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A new construction of derived equivalences is given, which relates different
endomorphism rings and, more generally, cohomological endomorphism rings,
including higher extensions, of objects in triangulated categories. These objects need
to be connected by certain universal maps that are cohomological approximations and
that exist in very general circumstances. The construction turns out to be applicable
to a wide variety of situations, covering finite-dimensional algebras as well as certain
infinite-dimensional algebras, Frobenius categories and n-Calabi—Yau categories.

1. Introduction

Derived equivalences have become increasingly important in representation theory,
Lie theory and geometry. Examples range from mirror symmetry over non-com-
mutative geometry to the Kazhdan—Lusztig conjecture and to Broué’s conjecture
for blocks of finite groups. In all of these situations, and in many others, derived
equivalences that involve finite or infinite-dimensional algebras are used. Derived
equivalences between algebras, or rings, exist if and only if there exist suitable tilting
complexes, as explained quite satisfactorily by Rickard’s Morita theory for derived
categories of rings [20]. Derived equivalences have been shown to preserve many
significant algebraic and geometric invariants, and often to provide unexpected and
useful new connections.

A crucial question in this context has, however, not yet received enough answers:
how to construct derived equivalences between rings in a general setup.
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A good (but certainly not unique) answer to this question should be general, flex-
ible and systematic and apply to a multitude of algebraic and geometric situations.

One well-developed approach is based on the theory of tilting modules, building
upon results by Happel [8]. Other answers use ring theoretic constructions, such as
trivial extensions [21].

The aim of this paper is to provide a rather different approach. The input of the
technology developed here is a triple of objects (X, M,Y") in a triangulated category.
These objects are required to be related by certain universal maps (cohomologi-
cal approximations, a new concept introduced here, continuing the approximation
theory of Auslander et al. [1]) and some cohomological orthogonality conditions in
non-zero degrees only. The output is a derived equivalence between cohomological
endomorphism rings of X & M and of M @ Y.

The flexibility of the construction lies in the following features: we enhance endo-
morphism rings by higher extensions to produce cohomological endomorphism rings,
broadening the classical concept of Yoneda extension algebras. Here, we can choose
a set of cohomological degrees to define the cohomological endomorphism ring.
Choosing degree zero only gives endomorphism rings in the usual sense, and then
no orthogonality assumption is needed. Choosing all integers, or a suitable sub-
set thereof (satisfying an associativity constraint), amplifies the concept of Yoneda
extension algebras P, Ext?(S, S). There is also some flexibility in the choice of M.

A special case of such a triple is given by any Auslander—Reiten triangle X —
M — Y in a derived module category; this already indicates generality of the
construction. Our assumptions are actually much more general and not limited to
objects in derived categories of algebras.

A particular feature of the derived equivalences constructed by this method is
that they also provide a very general mutation procedure, turning one ring into
another in a systematic way. Tilting theory has arisen as a far-reaching extension
of reflection functors for quivers. Under some assumptions, but not in general,
it provides mutation procedures between two given quivers or algebras, both of
which are endomorphism rings of tilting modules; in the case of quivers, one may
reflect at sink or source vertices. Mutations similar in style have also come up in
various geometric situations. The theory of cluster categories, or more generally of
Calabi—Yau categories, has extended reflections to a mutation procedure that works
for representations of quivers at all vertices. Such mutations fit into the present
framework as well. There is, though, a new feature introduced by our approach:
reflection does not work in general in derived categories (of quivers or algebras).
Therefore, cluster theory passes to the cluster category, a ‘quotient’ of a derived
category modulo the action of some functor; endomorphism rings are taken there.
In contrast to this, the approach herein always produces equivalences on the level of
derived categories, not just of quotient categories; throughout, we consider derived
equivalences between (cohomological) endomorphism rings or quotients thereof. In
the case of quivers, this possibility of passing to quotient algebras allows mutation
at an arbitrary vertex.

More generality and flexibility is added by extending the concept of ‘higher exten-
sions’, that is, of shifted morphisms; it is possible to replace the shift functor by
any other auto-equivalence of the ambient triangulated category. There is even a
version using two such functors.
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The main result of this paper provides a construction of derived equivalences in
a setup that is very general in several respects. In the following explanation we
start with a special case and then add generality step by step, finally arriving at
the main result.

The setup is always a triangulated category 7, which is an R-category for some
commutative Artinian ring R, with identity; so, morphism sets in 7 are R-modules.

e Initially, we choose any object M in 7 and a triangle X = M, Sy o X[1],
where « and (8 are add(M)-approximations, that is universal maps from X
to objects in add(M) or from add(M) to Y, respectively; in particular, M; is
in add(M). For instance, Auslander-Reiten triangles (over algebras) provide
such situations. If the triangle is induced by an exact sequence in an abelian
category, then the theorem implies a derived equivalence between the two
endomorphism rings End7(X @ M;) and End7(M; @ Y). This can be seen
as a mutation procedure relating the two endomorphism rings. The derived
equivalence has already been established in [11].

e In the second step, recasting an idea of [10], endomorphism rings are replaced
by cohomological endomorphism rings in the following sense: higher exten-
sions between modules S and T are shifted morphisms in the derived cate-
gory, Ext?(S,T) ~ Hom(S, T[j]). Using Yoneda multiplication of extensions,
this defines an algebra structure on the cohomological endomorphism ring,
or generalized Yoneda algebra, (P, Hom(S, S[j]). When S is a complex, or
any object in a triangulated category T, negative degrees j may occur. The
main theorem provides derived equivalences between such generalized Yoneda
algebras. The construction works, however, not only for these Yoneda alge-
bras, but also for ‘perforated’ ones in the following sense: choose a subset
@ C 7. Then, under some associativity constraint requiring @ to be ‘admis-
sible’ (see §2.3), the space ;s Hom(S, S[j]) is an associative algebra, that
in general is neither a subalgebra nor a quotient algebra of the Yoneda alge-
bra @, Hom(S, S[j]). This algebra is called a ®-Yoneda algebra or a ®-
perforated Yoneda algebra. We shall use the notation E%(Z) for the algebra
D, s Hom(Z, Z[j]), where Z is any object in 7.

The assumptions of the first step get modified by using cohomological approx-
imations, in the degrees specified by @, instead of approximations in degree
zero only. Auslander—Reiten triangles still satisfy these properties. Adding
higher extensions requires the addition of an orthogonality assumption with-
out which the result would be wrong: assume

Hom (M, X[j]) = 0 = Hom(Y, M[j]) for all j € &, j # 0.

For the sake of exposition, also assume for a moment that the above trian-
gle X 5 M, Sy 5 x [1] is in a derived module category and it is induced
from an exact sequence with corresponding properties. Then there are derived
equivalences between @-Yoneda algebras

DP(EL(X ® M)) =~ DP(EL(M & Y)).
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e This result needs to be modified if the triangle is no longer induced by an exact
sequence. Then some annihilators have to be factored out of the degree-zero
parts of the cohomological endomorphism rings, and the derived equivalences
connect the quotient algebras E2(X & M)/I and E2(M & Y)/J. Here, the
ideals I and J can be described as follows: let Iy = End7(M @Y') and let e
be the idempotent element in I corresponding to the direct summand M.
Then J is the submodule of the left Iy-module I'yely, which is maximal with
respect to eJ = 0. Let Ag = End7(X @ M), and f be the idempotent in Ay
corresponding to the direct summand M. Then I is the submodule of the
right Ag-module Ag fAg, which is maximal with respect to I f = 0.

Another, equivalent, description of I and J is that I consists of all elements
(z;)ico € E2(X @ M) such that z; = 0 for 0 # i € & and z, factorizes
through add(M) and zp&@ = 0, and J consists of all elements (y;)ics €
E?(M @ Y) such that y; = 0 for 0 # i € @ and y factorizes through add(M)
and Syo = 0, where & is the diagonal morphism diag(«,1): XM — M &M,
and f3 is the skew-diagonal morphism skewdiag(1,3): My &M — M @Y.

e The fourth level of generalization allows replacement of the shift functor by
any auto-equivalence of the triangulated category 7T, thus providing a new
and versatile meaning of ‘higher extensions’ in terms of morphisms with one
variable shifted by powers of the auto-equivalence. The additional datum F
gets mentioned, when necessary, in the notation as an additional superscript,
as in EX?(2).

In this general form, the main theorem is as follows.

THEOREM 1.1. Let @ be an admissible subset of Z, and let T be a triangulated R-
category and M an object in T. Assume that F is a triangle functor from T to
itself, which is an auto-equivalence, that is, provided with a quasi-inverse. Suppose
that

XS Sy x)
18 a triangle in T such that the following hold:

(i) The morphism « is a left (add(M), F, ®)-approximation of X and 3 is a right
(add(M), F, —®)-approzimation of Y ;

(i) Homy (M, FiX) =0 = Homy(F~'Y,M) for all 0 # i € ®.

Then IE,};’QS(X O M)/I and E?’(p(M ®Y)/J are derived equivalent, where I and
J are the above ideals of the @-Yoneda algebras IE?QS(X o M) and EX*(M @ Y),
contained in Endr(X & M) and Endy(M @), respectively.

A fifth level of generalization, using two functors F' and G, will be discussed in
the appendix. A further generalization of some results in this paper to n-angulated
categories will be considered in [4].

The second level of generality, where F' is the shift functor and both I and J
are zero, is already widely applicable. This case happens frequently for the derived
category DP(A) of an R-algebra A.
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COROLLARY 1.2. Let @ be an admissible subset of N, and let A be an R-algebra and
M an A-module. If 0 — X % M, Sy o 0 is an exact sequence in A-mod such
that a is a left (add(M), @)-approzimation of X and B is a right (add(M), —P)-
approzimation of Y in DP(A), and that Exty(M,X) = 0 = Ext'y(Y, M) for all
0 # i € ®, then the ®-Yoneda algebras E4(X ® M) and ES(M ®Y) are derived
equivalent.

These results partly generalize some results of [11].

The setup here, and the main result, covers, combines and extends several clas-
sical concepts.

Auslander algebras (endomorphism rings of direct sums of ‘all’ modules of an
algebra of finite representation type) are the ingredients of the celebrated Aus-
lander correspondence, characterizing finite representation type via homological
dimensions. Auslander algebras of derived equivalent algebras are, in general, not
derived equivalent; positive results in this direction (for self-injective algebras of
finite representation type) have previously been obtained in [10]. In the current
approach, new results can be obtained by appropriate choices of X & M.

Another intensively studied class of algebras is that of Yoneda algebras, that is,
algebras of self-extensions of a semisimple module, or, more generally, of any mod-
ule. The constructions in corollary 1.2 and in [10] would appear to provide the first
general class of derived equivalences for Yoneda algebras. Perforated Yoneda alge-
bras were first defined in [10], under the name $-Auslander—Yoneda algebras. The
approach developed there was based on the existence of particular kinds of derived
equivalences for algebras, which were then used to construct derived equivalences
for perforated Yoneda algebras.

The main novelty of the present approach is the systematic use of cohomological
data, such as cohomological approximations and perforated Yoneda algebras. This
effectively relates our approach to a wide variety of concepts, such as Auslander—
Reiten sequences and triangles, dominant dimension, Calabi—Yau categories and
Frobenius categories.

The paper is organized as follows. In §2, we first fix notation and then recall
definitions and basic results on derived equivalences as well as on admissible sets
and perforated Yoneda algebras. Also, we extend the notion of D-approximation
to what we call cohomological D-approximation with respect to (F,®), where F' is
a functor and @ is a subset of N. In §3, the main result, theorem 1.1, is proven
and various easier to access situations are described, for which the assumptions
of theorem 1.1 are satisfied. Section 4 explains how theorem 1.1 applies to a vari-
ety of situations: derived categories of Artin algebras, Frobenius categories and
Calabi—Yau categories. Also, the connection to the concept of dominant dimension
is explained. In §5, two examples are given to illustrate the results and to show
the necessity of some assumptions in theorem 1.1. In the appendix, a more general
formulation of theorem 1.1 is stated, which involves two functors, in order to add
more flexibility with a view to potential future applications.

2. Preliminaries

In this section, we shall recall basic definitions and facts that will be needed in the
proofs later on.
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2.1. Conventions

Throughout this paper, R is a fixed commutative Artinian ring with identity.
Given an R-algebra A, by an A-module we mean a unitary left A-module; the
category of all (respectively, finitely generated) A-modules is denoted by A-Mod
(respectively, A-mod), the full subcategory of A-Mod consisting of all (respectively,
finitely generated) projective modules is denoted by A-Proj (respectively, A-proj).
There is a similar notation for right A-modules. The stable module category A-mod
of A is, by definition, the quotient category of A-mod modulo the ideal generated by
homomorphisms factorizing through projective modules in A-proj. An equivalence
between the stable module categories of two algebras is called a stable equivalence.

