Z,=0
such that for 0 < j<n—1€ N,
X;~Y;0Z;, Y;/Yjp1~Upy, and Z;/Zj1~Vy,.
In particular, X ~Y @ Z with Y € Z£>(A) and Z € #3°°(A). Set
s:=max{pdim(U;) | 1 <i<m} and ¢:=max{idim(V;)|1<i<m}.

Then pdim(Y) < s and idim(Z) < ¢. Let N be an indecomposable direct summand of X. Then N is
isomorphic to a direct summand of either Y or Z. Thus pdim(N) < s or idim(NN) < ¢. Consequently, each
indecomposable module in 2" has either projective dimension at most s or injective dimension at most t.
Now, let T' € 25°°(A). Then we can write 7' = @y;<,en Ti as a direct sum of indecomposable (finitely
generated) A-modules T;. Then either pdim(7;) < s or idim(7}) < t. Recall that 22<°°(A)N.# <>°(A) consists
of projective-injective A-modules by Lemma 3.1(1). This implies that if idim(7;) < ¢, then pdim(7;) = 0.
Thus pdim(7) = max{pdim(T;) | 0 <i < u} < s.

Since domdim(A) = oo, the minimal injective coresolution

0—4Ad—T1" =TI — . T ...

of the module 4A has all terms I’ being projective-injective. This implies pdim(Q;‘S*l(A)) <s+1< o
and Q57 1(A) € c@fz‘x’(A). Hence pdim(Q,%(2(4))) = pdim(Q;* ' (A)) < s. It follows that Q7 (A) is
projective, and therefore 19 ~ 4 A @ Q7 (A). Thus 44 is injective, as desired. O

To show Theorem 1.3, we need the following result.
Lemma 3.3. Let A be an algebra, M a finitely generated A-module and A the endomorphism algebra of A\ M.
Suppose that AM is a generator-cogenerator. Then domdim(A) = co and Exty (D(A), A) =0 for alln > 1
if and only if Ext’ (M @ va(M), M) =0 for all i > 1.
Proof. By Miiller’s theorem on dominant dimension (see [21, Lemma 3]), domdim(A) = oo if and only if
Exty (M, M) = 0 for all i > 1. Now, we assume domdim(4) = oo.

Let

0O— M —Iy—5L— - —I,—- -

be a minimal injective coresolution of A M. Note that M is naturally a A-A-bimodule. Applying Homy (M, —)
to this coresolution yields a long exact sequence of A-modules:

0 — 4A — Homp (M, Iy) — Homp(M,I;) — --+ — Homp (M, I,,) — - --

where Homp (M, I,,) are projective-injective for all n > 0. In particular, this sequence is an injective cores-
olution of 4A. Now, we apply Hom 4(D(A), —) to the sequence and obtain a complex of A-modules:
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0 — Homa(D(A), A) = Homyu (D(A), Homp (M, 1)) — - -+ — Homa(D(A),Homy (M, I,,)) — - - -
which is, by adjoint isomorphism, isomorphic to the complex
(**) 0— HomA(M XA D(A),M) — HomA(M XRa D(A),Io) — s = HomA(M XA D(A),In) — e

Since A M is a generator (that is, add(aA) C add(M)), the A°P-module M4 = Homp (A, M) is projective.
Therefore there is a series of isomorphisms of A-A-bimodules:

M ®4 D(A) ~Homy (A, M) ®4 D(Homy (M, M))
~ DHom 4o» (HomA(A,M), Homy (M, M))
~ DHomy (M, A)
~ vp(M).