An R-algebra A is called an Artin R-algebra if A is finitely generated as an R-
module. For an Artin R-algebra A, we denote by D the usual duality on A-mod, and
by v4 the Nakayama functor D Homy (-, 4A): A-proj — A-inj. For an A-module
M, we denote the first syzygy of M by 24(M), and call £24 the Heller loop operator
of A. The transpose of M, which is an A°P-module, is denoted by Tr(M).

Let C be an additive R-category, that is, C is an additive category in which the
set of morphisms between two objects in C is an R-module, and the composition of
morphisms in C is R-bilinear. For an object X in C, we denote by add(X) the full
subcategory of C consisting of all direct summands of finite direct sums of copies of
X. An object X in C is called an additive generator for C if C = add(X). For two
morphisms f: X - Y and g: Y — Z in C, we write fg for their composite. Thus,
for an A-module X, we always have a natural A-End 4 (X)-bimodule structure on X.
We shall not consider thus any bi-structure of categories for two functors F': C — D
and G: D — &. However, we write GF for the composite instead of F'G.

Given an object M € C, we say that a morphism f: X — Y in C factorizes
through add(M) if there are morphisms fi;: X — M’ and fo: M/ — Y in C with
M’ € add(M) such that f = f; fo. Given a morphism g: U — V in C, we say that a
morphism a: W — V (respectively, 3: U — W) factorizes through ¢ if there exists
amorphism o' : W — U (respectively, 3': V' — W) such that a = /g (respectively,
B=gd).

If f: X — Y is a map between two sets X and Y, we denote the image of f by
Im(f). Moreover, if f is a homomorphism between two abelian groups, we denote
the kernel and cokernel of f by Ker(f) and Coker(f), respectively.

Recall that a functor F': C — D is an equivalence if there is a functor G: D — C
such that GF ~ id¢ and FG ~ idp. The functor G is called a quasi-inverse of
F. In this case, we write F~! for G. If C = D, then an equivalence F is called an
auto-equivalence. An auto-equivalence F' is called an auto-isomorphism if F' has a
quasi-inverse G such that FG = GF = id¢. If F is a functor from C to C, then we
write FO = ide, and F~% = (F~1)? for i > 0 if F~! exists, and F~% = 0 otherwise.

Let 7 be a triangulated R-category with a shift functor [1]. For two objects
X and Y in 7, we sometimes write Ext’-(X,Y") for Hom7(X,Y[i]). Let & be a
subset of Z. An object M (or a full subcategory M) of T is called @-self-orthogonal
provided that Ext’-(M, M) =0 (or Ext:-(M, M) =0) for all 0 # i € &, where
Ext’-(M, M) = 0 means that Ext’-(X,Y) = 0 for all X, Y € M. In the case when
& = Z, we say that M is self-orthogonal. For & = {0,1,...,n}, we say that M
is m-self-orthogonal, which is sometimes, perhaps less suggestively, referred to as
n-rigid.
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Replacing the shift functor by a triangle auto-equivalence F', one may also define
the notion of (F, ®)-self-orthogonality, but we refrain from introducing this notion
here.

2.2. Derived equivalences

Let C be an additive R-category.
By a complez X*® over C we mean a sequence of morphisms d% between objects
X% in
Cdl . i+t )
Cowvo— X025 X0HL X 2,

)

such that di.di = 0 for all i € Z; we write X* = (X, d% ). For a complex X*, the
brutal truncation o-;X® of X*® is a quotient complex of X*® such that (o-;X*)" is
X" for all k < i and zero otherwise. We define 0>;X* similarly. For a fixed n € Z,
we denote by X*®[n] the complex obtained from X*® by shifting degree by n, that
is, (X*[n])? = X"

The category of all complexes over C with chain maps is denoted by €(C). The
homotopy category of complexes over C is denoted by X(C). When C is an abelian
category, the derived category of complexes over C is denoted by D(C). The full
subcategories of X(C) and D(C) consisting of bounded complexes over C are denoted
by XP(C) and DP(C), respectively. As usual, for an algebra A, we simply write C(A)
for €(A-mod), K(A) for X(A-mod) and X" (A) for KP(A-mod). Similarly, we write
D(A) and DP(A) for D(A-mod) and DP(A-mod), respectively.

For an R-algebra A, the categories K(A) and D(A) are triangulated R-categories.
For basic results on triangulated categories, we refer the reader to [8,18,24,25].

The following result, due to Rickard [20, theorem 6.4] by a direct approach, and
to Keller by working in the more general setup of differential graded algebras, is
fundamental in the investigation of derived equivalences.

THEOREM 2.1 (Rickard [20]). Let A and I" be two rings. The following conditions
are equivalent.

K~ (A-Proj) and X~ (I'-Proj) are equivalent as triangulated categories.
DP(A-Mod) and DP(I'-Mod) are equivalent as triangulated categories.
KP(A-Proj) and KP(I'-Proj) are equivalent as triangulated categories.
X

P (A-proj) and KP(I'-proj) are equivalent as triangulated categories.

satisfying the following:

(1) T* is self-orthogonal, that is, Homgcw(_pros) (T®, T*[i]) = 0 for all i # 0;
(2) add(T*) generates KP(A-proj) as a triangulated category.

Two rings A and I" are called derived equivalent if the above conditions (a)—(e)
are satisfied. A complex T in KP(A-proj) as above is called a tilting complex over A.
For Artin algebras, the above equivalent conditions can be reformulated in terms
of finitely generated modules: two Artin R-algebras A and B are said to be derived
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equivalent if their derived categories DP(A) and DP(B) are equivalent as triangu-
lated categories. In this case, there is a tilting complex T in XP(A-proj) such that
B~ EIldg(b(A) (T.)

2.3. Admissible subsets and #-Yoneda algebras

Let N = {0,1,2,...} be the set of natural numbers, and let Z be the set of all
integers. For a natural number n or infinity, let N,, :={i e N| 0 < i <n + 1}.

Recall from [10] that a subset @ of Z containing 0 is called an admissible subset
of Z if the following condition is satisfied:

ifi,7 and k are in @ such thati+j+k € @, then i+ j € @ if and only
ifj+ked.

Clearly, if @ is an admissible subset of Z, then so is —® := {—x | x € &}. Any
subset {0,4,7} of N is an admissible subset of Z. Moreover, for any subset @ of
N containing zero and for any positive integer m > 3, the set {z™ | = € &} is
admissible in Z (for more examples, see [10]). Nevertheless, not every subset of N
containing zero is admissible; for instance, {0,1, 2,4} is not admissible. In fact, this
is the ‘smallest’ non-admissible subset of N.

Admissible sets were used to define @-Yoneda algebras in [10], under the name
of ‘@-Auslander—Yoneda algebras’. The formulation there works more generally for
monoid graded algebras. For our purpose in this paper, we restrict our exposition
to the case of an object in a triangulated category.

Let @ be an admissible subset of Z, and let T be a triangulated R-category with
a shift functor [1]. Suppose that F' is a triangle functor from T to 7. Recall that
we set F* =0 for i < 0 if F~! does not exist.

Let IE7FJ45(-, -) be the bi-functor

@ Homy (-, F*): T x T — R-Mod, (2.1)
1€EP
(X,Y) = EF*(X,Y) := @) Homy (X, F'Y), (2.2)
icd
X L X' s @Homr(f,FY), Y %Y~ (DHomr(X,Flg).  (23)
icP icP

Suppose that X Y and Z are objects in 7. Let f = (fi)ico € IEF@(X Y) and
9= (9i)ics € IE ®(Y, Z). We define a composition as follows:

EF?(X,Y) x ER?(Y, 2) —» EF*(X, 2),

(f7 Hfg_(z fu*gv> )
cP

u,veP
u+v 7
where f,, * g, := fuF(9v)x(u,v)z with x(u,v) being a natural transformation from
FUYF? to F“* defined as follows.
If £~ does not exist, then x(u,v) = 0 if u or v is negative, and x(u,v) = id putv
otherwise.
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If F~1 exists, then (F, F~1) is an adjoint pair. Let €: idy — F~1F be the unit
and let n: FF~! — id7 be the counit. The natural transformation x(u, v) is defined
to be idputo if uv > 0. If uw > 0 and v < 0, then x(u,v) is defined as the composite
of a sequence of natural transformations

Fu_lT] v+1 _ F“_277 V42 _
Fu v F Fu 1FU+1 F Fu 2FU+2—>-~-

N Fu—iFU-I—i SN FlL-HJ.

If u < 0 and v > 0, then x(u,v) is defined as the composite of the following natural
transformations

Fu+16—171 Fu+26—172
Fqu F Fu+1Fv—1 F Fu+2FU—2 ...

— FUri Rt L pute,

In this setting, the above-defined composition is associative. To prove this, one
needs to check that the multiplication f, * g, is associative. This follows if the
following diagram is commutative:

pipipk 2 pipk

X(is7) i J/ ixuﬁk)
Fiti pk MFi-&-j-&-k

for all integers 1, j, k € @. However, using the fact that
F(e)np =idp and np-1F Y(e) =idp-1,

one can get the above commutative diagram by drawing a big commutative diagram
with the above two sequences of natural transformations. Here, we omit the details.
Note that if F is an auto-isomorphism, that is, FF~! = idy = F~1F, then x(u,v)
is an identity for all u,v € Z, and therefore will not appear in the definition of the
multiplication.

Thus, ]Ef;’(‘b(X7 X) is an R-algebra. It is called the @-Yoneda algebra or, when @
is fixed, the perforated Yoneda algebra of X with respect to F'. Then Effp(X, Y)isa
left ]E,};’Q(X, X)-module. When @ = N, the algebra E?Q(X, X) is the orbit algebra
of X under F (see [2]).

For convenience, we write Ef-’qj(X) for E;Q(X,X). In the case 7 = D"(A),
where Ais a ring with identity, we write ELT(X,Y) for Egy 4 (X, Y) and EL7(X)
for Enoa (X).

When F coincides with the shift functor, we omit the upper index F', and call
E%(X) the &-Yoneda algebra of X, without referring to the shift functor. This is
the algebra introduced in [10] and therein called an Auslander—Yoneda algebra.

The following lemma is essentially taken from [10, lemma 3.5], where a variation
of it appears. The proof given there carries over to the present situation.

LEMMA 2.2. Let T be a triangulated R-category with a triangle endo-functor F,
and let U be an object in T. Suppose that Uy, Us and Us are in add(U), and that
@ is an admissible subset of Z. Then, we have the following.
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There exists a natural isomorphism
p: EF? (U1, Uz) = Homgro o (B2 (U, U1), E77 (U, Uz))

that sends x € Efl;-,@éUl,UQ) to the morphism a — ax for a € E?’@(U, Uy).
Moreover, if x € E? (U1,02) and y € E7F—’¢(U2, Us), then u(zy) = p(z)u(y).

The functor JE?@(U, ): add(U) — E?’Q(U)-proj is faithful.

If Homy(Uy, F'Us) = 0 for alli € &\ {0}, then the functor E?QS(U, -) induces
an isomorphism of R-modules:

EX?(U,-): Homy(Uy,Us) — Homgr.a ;) (EZ2(U,U,), B2 (U, Us)).

The properties described in lemma 2.2 will be used frequently in the proofs below.
The class of @-Yoneda algebras with respect to a functor includes a large class of
algebras, including the following.

(a)

(b)

The endomorphism algebra of a module, in particular, the Auslander algebras
of representation-finite algebras; Here we choose @ = {0}.

The generalized Yoneda algebra of a module if we take ¢ = N: this includes
the pre-projective algebras (see [2]) and the Hochschild cohomology rings of
given algebras. Choosing @ = 2N, we get, for instance, the even Hochschild
cohomology rings of algebras.

Certain trivial extensions: for an Artin algebra A and an A-module M, we
choose @ = {0,i} for i > 1 an arbitrary natural number. Then E% (M) is
the trivial extension of Ends(M) by the bimodule Ext’ (M, M). Such rings
appear naturally in the (bounded) derived category D (X) of coherent sheaves
of a smooth projective variety X over C. Indeed, if X is a d-spherical object
in D*(X), then its cohomological ring Endd ) (X) is Eg{;‘gg) (X); this is a
graded ring isomorphic to C[t]/(t?) with ¢ of degree d. For further information
on spherical objects, we refer the reader to [22, § 3c].

In general, if & = {0,a1,...,a,} C N such that a; > 2a,_1 for i = 2,...,n,
then E% (X) is the trivial extension of End(X) by the bimodule

P Exty (X, X).

0£icd

Note that & = {0} U {2n + 1 | n € N} is admissible. In this case, we also get
a trivial extension.

The polynomial ring R[t]: if we take & = mN for m > 1, then the perforated
Yoneda algebra E%I]/(IQ)(R) is isomorphic to R[t"™] with ¢ a variable. If =

{0,1,...,n}, then
Bl 22y (R) =~ R[t]/(t").
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2.4. D-split sequences and cohomological D-approximations

D-split sequences have been defined in [11] in the context of constructing derived
equivalences between certain endomorphism algebras. Let us recall the definition
and a result in [11].

Let C be an additive category and D be a full subcategory of C. A sequence

xLmsy
in C is called a D-split sequence if
(i) M €D,
(ii) f is a left D-approximation of X and g is a right D-approximation of ¥ and
(iii) f is a kernel of g and g is a cokernel of f.

Typical examples of D-split sequences are Auslander—Reiten sequences. Every
D-split sequence provides a derived equivalence (see [11, theorem 1.1]). Here are
some details, for later reference.

THEOREM 2.3 (Hu and Xi [11]). Let C be an additive category and M be an object
in C. Suppose that
XM=Y

is an add(M)-split sequence in C. Then the endomorphism ring Ende (M @ X) of
M @ X is derived equivalent to the endomorphism ring Ende(M ®Y) of M @Y
via a tilting module of projective dimension at most 1.

Now, the question arises of whether theorem 2.3 can be extended to @-Yoneda
algebras. The second example in §5 demonstrates that this is no longer true if
we just replace the endomorphism algebras in theorem 2.3 by #-Yoneda algebras.
Nevertheless, we shall show that under certain orthogonality conditions there is still
a positive answer. This will be discussed in detail in the next section.

The condition (3) of a D-split sequence is a substitute in this general setup for
requiring the short sequence to be exact. Since triangles in triangulated categories
are replacements of short exact sequences, we may reformulate the notion of D-split
sequences in the following sense for triangulated categories.

Let 7 be a triangulated category with a shift functor [1], and let D be a full
additive subcategory of 7. A triangle

X5 m Sy - X[

in 7 is called a D-split triangle if M’ € D, the map « is a left D-approximation of
X and the map [ is a right D-approximation of Y.

Thus, for an Artin R-algebra A, every D-split sequence in A-mod extends to a
D-split triangle in DP(A).

Next, we introduce the left and right cohomological D-approximations with re-
spect to (F,®), which generalize the notions of left and right D-approximations,
respectively.

Suppose that C is a category with an endo-functor F': C — C. Let D be a full
subcategory of C, and let ¢ be a non-empty subset of N. If F' has an inverse,
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then @ may be chosen to be a subset of Z. Suppose that X is an object of C. A
morphism f: X — D in C is called a left cohomological D-approximation of X with
respect to (F,®) (or, for short, a left (D, F,®)-approximation of X) if D € D, and
for any morphism g: X — F(D') with D’ € D and i € & there is a morphism
g1 D — FY(D’) such that g = fg'. Here FV = idc. Similarly, we have the notion of
aright (D, F, ®)-approximation of X in 7, i.e. a morphism f: D — X with D in D
is called a right (D, F, ®)-approximation of X if, for any ¢ € & and any morphism
g: FD' — X with D’ in D, there is a morphism ¢’': F*D’ — D such that g = ¢'f.

Note that if F' = id¢ and @ = {0}, then we get the original notion of approxima-
tions in the sense of Auslander and Smalg. (In ring theory, such approximations are
called pre-envelope and pre-cover, respectively). Moreover, if 0 € @, then every left
(D, F, ®)-approximation of X is also a left D-approximation of X and every right
(D, F, d)-approximation of X is also a right D-approximation of X.

If F = [1] and T = DP(A) for an Artin algebra A, then Homy(X, F'Y) ~
ExtYy(X,Y) for all X,Y € A-mod and all i > 0. For this reason, a (D, F,®)-
approximation has been called a cohomological approximation.

In this paper, we are mainly interested in the case where C is a triangulated
R-category T with a triangle functor F' from 7 to itself and D is a full subcategory
of 7. Thus, a morphism f: X — D with D € D and X € T is a left (D, F,®)-
approximation of X if and only if the canonical map

EX?(f,D"): EX*(D, D) — EF*(X, D),

defined by (x;)ee — (fzi)icas, is surjective for all D’ € D. Similarly, a morphism
g: D — X with D € D and X € T is a right (D, F,®)-approximation of X if and
only if the canonical map

Hom7(F’D’,g): Homy(F'D’, D) — Homy(F’D’, X)

is surjective for every D’ € D and j € &. If, moreover, F is a triangle auto-
equivalence, then a morphism ¢g: D — X with D € D and X € 7T is a right
(D, F, ®)-approximation of X if and only if the canonical map

EX~?(D',g): EX"?(D', D) — EX~*(D', X)

is surjective for all D’ € D. Note that here we need the minus sign for @ and that
F~1 exists.

Note that if @ contains zero and if Homy (X, F'D’) = 0 for all 0 # i € &
and D' € D, then f is a left (D, F,®)-approximation of X if and only if f is a
left D-approximation of X. A dual statement is also true for a right (D, F,®)-
approximation of X.

If F coincides with the shift functor [1], then we simply speak of (D, @)-approxi-
mations, without mentioning F'.

Here is a source of examples of (D, ®)-approximations. Suppose that 7 = D"(A)
for A an Artin R-algebra and that & is a subset of Z. Let

x4 mSy - xq)

be an Auslander—Reiten triangle in 7. If neither X nor Y belongs to add (M [i]) for
every 0 # i € @, then « is a left (add(M), P)-approximation of X and f is a right
(add(M), ®)-approximation of Y.
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Finally, we note the difference of a left (D, F, ®)-approximation of X from a
left ({J;cq F"D)-approximation of X in the sense of Auslander and Smalg, where
Uice F*D is the full subcategory of 7 with all objects in FZD‘for all ¢ € . Sup-
pose that 0 € @. Then a (D, F, ®)-approximation is a (|J;c4 FD)-approximation,
but the converse is not true in general. If 0 ¢ &, then the two concepts are inde-
pendent. So, roughly speaking, a cohomological D-approximation with respect to
(F,®) emphasizes not only the factorizations but also that the object belongs to
the given subcategory D (and not to F'D for 0 # i € ®).

3. Derived equivalences for ¢-Yoneda algebras

In this section, we shall prove theorem 1.1 and derive some consequences and some
simplifications in special cases.

Suppose that 7 is a triangulated R-category with a shift functor [1] and M is
an object in 7. Suppose that F' is a triangle auto-equivalence of T, which may be
different from the shift functor.

For a subset @ of Z, we define —® := {—z | z € $} and

XFP (M) ={X € T | Homy(X, F'M) =0 for all i € $\ {0
T T\A, )

YZP(M) = {Y € T | Homp (M, F'Y) = 0 for all i € &\ {0}}.
Let n be a positive integer. For brevity, we write X" (M) for T)Ci’{o’l’z""’"}(M)
and X5 (M) for X5 (M) if T is clear in the context. Y»(M) and Y©>°(M) are
defined similarly.

As usual, F' is omitted in notation when it coincides with the shift functor.
Given a triangle

X4 Sy X T
with M; € add(M), we define
W= (w,0):Y = (XeM)[], w=0w’:Mey - X1,
where (0,w)T denotes the transpose of the matrix (0, w), and

Ii={c=(z;) cEX*(X®M)|z; =0for 0#ic®,
x¢ factorizes through add(M) and w[—1]},

Ji={y=(y) eEFP(M@Y)|yi=0for 0#icd,
yo factorizes through add(M) and w}.

The sets I and J are indeed independent of F' and & \ {0}, and contained in
End7 (X & M) and Endy (M @ Y), respectively.

The main result of this paper is the following theorem, which is a reformulation
of theorem 1.1.

THEOREM 3.1. Let @ be an admissible subset of Z, let T be a triangulated R-
category with a triangle auto-equivalence F' and let M be an object in T . Suppose
that

x5 Sy ™ x)
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is a triangle in T such that the morphism « is a left (add(M), F, ®)-approximation
of X, the morphism (8 is a right (add(M), F, —®)-approximation of Y and X €
YE2(M) and Y € XEP(M). Then the algebras

EX*(X @ M)/T and ER*(MaY)/J
are derived equivalent.

Proof. Let V=X®M and W =M @Y. Set

a:=(a,0): X — M; & M, d;:(g‘ ?):X@M%Ml@M,
B:z(? ’g):Ml@M%M@K B::<§>:M1@M—>Y,
W= <3>:M@Y—>X[1], W= (w,0): Y = (X & M)[1].

Then there are two triangles in 7

XS maeMSwExn,
Y- My S nem By
Since F is a triangle functor, there exists a natural isomorphism 6: F[1] —
[1]F. That is, for any object X in 7, there is an isomorphism dx: F(X[1]) —
(FX)[1] that is natural in X. The isomorphism F¢(X[j]) — (FX)[j] is denoted by
5(F7 Z.) X’ j)'
First, we have the following lemma.

LEMMA 3.2.

(i) For any morphism y;: V — F'V with i € ®, there is a morphism t;: Y[—1] —
(F'Y)[-1] such that (W[—1])y; = t;6(F,4,Y, —1) L (F{(w][-1])).

(i) For any morphism x;: W — F'W with i € ®, there is a morphism t;: X[1] —
(FiX)[1] such that z;(F'w)§(F,i, X, 1) = wt;.
Proof. (i) Note that & is a left (add(M), F, ®)-approximation of V. Thus, given
yi: V — F'V, there is a morphism z;: M; © M — F*(M; & M) such that az; =
yi(F'@). Since F is a triangle functor, the second triangle implies that there is a
triangle (see [8, p. 4])

S(Fyi,Y,—1) (= F (@[-1])) Fia

(F'Y)[~1] Fiv 28 pin e M) 22 piy,
Thus, there is a morphism t;: Y[—1] — (F'Y)[—1] such that
(B 1])ys = :3(F,i, Y, —1) "L (F(@[-1]).
(ii) The proof is similar to that of (i), using the following triangle:

(F'@)§(Fyi,X,1)

Fix 29 pion o M) 28 piw (FiX)[1).
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Now we prove that the quotient rings in theorem 3.1 are well defined.

LEMMA 3.3. The I and J appearing in theorem 3.1 are ideals of ]EgiqS(V) and
Ef-’(p(W), respectively.

Proof. We shall only prove that I is an ideal in E?’Q(V). The proof for J can be
carried out analogously.

The set I is closed under addition in Ef—’@(V). To show that I is a two-sided
ideal in ]E?’(P(V), we pick an x = (ilfz)%eqd; €I and a y= (Yi)ics € ]E?’@(V) and
calculate the products xzy and yz in E-" (V). We write z9 = wv for u: V. — M’
and v: M’ — V, where M’ is an object in add(M), and zy = s(w[-1]) for a
morphism s: V' — Y[—1]. Note that zy = (zoyi)ics and yz = (y; F'2q)ica, since
x; =0 for 0 #£1i€ ®.

We first show that I is a right ideal.

(i) Let ¢ = 0. The map zoyo factorizes through an object in add(M). Since
factorizes through w[—1], it follows from lemma 3.2(i) that xzgyo also factorizes
through w[—1].

(i) Let 0 # i € ®. In this case, Homy (M, F?X) = 0 by the assumption X €
YE2(M). Let px and pys be the projections of V onto X and M, respectively.
Then the composite

wyiFipx: M % Vv ¥y piy F0x, piy
belongs to Hom7(M’, F?X) = 0. Thus,
2oy F'px = wvy; F'px = 0.
By lemma 3.2(i), there is a morphism ¢;: Y[—1] — F*Y[—1] such that
(@[-1])yi = t:6(F, 4, Y, =1) " F' (w[-1]).
Hence,

zoyi(F'par) = s(0[—1))y:(F'par) = sti0(F,,Y, —1) " FY(w[—1]) (F'par)
= st;6(F,i,Y,—1) " F'(@[-1]pn)

sti0(F,i,Y,—1) " F" ((w[—l],O)( 0 )) =0.

1§V,

Altogether, xoy; = xoy;(Fipx, Fipa) = 0 for 0 #1i € .
Hence, zy € I, and I is a right ideal in EI;’QS(V).
Next, we show that I is a left ideal, that is, we check (y;F'zq)ice € I.

(iii) The map yoxo factorizes through an object in add(M) and through w[—1].