Here, the second isomorphism follows from [1, Proposition 20.11, p. 243] and the third one is referred to
[25, Lemma 2.2(2)] for hints. Thus the sequence (#x) is isomorphic to the following sequence

0— HomA(VA(M)7M) — HOInA(VA(M),Io) —_— s — HOInA(VA(M),In) —_— -

Consequently, Ext’y (D(A), A) ~ Ext} (vp(M), M) as A-modules for all n > 0. Thus Ext; (D(A), A) = 0 if
and only if Exti(va(M),M)=0. O

Proof of Theorem 1.3. Let A be an algebra, M a generator-cogenerator for A-mod, and B := End4(M).
Suppose Ext’y (M @va(M), M) =0 for all n > 1. By Lemma 3.3, domdim(B) = oo and Extz(D(B),B) =0
for all n > 1. Suppose that the algebra B is virtually Gorenstein. Then B is self-injective by Theorem 1.2.
Since 4 M is also a generator for A-Mod, the functor Hom4 (M, —) : A-Mod — B-Mod is fully faithful.
Let f : M — Iy be an injective envelope of 4 M. Since g4 M is a generator-cogenerator, the B-module
Hom 4 (M, Iy) is projective-injective and Hom 4 (M, f) is an injective envelope of g B. Thus Hom 4 (M, M) =
B ~ gHom 4 (M, Iy). This implies M ~ I as A-modules. In particular, 4M is injective. Since 4 M is a
generator, it follows from add(4A) C add(4 M) that the algebra A itself is self-injective, and therefore oM
is also projective. O

Theorem 1.3 involves both infinite dominant dimensions and orthogonality of modules. We introduce the
following property () for an algebra A and show that this property is preserved by taking tensor products
of algebras over a field.

(¢): domdim(A) = oo and Ext’y (D(A), A) =0 for all n > 1.

Proposition 3.4. Let A and B be finite-dimensional algebras over a field k and let C := A®y B be the tensor
product of A and B over k. Then A and B satisfy the property () if and only if so does C.

Proof. When either A or B is zero, Proposition 3.4 holds trivially. So, we assume that both A and B are
nonzero. By [21, Lemma 3|, domdim(C) = min{domdim(A), domdim(B)}. This implies that domdim(C) =
oo if and only if domdim(A) = co = domdim(B). Note that D(C) ~ D(A) ®, D(B) as C-C-bimodules.
Since k is a field, it follows from [8, Chapter XI, Theorem 3.1] that, for all n € N, there are isomorphisms
of k-modules:

() ExtZ(D(C),C) ~ Extg(D(A) @, D(B),A®p By~ P Exth(D(A), A) @ Bxt(D(B), B).
p,420,p+q=n

Suppose domdim(A) = oo = domdim(B). Then A and B have finite-dimensional, projective-injective,
nonzero modules, and therefore Homa(D(A),A) # 0 # Hompg(D(B),B). It follows from (#) that
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Ext&(D(C),C) = 0 for all n > 1 if and only if Ext’)(D(A),A4) = 0 = Extg(D(B), B) for all m > 1.
Thus A and B satisfy the property ({) if and only if so does C. O

Next, we give a generalization of Theorem 1.2 in the case of finite-dimensional algebras.

Theorem 3.5. Suppose that A is a finite-dimensional algebra over a field k with domdim(A) = oo and
Ext’y(D(A),A) =0 for alln > 1. If A is isomorphic to the tensor product of virtually Gorenstein algebras,
then A is self-injective.

Proof. Suppose A ~ A ®j -+ ® A, where A; is a virtually Gorenstein algebra for 1 < i < m. Since
domdim(A) = oo and Ext";(D(A), A) = 0 for all n > 1, we see from Proposition 3.4 that, for 1 < i < m,
domdim(4;) = co and Extgi (D(A;),A;) = 0 for all j > 1. By Theorem 1.2, A; is self-injective. Note
that the tensor product of finitely many, self-injective algebras is again a self-injective algebra. Thus A is
self-injective. O

Finally, we give a way to get virtually Gorenstein algebras.

Let B C A be an extension of algebras, that is, B is a subalgebra of the algebra A with the same
identity. An extension B C A is called a Frobenius extension if gA is a finitely generated projective B-
module and 4 Ap ~ Homp(A, B) as A-B-bimodules ([17]). This is equivalent to saying that Ap is a finitely
generated projective B°P-module and g A4 ~ Hompgopr (A, B) as B-A-bimodules. Given a Frobenius extension
B C A, it is known that the restriction functor g(—) : A-Mod — B-Mod and the induction function
A®p — : B-Mod — A-Mod are mutually adjoint, and thus preserve projective (respectively, injective)
modules. However, they do not detect projective (respectively, injective) modules in general. For example,
the inclusion k C k[z]/(z™) with k a field and n > 2 is a Frobenius extension, the restriction of every
k[z]/(z™)-module is a projective k-module, but the module itself may not be a projective k[z]/(xz™)-module.
So, to establish close relation between modules over A and B, we focus on two classes of special Frobenius
extensions. For more examples of Frobenius extensions, we refer to [16].