(iv) Let 0 # i € &. Note that &: V — M; & M is a left (add(M), F, &)-approxima-
tion of V. Thus, there is a morphism

hi: My @& M — F'(M")
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such that y;(Fiu) = &h,;. By assumption, Homy (M, F*X) = 0. This implies that
hi(Fv)(Fipx) = 0, and therefore y;(F'zo)(Fipx) = 0. Since (Fw[—1])(F'py) =
0, we get y;(Fzo)(Fipar) = 0. Thus, y; Fizg = 0 for 0 # i € ®.

Hence, yx € I, and [ is a left ideal in ]Effbv. Thus, I is an ideal in E?’Q(V). O

We know that IE?’@(V, Z) is an Ef-’@(V)—module for any object Z in 7. The
following lemma shows that the ideal I of ]Ef-’qs(V) may annihilate some modules
of this form.

LEMMA 3.4. Keep the notation as above. Then we have the following.
(i) I-EF*(V,M) =0.
(i)
I-EZ?(V,X) = {(2:)ico € EX?(V,X) |2: =0 for 0 #£i €
xo factorizes through add(M) and w[—1]}.
(iil) For x = (x;)ice € Ef—’QS(V’, X) with V' € add(V), we have
Im(p(x)) € I-Ex*(V, X)

if and only if x; =0 for all 0 # i € & and xq factorizes through add(M) and
w[—1], where p is defined in lemma 2.2(i).

(iv) Let f: M' — X with M" € add(M). Then Im(EX*(V, f)) C I-ER?(V, X) if
and only if f factorizes through w[—1].
Proof. (i) We denote by Aps = (0,1): M — V the canonical inclusion. Let (2;);ce €
Iand (yi)ieco € E?d’(v, M). Then (2;)(yi) = (20Yi)ica, since x; = 0 for 0 # i € . It
follows, since [ is an ideal in IE?’QS(V)7 that 2(y; (F*Am))ica = (voyi(F'Am))ica € 1.
By the definition of I, we have xoy;(F*Apr) = 0 for all 0 # i € & and zoyoAm
factorizes through w[—1]. Moreover,

zoyoAm = (ToyYoAnmpar) A = s(@[—1par)Anr = s-0- Ay =0,
where s is a morphism from V to Y[—1]. Hence, zoy;(F*Ay) = 0 and
zoyi = oyi(F A\ (Fipa) =0- Fipyy =0 for all i € .
Thus, (i) follows.

(ii) Let Ax: X — V be the canonical inclusion. As in (i), it follows that, for
(zi)ico € I and (yi)ico € ]Ef-’(p(v7 X), we have (z;)(y;) = (xo¥yi)ice, and that
ZoyoAx factorizes through w[—1] and add(M). Hence,

Toyo = (ToYoAx)px = s(W[-1])px = s(w[-1]),

where s is a morphism from V to Y[—1]. Conversely, let z = (x;);co € ]]*':5—’43(‘/7 X)
and suppose that z; = 0 for all 0 # ¢ € @ and that x( factorizes through add(M) and
w[—1]. For f: U — Z in T, we denote by f the element of IE?@(U, Z) concentrated
only in degree 0 € @. Then it is straightforward to check that xAx belongs to I.
Thus, = = zAxpx € [ -EX?(V, X).
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(iii) Firstly, suppose V/ = V and Im(u(z)) C I - IE?JQS(V7 X). Then z, the image
of 1y under p(z), belongs to I - E?Q(V, X). Thus, by (ii), we know that z; = 0
for all 0 # i € @ and that z( factorizes through add(M) and w[—1]. Conversely,
suppose that x € I - ]Effp V,X). Then, for any y € IEIF V), the 1mage of y under
p(x)isy - z. Since T - ET (V,X) is an IET *(v)- submodule of ET (V, X), we have
yrel- E (v, X).

Secondly, suppose that V' is a direct sum of n copies of V, and = € ]EFJ)(V’ X).
We identify EFQS(V’ X) with ;- 1IEFQS(V X) and write z = (ai,...,a,)T, a
column matrix with a; € IEF¢(V X). Then the image of u(z) is the sum of the
image of u(a;) for 1 < i < n. Now the conclusion follows from the first case.

Finally, suppose that V' is a direct summand of n copies of V, that is,

é V=VaV"
i=1

Ifx e Ef—’(p(V’, X), we may consider (z,0)T to be an element in E?é(@?:l V, X).
Then the proof is reduced to the second case.

Part (iv) follows from (iii) because EZ(V, f) = p(f). O
Let 7 be the complex

T*: 0 - EEF2(v, x) S22, 5ROy @ a0,

where the term ]Ef-’qj'(V7 X) is in degree zero. Then it is the direct sum of the
following two complexes:

P& EX? (Vo) po
0 — EX7(V,X) EZ7(V,M;) =0,

0—0—ER*(V, M) — 0.

Let P = ER?(V, X)/I - EX?(V, X) and let p: E”(V X) — P be the canonical
surjection. Then, by lemma 3.4(i), we may write ET (V,a) = pq with ¢: P —
Ef-’@(v, X). The complex

T°:0— P —EN(V,My @ M) -0
in @b(]Eg-’@(V)/I) is the direct sum of the complexes
0—PLEZ?(V, M) -0,
0—0— EZ*(V,M) — 0.

Each term of T is a finitely generated projective ]E?-’@(V)/I—module.
Before proceeding further, we need to introduce some more notation. Set

A=E2P(V),  r=ER*w), A=A/, T:=I)/J
where I and J are defined just before theorem 3.1.

LEMMA 3.5. T* is a tilting complex over A.
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Proof. 1t is clear that
HomﬂCb(/I proj) (T. T* [Z]) =0
for i < —2 and 7 > 2. We have to check that
Homyen (f_proj) (T, T°[1]) =0 and  Homges (g_pyoj) (T, T°[~1]) = 0.

In the following, for a morphism f* between complexes U® and V'*, we write [f*]
for the class of f* in the homotopy category.
Let [f*] € Homgen (f_proj) (1'%, T*[1]). Consider the following diagram:

EF?(V, X)

0 P EF?(V, My & M) —=0

|k

0—=P—=EX?(V,My & M) ————=0

Since both X and M; @ M are in add(V), lemma 2.2(i) provides an isomorphism

p: EXP(X, My @ M) = Hom, (EZ*(V, X),EX?(V, M; @ M)) and an element u =
(U1)1€¢ € IET (X M; ® M) such that pf® = u(u). By assumption, & is a left
(add(M), F, ®)-approximation of X. This yields a morphism

ul: MleaMeFi(Ml@M)

for each 7 € @ such that u; = au}. Clearly, v := (u})ice € IEFQS(Ml ®M,M; & M)
and p(u') € Hom(EX?(V, M, & M), 1E$¢(V M; ® M)). Now, we have to check
that the following diagram is commutative:

F, P
(

E V,&)
EX?(V, X) ——EZ"(V, M, @ M)

p(u) l lu(u’)

EX?(V, My & M) =—=EZ(V, M, & M)

In fact, if a = (a;)jes € EFQ(V X), then it is sent to b := (a;F?(@))jes by
E?p(v @) and further sent to bu’ = (a;(F’a))jequ’ by pu(u’). An easy calculation
shows that bu’ = au, the image of a under p(u). Thus, the diagram is commutative
and
pf® = plu) = EZ*(V,a)p(u') = pap(u’).
This means that fO = qu(u’) (since p is surjective) and that [f*] = 0 in KP(A-proj).
Therefore, Homages (1_prop) (7%, T*[1]) = 0.
Let [f'] € Homyen (f.proj) (T'*, T*[—1]). Consider the following diagram:

0—=P—=EL?(V, M, & M) —————0

k

0 P EF?(V, My & M) —=0
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Since p is surjective and Ef—’(j’(V, M, @ M) is projective in A-mod, the map f! can be
lifted along p, say f! = gp with g: IE%’—(V, M, @ M) — El;—"p(V, X). By assumption,
we have X € YF*?(M) and, by lemma 2.2(iii), there is a homomorphism u: M; ®
M — X such that g = Eg-’@(V, u). Thus,

EF?(V,ua) = EF*(V,u)EL?(V,a) = gpg = f'q = 0.

Lemma 2.2(ii) implies ua@ = 0 = ua. Therefore, u factorizes through —w[—1]. By
lemma 3.4(iv), the image of g(= ]E?’@(V, u)) is contained in I~E§-’¢(V, X). It follows
that f! = gp =0 and [f*] = 0. Hence,

Homg{b(/{_pmj) (T., T° [—1]) =0.

It is easy to see that the subcategory add(7'®) generates KP(A-proj) as a trian-
gulated category. Thus, T is a tilting complex over A. O

REMARK 3.6. To get a tilting complex from T, one may consider the ideal Iy of
EZ (V) consisting of all endomorphisms V' — V which are of the form fg with
f:V— M and g: M’ — V such that M’ € add(M) and g& = 0. Then it is easy to
show that the quotient complex of T* modulo I,T*® is a two-term tilting complex
over E?—(V) /Ip. We shall not use this complex, because its endomorphism algebra
cannot be described in a nice way. Note that the ideal Iy of E?—(V) is properly
contained in I in general.

LEMMA 3.7. The two rings I and Endgen (A-prog) (T®) are isomorphic.

Proof. Since A is a quotient algebra of A, the category A-mod can be viewed as
a full subcategory of A-mod, and it follows that K"(A) can be viewed as a full
subcategory of XP(A). Thus, we have an isomorphism

Endg{b(/j_pmj) (T.) ~ EHdg{b(A) (T')
To prove the lemma, we shall construct an isomorphism from Endges 4y (7*) to TI.
Let [f*] € Endgn(4)(T*). Since p: Eg-’@(V, X) — P is an epimorphism and
Ef—’@(V, X) is a projective A-module, there is a A-module homomorphism
u: ERP(V, X) = ER?(V, X)
such that u% = pfY. Let u' := f! and u* = 0 for all  # 0, 1. Then it follows from
WBT?(V,a) = u’pg = pfOq = paf' =EF*(V,a)u!

that u® = (u");ez is an endomorphism in Endes (4 (T*). By lemma 2.2(i), we can
assume that u® = p(x) and u' = u(y) with 2 = (2;)ice € ]E7F-"¢(X) and y =
(yi)ice € EXT(My @ M). Now, it follows from

EF?(V,a)u! = u’EZ?(V, Q)

that
(o_lyi)i6¢ = (l‘iFiO_é)iegp, that iS, @yi = lL‘z'FiO_é for i € @.
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For each i € @, we can form the following commutative diagram in 7T

B w

X—2—=MoM W X[1]
! ia ) Fi3 Y (Fiw)d(F,i,X,1) .
FzXLFl(Ml@M) F'w (F"X)[1]

for some morphism h; € Homy (W, F*W). Thus, for each [f*] € Endgen(4)(T*), we
get an element h := (h;);ce € I' which is E?QS(W) by definition. This leads us to
defining the following correspondence:

O: Endxb(A)(T.) —>f:F/J, [f.} — h+J.
CLAM 3.8. © is well defined.

Proof of claim 3.8. Suppose that [f*] € Endgn4)(T*) is null-homotopic, that is,
there is a map
r: EXP(V,My & M) — P

such that f© = ¢r and f! = rq. Since p is surjective and Ef—’@(V, M, ® M) is
projective in A-mod, there is a map

s: EXP(V, My @ M) — EX*(V, X)

such that sp = r. Hence, (u® — pgs)p = u’p — pgsp = u’p — pgr = u’p — pf° =0
and u! = rq = spq. By the assumption X € Y*?(M), lemma 2.2(iii) yields a map
t: My & M — X such that s = E?’QS(V, t) = pu(t). Therefore,

wla —at)p = (u” — EF(V,Q)EZ(V,t))p = (u’ — pgs)p = 0

and u(y — ta) = u' — spqg = 0. Consequently, Im(u(x — at)) C I - ]Ef—’qp(V7 X) and
y—ta = 0. Thus, y; = 0 for all 0 # ¢ € & and yp = t@. By lemma 3.4(iii), we
have x; = 0 for all 0 # ¢ € @ and xg — at = ab for some morphisms a: X — M’
and b: M’ — X with M’ € add(M). Since @ is a left add(M)-approximation of X,
there is a morphism c: M; & M — M’ such that a = ac. It follows that

xg = ab+ at = achb + at = a(chb + ).

Now we consider the commutative diagram (3.1). Suppose that 0 # i € . Then
we have shown that x; = y; = 0. Hence, 8h; = y;F*3 = 0. This implies that h;
factorizes through w, and, consequently, that h;|5; = 0, since w|p; = 0. It follows
from h;(F'w)d(F,i, X,1) = w(x;[1]) = 0 that h;: W — F'W factorizes through
F{(My® M). Since Y € XF*(M), we get h;|y = 0. Altogether, we have shown that
h; =0 for all 0 # ¢ € . Now consider the diagram (3.1) in the case when ¢ = 0.
First, we have Bhy = yo3 = taf = 0, which means that hg factorizes through .
Second, since
how = w(xo[1]) = w(a[l])(eb+ t)[1] = 0,

the morphism hg factorizes through M; & M which is in add(M). Thus, h € J and
h + J is zero in I'. This shows that @ is well defined. O
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CLAM 3.9. O is injective.

Proof of claim 3.9. Suppose that O([f*]) =h+J =0+ J. Then h € J,ie. h; =0
for all 0 # ¢ € @, and hy factorizes through both @ and add(M). Suppose that
ho = ws for a morphism s: X[1] — W. For each 0 # i € @, since y; F*3 = Bh; = 0,
the morphism y;: M1&®&M — F(M;& M) factorizes through F X, and consequently
y; = 0 for all 0 # i € &, since X € Y?(M). For each 0 # i € &, it follows from
w(x;[1]) = hi(F'w)§(F,i, X,1) = 0 that x;[1] factorizes through (M; & M)[1] or,
equivalently, the morphism z;: X — F'X factorizes through M; @M. Hence, z; = 0
forall 0 # i € @, since X € Y5?(M). Now we consider the case when i = 0. First, we
have yo3 = Bho = fws = 0, which implies yo = ta for a morphism ¢: My &M — X.
Second, (xg—at)a = ayg—ata = ayo—ayo = 0. It follows that (zo—at)a = 0, and
therefore xzo — at factorizes through —w|[—1]. Since hg: W — W factorizes through
add(M) and since B: My & M — W is a right add(M)-approximation of W, we
see that hg factorizes through 3, say ho = r for some 7: W — M; @& M. Thus,
w(zo[1]) = how = rBw = 0, or equivalently, (—w[—1])zo = 0. It follows that zq
factorizes through M; & M. Since at also factorizes through M; & M, we see that
xg — at factorizes through add(M). Thus, we have shown that xo — at factorizes
through both add(M) and —w[—1]. Now, by lemma 3.4(iii), we have

Im(u(x) — EF*(V,at) = Im(u(z — at)) C - EF*(V, X).
Hence,
p(f* = qEF? (V. t)p) = u’p — pgEF? (V. t)p = (u(x) — EF*(V,at))p = 0.

This implies that f© = ¢(E%(V,t)p) since p is surjective. Moreover, one can check
that

F.® Fd/1r ~ F.®
fl=u = uwly) =Ex" (V.OEZ (V,a) = (E77 (V. t)p)g.
Hence, f* is null-homotopic, and consequently @ is injective. O
CrLAamM 3.10. © is surjective.

Proof of claim 3.10. Let h = (h;)ice € I’ with h;: W — F'W for i € ®. Since f3 is
a right (add(M), F, —®)-approximation of W, we have a morphism y;: M; & M —
M, @ M such that B3h; = y; F'3 for i € ®. This means that there is a commutative
diagram

B @

X—2—>MaoM W X[1]
! ia ) Fip Y (F'w)s(Fi,X,1) .
Fix 2% Fi(M, @ M) FiW FiX[1]

Now, we define z := (%;)ics € ]Effp(X), y:= (Yi)ico € Eg—’(p(Ml ®M); u® = p(x),
u' := p(y) and v’ := 0 for j # 0,1. Then u® := (u’);ez belongs to Endes4)(T*).
Since

W EXP(V, X) = EXP(V, X)
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takes elements in [ - EF(P(V X) to elements in I - Eng(V X), the image of I -
IE?@(V X)) under the map u p is zero, and consequently there exists a unique map
f9: P — P such that pf° = u%p. Now we have

p(f°q — qu') = pfq — pqu' = u’pq — pgu' = wEZ?(V,a) - EX*(V,a)u' = 0.

Hence, fq = qu' since p is surjective. Defining f! = u! and f7 = 0 for all j # 0, 1,
we see that f® = (f*)iez is an endomorphism in Endes4)(T*) and O([f*]) = h+.J.
Thus, © is surjective. O

CrAaM 3.11. © is an R-algebra homomorphism.

Proof of claim 3.11. The map O is R-linear, so it preserves addition. For multipli-
cation, we take [f®] and [¢°] in Endgn(4)(T*). Let [u®] and [v*] be in Endgen(4)(T)
such that u%p = pf9, u' = f1, v = pg® and v! = g'. Suppose that
(u°,u') = (u(@), u(y)) and  (v°,0") = (u(a’), u(y))
with x, 2’ € E?"P(X) and v,y € E2(M; & M). Let h := (h;)ice and 1/ := (h})ico
be in I', making the diagram (3.1) commutative, that is,
B hi = Bhi = yiF'B =y » 3,
B hi = Bhi = yiF'B = y; B,
w(x[1]) = hi(Fw)3(F,i, X, 1) = (h;  w)3(F,i, X, 1),
w(xj[1]) = hi(F'w)§(F,i, X, 1) = (b}« w)§(F,i, X, 1),
for all ¢ € @. Then, by definition, we have O([f*]) = h + J, O([¢9°*]) = #' + J and

orhelsh = (X heny) +

i,jED
i+j=k

Now we calculate @([f' *]). Let s* := u®v®. Then s%p = pf0q¢° = p(f*g®)?, s' =
Flgt = (F*9*)" and (0, 51) = (u(az"), plyy)). where

! / / /
(z2 )= Y @ixa) and (y)e= Y yi*y)
ijed ijed
i+j=k i+j=k

For each k € @, we have

(y )W F*B = (yy' )i * B = < > yﬂ%)

i,jEP
iti=k
:5*( 3 hi*h;-):ﬁ_( 3 hi*h;>.
LjEP i,jed
i+i=k it j=k

Similarly, for each k € @, we have

< Z h; * h;)(ka)5(F,k,X,1) = w((z2")[1]).
i,jED
itj=k
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This means that

o([f*lg*) = e(f*9°]) = ( > h*h§> +J =0(f)els*).

i,jED ked
iti=Fk
Thus, © is a ring homomorphism, and the proof of theorem 3.1 is finished. O

Before proceeding, we comment on the conditions in theorem 3.1.

REMARK 3.12. (a) Let
X2 Sy 2 X

be a triangle in 7 with M; € add(M), X € Y©?(M) and Y € XE?(M). If o is a
left (add(M), F, ®)-approximation of X, then Hom (X, F*M) ~ Homy (M, Fi M)
for 0 # ¢ € @. Similarly, if § is a right (add(M), F, —®)-approximation of Y, then
Homy (M, F'Y) = Homy (M, F*M,) for 0 # i € ®. In particular, if M is an (F, ®)-
self-orthogonal object of T, that is, Homs (M, F*M) = 0 for every 0 # i € @, and
if o is a left (add(M), F, @)-approximation of X and [ is a right (add(M), F, —®)-
approximation of Y, then X € X**?(M) and Y € Y"®(M).

(b) Under the conditions of theorem 3.1, there are isomorphisms Hom7 (X, F*X) ~
Hom7 (Y, F'Y) for every 0 # i € &. In fact, this follows from the following general
statement.

Let T be a triangulated category with a shift functor [1]. Suppose that F is a
triangle functor from 7T to itself and that D is a full subcategory of 7. Let i be a
positive integer. Suppose that

X; 25 D 2y o x50
is a triangle in 7T, such that o, is a left (D, F, {i})-approximation of X, and that
Homy (D', F'(3;)): Homy (D', F'D;) — Hom (D', F'Y;)
is surjective for every D’ € D and j = 1,2. If
Hom7 (D, F'X;) = 0 = Hom7(Y;, F'D)
for 1 < j < 2, then Hom7 (X7, F'X5) ~ Homy (Y3, F'Y3).

Proof. From the given two triangles the following exact commutative diagram can
be formed:

Homy(Dy, FiXy) — Homy (D1, F'Dy)
(a1,F*D2)
Hom7 (X1, F'X3) — Hom7 (X1, F'Dy)
0
Hom (Y1, FiDy) ——— Hom7 (Y3, F'Yy) —— Hom7 (Y7, Fi X,[1]) — Hom (Y1, F1Ds[1])

| |

Homy(Dy, FiDy) Homr (D1, F1Ys) 2 Homy (D1, FiX5[1]) — Homy (D1, F?Do[1])

(D1,F*(B2))
_
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Since _ _
Homy (Y1, F*D2) = Homy(Dy, F*X2) =0

by assumption, and since Homy(ay, F?Ds) and Homy(Dq, F'(3,) are surjective
by the property of approximation, the conclusion follows from the commutative
square (x). O

(c) Let X & M, LN - X[1] be an add(M)-split triangle in 7. Define V :=
X®&M, Ay :=Endr(V), W := M &Y and Iy := Endy(W). Let I and J be as
defined in theorem 3.1. Then the ideals I and J in theorem 1.1 have the following
characterization.

(i) Let e be the idempotent in I corresponding to the direct summand M of
W. Then J is the submodule of the left Ij-module Ihely, which is maximal
with respect to eJ = 0.

(ii) Let f be the idempotent in Ay corresponding to the direct summand M of
V. Then [ is the submodule of the right Ag-module Ag f Ay, which is maximal
with respect to If = 0.

Proof. By lemma 3.3, the sets I and J are ideals of Ag and I, respectively.

(i) Let ppr: W — M and Apr: M — W be the canonical projection and injec-
tion, respectively. By definition, e = ppsAp;. The set Ipely is precisely the set
of all endomorphisms of W that factorize through add(M). The endomorphisms
of W factorizing through @ are those endomorphisms z that satisfy Bz = 0, and
consequently

er = pM)\Mx = pM(ﬂ|M)x =0.

Hence, J is a submodule of p,Ihelp with eJ = 0. Suppose that JC roloely is
another submodule containing J with eJ = 0. Then eJ = 0 implies

Homp, (Hom+(W, M), J) =0,

and consequently Homp, (Homs (W, M’),J) = 0 for all M’ € add(M). For each
xr € J, the image of the morphism Homy (W, z) is contained in J since J is a
left ideal of Iy. Thus, the morphism Homy (W, 3z) is a I'-module morphism from
Hom (W, My @ M) to the image of Hom+ (W, x). Hence, Hom+(W, fz) = 0, and
consequently 3z = 0. This implies 2 € .J. Thus, (i) is proved.

(ii) The proof is similar to that of (i). O

Note that if Hom7 (X, F'D’) = 0 for all 0 # i € & and D’ € D, then f is a
left (D, F, ®)-approximation of X if and only if f is a left D-approximation of X.
A dual statement is also true for a right (D, F,®)-approximation of X. Thus, a
special case of theorem 3.1 is the following corollary for D-split triangles (see §2.4
for definition).

COROLLARY 3.13. Let @ be an admissible subset of Z, T be a triangulated R-cate-
gory with a triangle auto-equivalence F' and M be an object in T . Suppose that

X% Sy ™ x
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is an add(M)-split triangle in T and that X andY both are in XF?(M)NYH2(M).
Then Ef— (X M)/I and Ef—’@(M ®Y)/J are derived equivalent.

Another special case of theorem 3.1 is the following corollary, which is useful for
constructing explicit examples.

COROLLARY 3.14. Let T be a triangulated R-category with [1] the shift functor, and
let M be an object in T. Suppose that X ~ M, ENE X[1] is a triangle in T
such that My € add(M), and suppose that X € Y"1 (M) and Y € X1 (M). Then,
for any admissible subset @ of N,,, the algebras E2(X & M)/I and EX(M ®Y)/J
are derived equivalent.

Proof. We show that (3 is a right (add(M), —®)-approximation of Y. Note that, for
i € ¢, we always have i + 1 < n+ 1. Hence, Hom7 (M, X[i + 1]) = 0 for i € . Now
apply Hom(M[—i],-) with i € & to the triangle X * M, ENE X[1]:

-+« = Homy(M[—i], M1) — Homy(M[—i],Y) — Homy(M[—i], X[1]) — - -

Because
Homy(M[—i], X[1]) = Homs (M, X[i + 1]) = 0,

the map 3 is a right (add(M ), —®)-approximation of Y.
Similarly, it follows from Ext?ffl(Y, M) =0for i € @ that « is a left (add(M), P)-
approximation of X. Now, corollary 3.14 follows from theorem 3.1. O

An interesting case of theorem 3.1 is when I = 0 and J = 0. The following
proposition is a sufficient condition for I = 0 and J = 0.