An extension B C A of algebras is called a separable extension if the multiplication A g A — A is
a split surjection of A-A-bimodules; a semisimple extension if the multiplication map A ® g X — X is
split surjective for any A-module X; and a split extension if the inclusion B — A is a split injection of
B-B-bimodules. Clearly, separable extensions are semisimple. For a semisimple extension B C A, if X is an
A-module, then X is isomorphic to a direct summand of the A-module A ® g X; for a split extension, if ¥
is a B-module, then Y is isomorphic to a direct summand of the B-module pA®g Y.

Proposition 3.6. Let B C A be a Frobenius extension of algebras.
(1) If the extension is semisimple and B is virtually Gorenstein, then A is virtually Gorenstein.
(2) If the extension is split and A is virtually Gorenstein, then B is virtually Gorenstein.

Proof. Let A-GProj denote the category of all Gorenstein-projective A-modules. Define
F=p(-): A-Mod — B-Mod, G =A®pg —: B-Mod — A-Mod.

Clearly, (G, F') is an adjoint pair. Since B C A is a Frobenius extension, G is naturally isomorphic to the
coinduction functor Hompg (A, —). This implies that (F,G) is also an adjoint pair. It is not difficult to see
that F' and G can be restricted to mutually adjoint functors between A-GProj and B-GProj. Since F' and
G are exact and preserve projective modules, they automatically induce mutually adjoint triangle functors
(still denoted by F' and G) between the stable category of A-GProj and the one of B-GProj:

F: A-GProj — B-GProj, G : B-GProj — A-GProj.
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Note that, for an Artin algebra A, the category A-GProj is a compactly generated triangulated category
(for example, see [4, Theorem 6.6]). Now, we denote by A-GProj® and B-GProj° the full subcategories of

A-GProj and B-GProj consisting of all compact objects, respectively. Recall that an object of a triangulated

category € with coproducts (indexed by sets) is said to be compact if the functor Home (X, —) from % to
the category of abelian groups commutes with coproducts. For the convenience of the reader, we mention
two general results:

(a) Given an adjoint pair (L, R) of triangle functors L : € — 2 and R : 2 — € between triangulated
categories ¥ and 2 with coproducts, if R commutes with coproducts, then L preserves compact objects.
This fact is easy to see by definition.

(b) Let A-Gproj be the full subcategory of A-GProj consisting of modules isomorphic to finitely generated

Gorenstein-projective A-modules. Then A-Gproj € A-GProj°, and the equality holds if and only if A is

virtually Gorenstein (see [4, Theorem 8.2 (i) and (iv)]).
Since F' and G are mutually adjoint and commute with coproducts, they can be restricted to triangle
functors between A-GProj and B-GProj° by (a). Thus we obtain mutually adjoint pairs:

F : A-GProj° — B-GProj°, G : B-GProj® — A-GProj°.
(1) Suppose that the extension B C A is semisimple and B is virtually Gorenstein. Let X € A-GProj°.

Then F(X) € B-GProj° and GF(X) € A-GProj°. Since B is virtually Gorenstein, F(X) € B-Gproj. It
follows that GF(X) € A-Gproj. Since the extension B C A is semisimple, X is isomorphic to a direct

summand of GF(X). As A-Gproj is closed under direct summands in A-GProj, we have X € A-Gproj.
Thus A-Gproj = A-GProj°. It follows from (b) that A is virtually Gorenstein.

(2) This can similarly be shown by applying (b) and the fact that, for a split extension B C A, each
B-module Y is isomorphic to a direct summand of the B-module G(Y). O
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