PROPOSITION 3.15. Let X % M; 5V % X[1] be an add(M)-split triangle in T .
Define V:=X®M, Ay :=Endp(V), W:=M®Y and [ := Endr(W). Let I’ be
the ideal of Ay consisting of all f: V — V that factorizes through w[—1]: Y[-1] —
V', and let J' be the ideal of Iy consisting of all g: W — W that factorizes through
w: W — X[1].

(i) Suppose that Ay is an Artin algebra. If
add(top,, Hom7(V, X)) Nadd(top(a,DA0)) = 0,
then I' = 0.
(ii) Suppose that Iy is an Artin algebra. If
add(top, Hom7(W,Y')) Nadd(soc(r, 1)) = 0,
then J' = 0.

By definition, there are inclusions I C I’ and J C J'. Sometimes it is easy to
verify that I’ and J' vanish if the algebras Ay and Iy are described by quivers with
relations.

Proof of proposition 3.15. We prove (i). The proof of (ii) is similar and we omit it.
We have a triangle

Y[*l] 7'“3[71] a B
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apply Hom(-, V) to this triangle, and get the following exact sequence of right
Ap-modules:
HOmT(Ml o M, V) — HOmT(V, V) —C =0,

where C' is the cokernel of Hom7 (&, V). Now, applying Hom ysr (Hom7 (M, V), -) to
the above exact sequence, we get another exact sequence, which is isomorphic to
the following exact sequence:

Hom(M; & M, M) <™ Hom(V, M) — Hom o0 (Homy (M, V), C') = 0.
Since & is a left add(M)-approximation of V, the map Homy (&, M) is surjec-
tive, and consequently Hom jor (Hom7(M,V),C) = 0. So, the right Ag-module
C' has no composition factors in top(Homs(M,V)), and C has composition fac-
tors only in top(Homy(X,V)). This is equivalent to saying that the Ag-module
D(C) has composition factors only in soc(D Homy (X, V') which is isomorphic to
top(Hom7(V, X)).

Let z: V — V be an element in I’ C Ag. Then z factorizes through —w[—1] or,
equivalently, z& = 0. This implies that (D Homy(x,V'))(D Hom7 (&, V)) = 0. Thus,
the image of D Homy(x, V) is contained in the kernel of D Homy (&, V'), which is
isomorphic to D(C). Therefore, if D Homy(x,V) # 0, then the top of the image
of D Homy(x,V) is contained in add(top,, Hom7(V, X)) Nadd(top(a,DAo)) = 0;
this is a contradiction. Thus, we must have Homy(z, V) = 0. Since Homy(-, V) is
a duality from add(V) to AgP-proj, we obtain x = 0. Thus, I’ = 0. O

REMARK 3.16. If we substitute ‘add(M)-split’ for ‘left (add(M ), $)-approximation’
and ‘right (add(M), —®)-approximation’ in proposition 3.15, and if we consider
E2(V) and EZ(W) instead of Ay and I}, then proposition 3.15 is still true. The
proof is almost the same.

For the derived category of an abelian category, the following result provides an
explicit example for I =0 = J.

PROPOSITION 3.17. Let A be an abelian category and let M be an object of A.
Suppose that 0 — X = M, By Y 5 0is an exact sequence in A with My € add(M).
Consider the induced triangle X < M, ENS X[1] in DP(A). Then the ideals I
and J defined in theorem 3.1 vanish.

Proof. Every exact sequence 0 - X — M; — Y — 0 in A gives rise to a triangle
X — M; - Y — X[1] in DP(A). Now we show that the exactness of the given
sequence in A implies that the two ideals I and J in theorem 3.1 are equal to zero.
Since I is contained in Endps 4y (X @ M), it is sufficient to show that if a morphism
x: X®M — X & M factorizes through add(M) and w[—1], then z = 0. In fact, let
x be such a morphism. Then we see immediately that xa = 0 in DP(A). Since A is
fully embedded in DP(A), we also have z& = 0 in .A. Consequently, x = 0 since &
is injective in A. Thus, I = 0. Dually, we can show J = 0. Hence, proposition 3.17
holds true. O

As an immediate application of the proof of theorem 3.1 together with a result
on derived equivalences in [19], we have the following corollary.



Cohomological approzimations and mutations of @-Yoneda algebras 615

COROLLARY 3.18. We keep all assumptions of theorem 3.1. If A and I both are
left coherent rings (for evample, if @ is finite and T = Db({l) with A a finite-
dimensional algebra over a field), then fin dim(A)—1 < fin dim(I") < fin dim(A4)-1,

where fin dim(A) stands for the finitistic dimension of A.

Recall that, given a ring S with identity, the finitistic dimension of S is defined
to be the supremum of the projective dimensions of finitely generated S-modules
of finite projective dimension.

Now, let us make a few remarks on theorem 3.1.

Since the map ¢ in the proof of theorem 3.1 is not always injective, the tilting
complex T* is not, in general, isomorphic in iDb(]Eg—’@(V)/I) to a tilting module.
Thus, the derived equivalence presented in theorem 3.1 is not given by a tilting
module in general (in contrast with the situation of theorem 2.3). In fact, it is easy
to see that the derived equivalence in theorem 3.1 is given by a tilting module if
the kernel of Ef—’qj(V, a)is I - Ef—’qj(V, X).

Moreover, a small additive category may be embedded into an abelian category
of coherent functors (see [17, ch. IV, §2]). However, this will not, in general, turn
a D-split sequence in the additive category into an exact sequence in the abelian
category, since otherwise the sequence would split, and it therefore cannot provide a
triangle in the derived category of the abelian category. Consequently, theorem 2.3
cannot be obtained from theorem 3.1 by taking @ = {0} and embedding an additive
category into an abelian category.

Finally, we mention that theorem 3.1 generalizes the result [11, proposition 5.1]
by choosing & = {0}. Indeed, under the conditions of [11, proposition 5.1], the
ideals I and .J in theorem 3.1 vanish. Theorem 3.1 covers various other situations,
some of which will be discussed in the next section.

4. #-Yoneda algebras in some explicit situations

In this section, we shall describe some natural habitats for theorem 3.1 and relate
them to several widely used concepts that fit with or simplify the assumptions of
theorem 3.1. Throughout, we choose F' to be the shift functor of the triangulated
category considered.

We note that Dugas, in independent work [5] that is also motivated by [11], has
constructed derived equivalent pairs of symmetric algebras. As explained in [5, §4,
remark 3] his examples appear in our framework too.

4.1. Derived categories of Artin algebras

A first consequence of theorem 3.1 is the following result for 7 = DP(A) with A
an Artin R-algebra.

THEOREM 4.1. Let @ be an admissible subset of N, let M be an A-module and let
0— X5 M Ly 50 be an ezact sequence in A-mod with « a left (add(M), P)-
approzimation of X and 3 a right (add(M), —®)-approzimation of Y in DP(A) such
that X € Y2(M) andY € X*(M). Then the perforated Yoneda algebras ES (X & M)
and ES (M @ Y) are derived equivalent.

Proof. This is a consequence of theorem 3.1 and proposition 3.17 if we take T =
DP(A). O
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Under the assumptions of theorem 4.1, the higher cohomology group Ext’y (X, X)
of X is isomorphic to the higher cohomology groups Ext’4(Y,Y) of Y for each
0 # ¢ € . This follows from the comment (b) before corollary 3.13.

If we relax the conditions on the exact sequence, but strengthen the orthogonality
conditions in theorem 4.1, then we get the following consequence.

COROLLARY 4.2. Suppose that M is an A-module. Let 0 — X % M, Sy o
be an add(M)-split sequence in A-mod such that X,Y € X"(M)NY*" (M) for n a
positive number or infinity. Then, for any admissible subset & of N,,, the perforated
Yoneda algebras B4 (X & M) and E4(M @Y) are derived equivalent.

Note that the orthogonality conditions in corollary 4.2 occur very naturally in
Calabi—Yau categories (see §4.2).

The following result shows that the orthogonality conditions are related to the
concepts of short cycle and short chain in A-mod [1, ch. IX, p. 313]. Recall that
a short cycle of length 2 from an indecomposable module X to X is a sequence
of non-zero radical homomorphisms X NSV, 2y X with M indecomposable; and a
short chain is a sequence of non-zero radical homomorphisms X ERY VNS Tr(X)
with X indecomposable.

COROLLARY 4.3. Let A be an Artin algebra and let0 - X — M —Y — 0 be an
Auslander—Reiten sequence in A-mod. Suppose neither X norY lies on a short cycle
of length 2 or on a short chain. Then the trivial extension of Enda(X @ M) by the
bimodule ExtYy (X, X) ® Ext (M, M) is derived equivalent to the trivial extension
of Enda(M @ Y) by the bimodule Ext'y(Y,Y) @ Ext!, (M, M).

Proof. An Auslander—Reiten sequence 0 — X — M — Y — 0is always an add(M)-
split sequence. Since Y does not lie on a short cycle, the Auslander—Reiten formula

DHom 4 (Tr D(X), M) ~ Ext' (M, X) ~ DHom (X, D Tr(M))

(see [1, p. 131]) implies Ext! (M, X) = 0. Moreover, X not lying on a short
cycle implies Ext}, (Y, M) = 0. Similarly, the Auslander-Reiten formula yields that
Ext’ (X, M) = 0 (since X does not lie on a short chain) and that Ext} (M,Y) =0
(since Y does not lie on a short chain). Thus, corollary 4.3 follows from corollary 4.2
when n = 1. O

The next corollary is a consequence of corollary 4.2.

COROLLARY 4.4. Let A be an Artin algebra and let X be an A-module such that
Extfg(X, A) =0 for all1 < i < n+ 2 with n a fized positive integer or infinity.
Then, for any admissible subset ® of N,,, the perforated Yoneda algebras ES (A @ X)
and ES (A @ 2(X)) are derived equivalent.

Proof. Tf Ext’y (X, A) = 0 for a fixed i > 1, then
0= 2(X) =P, —271(X) =0

is an add(4A)-split sequence in A-mod, where P; is a projective cover of 2¢(X).
Using this fact, corollary 4.4 follows immediately from corollary 4.2. O
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The condition Ext’ (X, 4) = 0 on X in corollary 4.4 is related to the context of
the generalized Nakayama conjecture. This states that if an A-module T satisfies
Exty(A®T,A®T) =0 for all i > 0, then T should be projective. Corollary 4.4
(or [11, theorem 1.1]) describes the shape of the syzygy modules 2¢(X): if X is
indecomposable and non-projective and satisfies Extfg(X ,A) = 0 for all ¢ > 0,
then, for each j > 0, there is an indecomposable non-projective module L; such
that £7(X) ~ L7 for an integer m; > 0. 4 '

In corollary 4.4, there are isomorphisms Ext’y (X, X) ~ Ext% (2(X), 2(X)) for
all i > 1. Thus, the algebras E4 (A ® X) and E4(A @ 2(X)) are the extensions
of Ends(A® X) and End(A @ 2(X)) by the same ideal Ei\{o} (X, X), respec-
tively. The algebras E% (X & M) and E4 (M & Y) in corollary 4.2, however, are the
extensions of End 4 (X @ M) and End4 (M @ Y') by possibly different ideals

ESM () @ BRI (X)) and ESVN() @ ESV O (v),

respectively.
Recall that a module M € A-mod is called reflexive if the evaluation map

apr: M — M™ := Hom gop (Hom 4 (M, A), A4)
is an isomorphism of modules.

COROLLARY 4.5. Let M be a reflexive A-module. Then, for any subset 0 € ¢ C
{0,1}, the perforated Yoneda algebras E4(D(A4) & DTr(M)) and ES(D(A4) @
Q271D Tr(M))) are derived equivalent, where 271 is the co-syzygy operator.

Proof. By [1, ch. IV, proposition 3.2], the kernel and cokernel of the evaluation map
ans are Extlio, (Tr(M), A) and Ext?o, (Tr(M), A), respectively. As

EL(U) = Efo (D(U))*P
for any A-module U, corollary 4.5 follows from corollary 4.4 for right modules. O

A special case of corollary 4.4, or corollary 4.5, is the following result on self-
injective algebras, which was obtained in [10, corollary 3.14].

COROLLARY 4.6. If A is a self-injective Artin algebra, then, for any admissible
subset @ of N, the perforated Yoneda algebras ES (A @ X) and EL(A @ 2(X)) are
derived equivalent.

Another concept related to the generalized Nakayama conjectures and to modules
being projective and injective is the dominant dimension of an algebra or a module.

Suppose that A is an Artin R-algebra. By definition, the dominant dimension of
A is greater than or equal to n if, in the minimal injective resolution of 4 A,

0—-A—->Ily—-L— >l 11—,

the first n injective A-modules Iy, ..., I,_1 are projective. In this case we write
dom dim(A) > n. Let C; be the cokernel of the map I;_1 — I;.

For an A-module X, we define a(X) to be the number of non-isomorphic inde-
composable direct summands of M. The self-injective measure of A is defined to
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be the number m(A) := a(A) — a(ly), where Iy is an injective hull of A. Thus, if A
is self-injective, then m(A4) = 0. If dom dim (A) > 1, then A is self-injective if and
only if m(A) = 0. So the famous Nakayama conjecture can be reformulated as: if
dom dim (A) = oo, then m(A) = 0.

COROLLARY 4.7. Let A be an Artin algebra and let T be the direct sum of all non-
isomorphic indecomposable projective-injective A-modules.

(i) If dom dim (A) = n > 2, then Endu (T @ C;) is derived equivalent to A for
1<i<n.

(ii) If dom dim (A) > n+ 1 < oo, then m(A) = a(Cy,).

Proof. Since the sequence 0 — C;—1 — I; — C; — 0 is an add(I;)-split sequence
(or an add(T")-split sequence), the orthogonality conditions in corollary 4.2 are triv-
ially satisfied. Derived equivalence preserves the number of non-isomorphic simple
modules. Therefore, corollary 4.7 now follows from corollary 4.2. Here we also use
the observation that add(C;) Nadd(l;) = {0} for all 0 < 4, j < n. Alternatively, one
can also use theorem 2.3 to prove this corollary. O

Examples of algebras of dominant dimension at least n can be obtained in
the following way: let A be a self-injective algebra and X be an A-module. If
Ext’ (X, X) =0 for all 1 <4 < n, then dom dim(Enda(A® X)) = n + 2.

Finally, we remark that the condition Ext% (X, A) = 0 for an A-module X also
appears in Auslander-regular algebras.

Let A be a k-algebra over a field k. Recall that A is called Auslander-reqular if
A has finite global dimension and satisfies the Gorenstein condition: if p < ¢ are
non-negative integers and M is a finitely generated (left or right) A-module, then
Ext’ (N, A) = 0 for every submodule N of Ext%,,(M,A). Here, if M is a right
A-module, then N is a left A-module. Let j(M) be the minimal number r > 0 such
that Extop (M, A) # 0. Then, for any submodule N of ExtJA(OAf)(M, A), we have
Ext’ (N, A) = 0 for 0 < i < j(M). Thus, the following corollary holds.

COROLLARY 4.8. Let A be an Auslander-reqular k-algebra and M be a finitely gen-
erated right A-module. Then, for any submodule X of Extﬁ(j\f)(M, A) and any
admissible subset ® of Njay—2, the algebras ES(A® X) and ES (A ® 2(X)) are

derived equivalent.

4.2. Calabi—Yau categories

The theory of Calabi—Yau and cluster categories provides very natural contexts
for our construction of derived equivalences.

Let k be a field and let 7 be a k-linear triangulated category which is Hom-finite,
i.e. the Hom-space Hom(X,Y) is finite dimensional over k for all X and Y in 7.

Recall that 7 is called (n + 1)-Calabi-Yau for some non-negative integer n if
there is a natural isomorphism between D Hom(X,Y) and Hom (Y, X[n + 1])
for all X and Y in 7, where D = Homg(+, k) is the usual duality. It follows that
X(M) = Y5 (M) for M € T. (See [13] for more information on Calabi-Yau cate-
gories.)

Note that if & = {0,1,...,n}, then n —i € @ for each i € &.
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LEMMA 4.9. Let ® ={0,1,...,n}. Suppose that T is an (n+1)-Calabi-Yau trian-
gulated category and that M is an object in T . Let

X% 5y - x[]
be a triangle in T with My € add(M). Then we have the following.

(i) The morphism « is a left (add(M), @)-approzimation of X if and only if the
morphism 3 is a right (add(M), —P)-approzimation of Y.

(ii) If « is a left (add(M), D)-approximation of X and if M is n-self-orthogonal,
then X € X"(M)NY*(M) and Y € X"(M) NY*(M).

Proof. We shall abbreviate Homy(-,-) by (-,-). First we assume that « is a left
(add(M), ®)-approximation of X. Now, for each i € @, there is a commutative
diagram with exact rows

(M[~i], My) Sl (M[~i],Y)
o1, M [i]) P2 g v ) —— (M, X+ 1) — 22D+ 1))
D(X, M[n —i]) DloMin=l) D(My, M[n — i)

Since n — 7 is in @, and since « is a left (add(M), §)-approximation of X, the map
(o, M[n — i]) is surjective, and consequently D(«, M[n — i]) is injective. Hence,
(M, afi + 1]) is injective, and therefore (M[—i], §) is surjective. This shows that 3
is a right (add(M), —®)-approximation of Y. The other implication in (i) can be
proved similarly.

(ii) It follows from (i) and remark 3.12(a) that X € X%2(M) and Y € Y2(M).
Since T is (n + 1)-Calabi-Yau, we have (M, X[i]) ~ D(X,M[n+ 1 —i]) = 0 and
(M,YT[i]) ~ D(Y,Mn+1—4d) =0 for all 0 # i € &. Thus, X € Y2(M) and
Y € X2 (M). O

COROLLARY 4.10. Let @ = {0,1,...,n} and let T be an (n + 1)-Calabi-Yau tri-
angulated category. Suppose that M is n-self-orthogonal and Y € Y*(M). Let
X % M By X[1] be a triangle in T with B a right add(M)-approzimation
of Y. Then the algebras EZ(M & X)/I and EZ(M @ Y')/J are derived equivalent,
where I and J are defined as in theorem 3.1.

Proof. Since Y € Y2(M), for each 0 # i € @, the map (M[—i], My) — (M[—i],Y) =
0 induced by § is surjective. Taking into account that [ is a right add(M)-approxi-
mation of Y, we see that § is, in fact, a right (add(M), —®)-approximation of Y.
By proposition 4.9(i), the map « is a left (add(M), @)-approximation of X. Since
M is n-self-orthogonal, the proof can be finished by applying proposition 4.9(ii)
and corollary 3.13 to the triangle. O
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Corollary 4.10 is related to mutations in a Calabi—Yau category. We now give
some definitions from [12].

Let 7 be an (n+ 1)-Calabi—Yau category. An object T in T is called an n-cluster
tilting object if T is m-self-orthogonal and if any X € T with Ext%—(T,X) =0 for
1 < ¢ < nisin add(T). The object T is called basic if the multiplicity of each
indecomposable direct summand of T is 1.

Let T be an n-cluster basic tilting object in an (n + 1)-Calabi—Yau category T
and let Y be a direct summand of T',i.e. T =Y @& M. Let §: My — Y be a minimal
right add(M )-approximation of Y and let

XSSy - x[

be a triangle containing 3. Note that we allow Y to be decomposable, and that X
is indecomposable if and only if Y is indecomposable. The object X & M is called
the left mutation of T at Y. In the case of tilting modules, X is called a tilting
complement to M in the literature (see, for example, [9]). It was pointed out in [12]
that the left mutation of T at Y is again an n-cluster tilting object (for some special
cases, see [3,7] and [16, p. 314]). In fact, this can be seen in the following way: the
proof of corollary 4.10 and comment (b) on the conditions of theorem 3.1 imply
that 7" := M & X is n-self-orthogonal. Moreover, let X’ € X"(T") and consider a
triangle X’ %5 M’ — Y’ — X'[1] with o a left add(M)-approximation of X’. Then
Y’ € X™(T) by lemma 4.9 and comment (b). Thus, Y’ € add(T), X' € add(T”)
and T" := X ® M is again an n-cluster tilting object in 7. The notion of a right
mutation of T" at Y is dual.

Usually, End(X @ M) and Endy(M @Y) are not derived equivalent. When
they are derived equivalent is an interesting question. We now give a sufficient
condition.

COROLLARY 4.11. Let A := Endp (X ® M) and I := Endr (M @Y'). Then we have
the following.

(i) Endr(X @& M)/I and End(M @Y)/J are derived equivalent.

(ii) Suppose thatY is indecomposable. Let Sx be the simple A-module correspond-
ing to X and let Sy be the simple I'-module corresponding to Y. Suppose that
Sy is not a submodule of I', and that Sx is not a quotient of D(A). Then A
and I' are derived equivalent.

Proof. Statement (i) is a direct consequence of corollary 4.10, and (ii) follows from
(i) and proposition 3.15. O

REMARK 4.12. Consider a 2-Calabi—Yau category, and assume that
Exth(Sy, Sy) = 0.

Then we once more obtain the result [14, theorem 5.3] from corollary 4.11(ii).

4.3. Frobenius categories

As is known, triangulated categories are closely related to Frobenius categories.
In fact, the only known general method to get triangulated categories is first to
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construct Frobenius categories and then pass to their stable categories (see [8]). In
this section, we shall apply our results to Frobenius abelian categories.

Let A be a Frobenius abelian category, that is, A is an abelian category with
enough projective objects and enough injective objects such that the projective
objects coincide with the injective objects. We denote by A the stable category of
A modulo projective objects. It is shown in [8] that A is a triangulated category, in
which the shift functor [1] is just the co-syzygy functor 27!, and the triangles in
A are all induced by short exact sequences in A. For each morphism f: U — V in
A, we denote by f the image of f under the canonical functor from A to A. Note
that the objects of A are the same as those of A.

LEMMA 4.13. Let @ be an admissible subset of N and let M, X and Y be objects
in A. Then

(i) for arbitrary 0 # i € N and U,U’ € A, there exists an isomorphism
Homaps 4 (U, U'[i]) ~ Hom 4 (U, U'[i]),
which is functorial in U and U’

(i) @ monomorphism o: X — My in A is a left (add(M), P)-approzimation of
X in DP(A) if and only if a is a left (add(M), ®)-approzimation of X in A,

(iii) an epimorphism B: My — Y in A is a right (add(M), —®)-approximation
of Y in D"(A) if and only if B is a right (add(M), —P)-approzimation of Y
m A.

Proof. (i) For 0 # ¢ € N, the isomorphisms

Homps 4y (U, U'[i]) = Ext’y (U, U’) ~ Homyu (U, 27°U") = Homu (U, U'[i]).
are functorial in U and U’. Thus, (i) follows.
(ii) First, let 0 # 4 be in @. By (i), there is a commutative diagram

. a,M|[i
Homup (4 (My, M[i]) — @M

lN

Hom 4 (M, , M[i])

HOHl@h(A) (X, M[’L])

lw

M Homu(X, Mli))

Thus, the map Homy(a, M[i]) is surjective if and only if Hompn g (a, M[i]) is
surjective. Now we consider the case i = 0. If every morphism from X to M in A
factorizes through «, then every morphism from X to M in A factorizes through
a. Conversely, assume that every morphism from X to M in A factorizes through
a. Let f: X — M be a morphism in A. Then f = ah for some h: M; — M in
A. Thus, f — ah in A factorizes through a projective object P, say f — ah = st
for some s: X — P and t: P — M in A. Since P is also injective and « is a
monomorphism, there is some morphism r: M; — P such that s = ar. Altogether,
f = ah+ st = ah + art = a(h + rt) factorizes through «. Thus, statement (ii)
follows. The proof of (iii) is similar to that of (ii). O



622 W. Hu, S. Koenig and C.C. Xi

PROPOSITION 4.14. Let @ be an admissible subset of N. Suppose that A is a Frobe-
nius abelian category, M is an object in A and 0 = X 5 M, =Y — 0 is a short
exact sequence in A with My € add(M) such that the induced triangle

a B
X =M =Y — X[1]

in A satisfies the conditions in theorem 3.1. Then the algebras E%(A)(M ®Y) and
IE%(A) (X & M) are derived equivalent.

Proof. This follows from lemma 4.13 and proposition 3.17. U

5. Examples
First, we present an explicit example which satisfies all conditions in theorem 3.1.

EXAMPLE 5.1. Let k be an algebraically closed field of characteristic 2 and let
A := kA4 be the group algebra of the alternating group A4. Then there are three
simple A-modules, which are denoted k, w and @, respectively. Their projective
covers are P(k), P(w) and P(®), respectively. It was shown in [6, § V2.4.1, p. 129]
that kA, is Morita equivalent to the following algebra given by quiver

-~
B2
B Bs
[0%: (%)
[ )
k

and relations «; 83,11 — Biqire = a1 = BiFi—1 = 0, where the subscripts are
considered modulo 3.

As this algebra is symmetric, the Auslander—Reiten translation D Tr is just the
second syzygy 2% (see [1, proposition 3.8, p. 127]). Thus, a direct computation
shows that the Auslander—Reiten quiver of this algebra has a component of the
form shown in figure 1.

Consider the Auslander—Reiten sequence

0 — 23 (w) = 2%(k) & N (@) — N(w) — 0.

Let X = 23(w), Y = 2(w) and M = 22(k) @ 2?(w). This sequence provides an
Auslander—Reiten triangle in the triangulated category A-mod:

X—->M-=Y — X[1].

We shall check that this triangle satisfies the conditions of theorem 3.1.

We choose @ = {0,1} and F = [1]. Since this is an Auslander—Reiten triangle in
A-mod, the map X — M is a left (add(M),P)-approximation of X, and the map
M — Y is a right (add(M), —®)-approximation of Y (see the example at the end
of §2). It follows from the above Auslander—Reiten quiver of A that

Exth (M, X) ~ Hom , (M, 271 (X)) ~ Hom , (2%(k) & 2%*(©), 2%*(w)) =0
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N72(k)
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() —™P(@) —™ 2

/\/\/\/\”

22(k)
Figure 1. A component of Auslander—Reiten quiver of A in Example 5.1.

and
Exty (Y, M) ~ Hom , (Y, 27" (M)) = Hom , (2(w), 22(k) & 2(@)) = 0.

Thus, the above triangle in A-mod satisfies all conditions in theorem 3.1, and there-
fore, by proposition 4.14, the algebras E4(M @ X) and E4(M & Y) are derived
equivalent.

Furthermore, we have

Ext} (M, M) ~ Hom 4(M, 27 M) ~ Hom , (2(k) ® 2(@),k ® @).

There are an epimorphism from (2(k) to @ and an epimorphism from 2(w) to k. The
latter cannot factorize through a projective module, we get dimy, Ext'y (M, M) = 2.
Moreover, there are an epimorphism from 2(k) to w and an epimorphism from (o)
to w. This implies dimy, Ext} (M,Y) = 2. Similarly, dimy Ext}y(X, M) = 2. Note
that all the indecomposable modules appearing in the Auslander—Reiten triangle
are 1-self-orthogonal. A more precise calculation shows that dimy E4 (M @ X) = 33
and dim; E4(M @ Y) = 21.

The following example shows that the Ext-orthogonality conditions in corol-
lary 4.2 and therefore in theorem 3.1 cannot be dropped.

EXAMPLE 5.2. Let A be the algebra (over a field k) given by the quiver with rela-
tions shown in figure 2.
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o2=0=o0p

R

Figure 2. The quiver and relations of A in Example 5.2.

This example is in a class of examples constructed by Small [23]. The algebra A
is of finite representation type, its finitistic dimension equals one, while the finitistic
dimension of the opposite algebra A°P is zero.

We denote by S(i) and P(i) the simple and projective modules corresponding
to the vertex i, respectively. Let M; be the quotient module of P(2) by S(i) and
let M = M; ® My = D(A,), where D is the usual duality. Then there is an
Auslander—Reiten sequence

0—-X:=P2)—-M-—=S52)=Y—=0.

This is an add(M)-split sequence in A-mod.

If we take @ = {0,1}, then E4(X @& M) = Enda(X @ M). An easy calculation
shows that End4 (X @ M) is a quasi-hereditary algebra, and thus has finite global
dimension. The algebra E4(M @ Y) contains a loop which is given by the short
exact sequence induced by the loop « at the vertex 2. Thus, it has infinite global
dimension by [15]. It follows that E4(X @ M) and E4(M @ Y) cannot be derived
equivalent since derived equivalences preserve the finiteness of global dimensions.
Also, one can see that Ext’y(X, M) = 0 = Ext} (M, X) and Exty (Y, M) = 0 #
Ext(M,Y) for i > 1. This example shows that the orthogonality conditions in
corollary 4.2 cannot be omitted. Moreover, it shows that the result in [11, theo-
rem 1.1] cannot be extended from endomorphism algebras to @-Yoneda algebras
without any additional conditions.
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Appendix A. A two-functors version of theorem 1.1

In theorem 3.1, there is only one functor F' involved. When working with the derived
category of a hereditary algebra, the stable category of a self-injective algebra or
the derived category of coherent sheaves of a projective variety over C, apart from
the shift functor there are other prominent functors, for example, the Auslander—
Reiten translation D Tr. To have available a general statement of construction of
derived equivalences, which is similar to theorem 3.1, we define ®-perforated Yoneda
algebras for two functors over a triangulated category and formulate a two-functor
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version of theorem 3.1. In this appendix, we summarize the ingredients for a gen-
eralization of theorem 3.1. The proof of this generalization is analogous to that of
theorem 3.1, but more technical and tedious. So we only sketch it here.

Let & be a subset of N x N which we consider as a semigroup with ordinary
addition. Let T be a triangulated R-category with shift functor [1] and let X be an
object in T.

Suppose that F' and G are two triangle functors from 7 to itself, such that F'G
is naturally isomorphic to GF. For X in T, let 6(i,4, X): FIG*X — G*F/X be an
isomorphism induced from the natural transformation F'G ~ GF. Then we define

EF“?(X):= € Homr(X,G'F/X),
(4,7)€P
with elements of the form (f; ;) j)es, Where f; ;: X — G*F7X. The multiplication

on ]E?’G’QS(X) is given by

(fij)gyed - (9i5)G.5)ed
= ( Z fu,v(G“F”gp,q)(G“5(p7v, FqX)))

(p,9),(u,v)EP (1,m)ed
(u+tp,v+q)=(1,m)ed
A general model for the above definition is as follows. Given a bi-graded algebra

A=, jez Aij, we define
A(D) = @ A 4,

(i,j)eP
and a multiplication by a; ; - apq = @i japq if (i +p,j+q) € P, and zero otherwise.
If @ is admissible, for example, @ is the Cartesian product of two admissible sets

in Z, then A(®P) is an associative algebra. So, we have to check that, given two
auto-isomorphism functors F' and G on T, the R-module

E7C(X) := ) Homy(X,G'F/X)
i,jEZ
is an associative algebra with respect to the above multiplication. This can be based
on the following lemma.

LEMMA A.1. Suppose that F and G are two triangle functors from T to itself such
that F'G is naturally isomorphic to GF'. For any triangle functor L from T to itself,
there is a natural isomorphism 6(i,j,L): FIG'L — G*FIL for alli,j > 0 such that,
forp,q,r,s €N,

(i) 6(p+q,r, L) =6(p,r,GIL)(GPé(q,r, L)),
(ii) o(p,r +s,L) = (F*6(p,r,L))é(p,s, F"L).

Proof. For functors Ly and Lo from T to itself, we define L16(1,1, Lo): L1 FGLy —
L1GFLs to be the induced natural isomorphism from the functor L{FG Ly to the
functor LiGFLs. So, §(1,1,17) is just the given natural isomorphism from FG
to GF. Now we shall construct inductively a natural isomorphism 6(4,j, L) from
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FIG'L to G*FIL for all non-negative integers i and j and functors L from 7T to
itself.

Ifi =0orj =0, then F/G'L = G'FIL, and we define §(i, j, L) to be the identity
natural transformation. For each positive integer j > 1, we assume that 6(1,j—1, L)
is defined. Now we define

0(1,4,L) := (F5(L,j —1,L))5(1, 1, F/~'L).
For each positive integer ¢ > 1, assume that §(i — 1, j, L) is defined. We define
8(i, j, L) = 6(1,5,G* L) (G (i — 1,4, L)).

(i) Tt is straightforward to check that (i) holds for p 4+ ¢ < 2. We shall prove (i) by
induction on p + ¢q. Now assume that p + ¢ > 2. Then we have

o(p+aq,r,L)
=5(1,r,GPTT L) (GS(p+q— 1,7, L)) (by definition)
=5(1,r,GPTTIL)G(5(p — 1,7, GIL)(GP'6(q,r, L)) (by induction)
= (6(1,7,GPTILLY(GS(p — 1,7,G1L)))(GPS(q, 7, L))
=d(p,r,GIL)(GPé(q,r, L)) (by definition).

This proves (i).

(ii) We first prove (ii) for p = 0,1. If p = 0, then (ii) is clearly true. Now suppose p =
1. We shall show (ii) by induction on r+ s. In fact, if r+s < 2, it is straightforward
to check (ii). Now we assume that r + s > 2. Then we have

(L, r+s,L)
= (Fé(l,r+s—1,L))5(1,1, FrT~1L) (by definition)
= F((F*'6(1,7,L))6(1,s — 1, F"L))§(1,1, F"**71L) (by induction)
= (F*5(1,r,L))((F6(1,5 — 1, F"L))§(1,1, F"*571L))
= (F°5(1,r,L))5(1,s, F"L) (by definition).

This proves (ii) for p = 1. Now assume p > 1. Then

d(p,r+s,L)
=0(1,7+ 5GP L) (GS(p — 1,7+ 5,L)) (by definition)
= (F*5(1,r,GP'L))6(1,s, F"GP~' L)
x G((F*6(p—1,mL))d(p—1,s,F"L)) (by induction)

= (F*5(1,r,GP L)) (6(1, s, F"GP'L)(GF*§(p — 1,7, L)))
x (Gé(p—1,s,F"L)).

Since
5(1,s, F"GP~1L)
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is a natural transformation from F*GF"GP~'L to GF*F"GP~'L, the following
diagram of natural transformations is commutative:

5(1,s,FTGP~'L)

FsGF"GP~ 1L GF*F"GP~L
F*Gs(p—1,r,L) GF*§(p—1,r,L)
Foaariprg — Y gt
Hence,
o(p,r+s,L)
= (F*5(1,7,GP L)) (5(1,s, F"GP~*L)(GF*§(p — 1,7, L)))(GS(p — 1,8, F"L))
= (F*6(1,r,GP7YL))((F*Gé(p — 1,7, L))6(1, s, GP"YF"L))(Gé(p — 1,5, F"L))
(5(1 rGP L) (GS(p — 1,7, L)) (6(1, 8, GPF"L)(Gé(p — 1,5, F"L)))
—( *0(p,m, L))d(p,s, F"L).
This proves (ii). O

REMARK A.2. If, in addition, F' and G are auto-isomorphisms, then lemma A.1
remains valid for i, 7, p, ¢, r and s any integers.

Let D be a full subcategory of 7 and let X be an object of 7. A morphism
f: X — D with D € D is called a left (D, F, G, ®)-approzimation of X if

Homy(f, G*FVD’): Homy(D,G'FID’) — Hom+(X,G'F'D’)

is surjective for every object D’ € D and (i,j) € ®. Dually, we define the right
(D, F, G, ®)-approximation of X.
Given a triangle

05X 50 5y S X[ inT
with My € add(M) for a fixed M € T, we define w[—1] = (—w[-1],0): Y[-1] —

X @M, w=(0,w)", where (0,w)T stands for the transpose of the matrix (0,w),
and

Ii={z=(2;;) € EFY"(X @& M) | ;5 = 0 for (0,0) # (i,]) € @,

and g factors through add(M) and w[—1]},
Ji={y = (4:;) €EFTT(M DY) | yi; = 0 for (0,0) # (i, ) € B,

and yo,o factors through add(M) and w}.

Now, with a proof similar to theorem 3.1, one can get the following result with
two functors.

THEOREM A.3. Let @ be an admissible subset of Zx7Z, T be a triangulated R-cate-
gory and M be an object in T . Assume that there are two triangle auto-isomorph-
isms F and G from T to ztself such that FG is naturally isomorphic to GF by
§: FG — GF, Suppose that X = M, ENE X[1] is a triangle in T such that « is
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a left (add(M), F, G, ®)-approzimation of X and [ is a right (add(M), F, G, —(P))-
approzimation of Y. If

Homy(M,G'FIX) = 0= Homy(Y,G"FV(M)) for (0,0) # (i,]) € &,
then E?’G’QS(X @ M)/I and E?G’qj(M @Y)/J are derived equivalent.

Taking G = [1] and F' = id in a derived module category yields a result on @-
Auslander—Yoneda algebras. Taking G = id, we recover theorem 3.1 for the case of
F being an arbitrary auto-isomorphism.

Outline of the proof of theorem A.3. Clearly, as in the proof of lemma 3.3, we can
use lemma 3.2 to show that I and J are ideals in

EFC?(X @ M) and EFS?(MaY),

respectively. The next step is to check that the complex T, which can be defined
analogously to lemma 3.5, is a tilting complex. Finally, one needs to prove the
isomorphism described in lemma 3.7. However, this verification follows the proof of
lemma 3.7 verbatim. O
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