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Abstract

In this paper, we present two methods, induction and restriction procedures, to construct new stable
equivalences of Morita type. Suppose that a stable equivalence of Morita type between two algebras A
and B is defined by a B-A-bimodule N. Then, for any finite admissible set ® and any generator X of
the category of A-modules, the ®-Auslander-Yoneda algebras of X and N ®4 X are stably equivalent of
Morita type. Moreover, under certain conditions, we transfer stable equivalences of Morita type between
A and B to ones between eAe and fBf, where e and f are idempotent elements in A and B, respectively.
Consequently, for self-injective algebras A and B over a field without semisimple direct summands, and
for any A-module X and B-module Y, if the ®-Auslander-Yoneda algebras of A@® X and B&Y are stably
equivalent of Morita type for one finite admissible set ®, then so are the ¥-Auslander-Yoneda algebras
of A®X and B@Y for every finite admissible set . Moreover, two representation-finite algebras over
a field without semisimple direct summands are stably equivalent of Morita type if and only if so are
their Auslander algebras. As another consequence, we construct an infinite family of algebras of the
same dimension and the same dominant dimension such that they are pairwise derived-equivalent, but not
stably equivalent of Morita type. This answers a question by Thorsten Holm.
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1 Introduction

In the representation theory of algebras and groups, there are three fundamental equivalences: Morita, derived
and stable equivalences. Roughly speaking, the first two are induced from tensor products of bimodules or
two-sided complexes, thus there is a corresponding Morita theory for each (see [18, 21, 10]), while the last
one seems not yet to be well understood in this way, and therefore a Morita theory for stable equivalences is
missing. Recently, a special class of stable equivalences, called stable equivalences of Morita type, have been
introduced by Broué in the modular representation theory of finite groups. They are induced by bimodules,
have features of a Morita theory, and are shown to be of great interest in modern representation theory
since they preserve many homological and structural invariants of algebras and modules (see, for example,
[3, 4, 11, 12, 19, 23, 24]). In order to understand this kind of equivalences, one has to know, first of all,
examples and basic properties of stable equivalences of Morita type as many as possible. So, one of the
crucial questions in the course of studying these equivalences is:
Question: How to construct stable equivalences of Morita type for finite-dimensional algebras ?

Up to date, only a few methods using trivial extensions, one-point extensions and endomorphism algebras
have been known in [20, 15, 16, 17]. Of course, Rickard’s result that the existence of derived equivalences for
self-injective algebras implies the one of stable equivalences of Morita type provides another way to construct
stable equivalences of Morita type. This method, however, is no longer true for general finite-dimensional
algebras (see [8] for some new advances in this direction). So, a systematical method for constructing stable
equivalences of Morita type seems not yet to be available.

In this paper, we shall look for a more general and systematical answer to this question, and present two
methods, called induction and restriction procedures, to construct new stable equivalences of Morita type for
general finite-dimensional algebras. Here our induction procedure has two flexibilities, one is the choice of
generators, and the other is the one of finite admissible sets. Thus this construction provides a large variety
of stable equivalences of Morita type.

To state our first main result, let us recall the definition of ®-Auslander-Yoneda algebras in [7]. Let
A be a finite-dimensional algebra and X an A-module. Then, for an admissible set ® of natural numbers,
there is defined an algebra Eg’(X ), called the ®-Auslander-Yoneda algebra of X in [7], which is equal to

icd Extfx (X,X) as a vector space, and its multiplication is defined in a natural way (see Subsection 2.2
below for details). Our main result for inductions reads as follows:

Theorem 1.1. (The Induction Procedure)

Suppose that A and B are finite-dimensional k-algebras over a field k. Assume that two bimodules sMp
and pNy define a stable equivalence of Morita type between A and B. Let X be an A-module which is a
generator for the category of A-modules. Then, for any finite admissible set ® of natural numbers, there is a
stable equivalence of Morita type between ES (X) and B (N @4 X).

Note that if & = {0}, then the above result was known in [17]. Thus Theorem 1.1 generalizes the
main result in [17], and provides much more possibilities for constructing stable equivalences of Morita type
through the choices of different ® . Also, our proof of Theorem 1.1 is different from that in [17].

Next, we shall exploit certain kinds of restrictions to construct stable equivalences of Morita type. Our
result along this line is the following theorem.

Theorem 1.2. (The Restriction Procedure)

Suppose that A and B are finite-dimensional k-algebras over a field k such that neither A nor B has
semisimple direct summands. Further, suppose that s\Mp and gNy are bimodules without projective bimodules
as direct summands, and define a stable equivalence of Morita type between A and B. If ¢ = e € A such
that M ®p Ne € add(Ae), and if f> = f € B such that add(Bf) = add(Ne), then the bimodules eM f and fNe
define a stable equivalence of Morita type between eAe and fBf. Moreover, if we define A = End,a.(eA),



I' = Endsps(fB), N' = Homgs((fB)r, fNe @cnc (eA)n) and M' = Homea,((eA)n,eM f ®@ps (fB)r), then
N\ and AM[. define a stable equivalence of Morita type between A and T..

In fact, under the assumptions of Theorem 1.2, we may have a more general formulation, namely, for any
finite admissible set @ of natural numbers and for any eAe-module X, the ®-Auslander-Yoneda algebras of
eAe® X and fBf @ fNe R.4. X are stably equivalent of Morita type. This is a consequence of Theorem 1.1
and Theorem 1.2.

Also, from Theorem 1.1 and Theorem 1.2 we have the following characterization of stable equivalences
of Morita type for representation-finite algebras as well as for self-injective algebras.

Corollary 1.3. Suppose that A and B are finite-dimensional k-algebras over a field k such that neither A nor
B has semisimple direct summands.

(1) Assume further that A and B are self-injective. Let X be an A-module and let Y be a B-module. If there
is a finite admissible set ® of natural numbers such that ES(A® X) and By (B®Y) are stably equivalent of
Morita type, then, for any finite admissible set ¥ of natural numbers, the algebras E:f (A®X) and Eg (BaY)
are stably equivalent of Morita type.

(2) Assume additionally that A and B are representation-finite. Then A and B are stably equivalent of
Morita type if and only if so are their Auslander algebras.

Note that the “only if ” part of Corollary 1.3 (2) follows from [17].

Of course, there are many important classes of algebras which are of the form Ends (A @Y) with A self-
injective and Y an A-module. For example, Schur algebras or g-Schur algebras. Thus, as a consequence of
Corollary 1.3, we know that the global dimension of Endys,| (k[S,] & Q/(Y)) is finite for i € Z, where k[S,,] is
the group algebra of the symmetric group S,, Y is the direct sum of non-projective indecomposable Young
modules, and Q is the usual syzygy operator.

As another byproduct of our considerations in this paper, we can construct a family of derived-equivalent
algebras with certain special properties.

Corollary 1.4. Suppose that k is a field with a non-zero element that is not a root of unity. Then, there is
an infinite series of k-algebras of the same dimension such that they have the same dominant and global
dimensions, and are all derived-equivalent, but pairwise not stably equivalent of Morita type.

The contents of this paper are organized as follows. In Section 2, we fix notations and prepare some
basic facts for our proofs. In Section 3 and Section 4, we prove our main results, Theorem 1.1 and Theorem
1.2, as well as Corollary 1.3(2), respectively. In Section 5, we concentrate our consideration on self-injective
algebras, and establish some applications of our main results. In particular, in this section we prove Corollary
1.3(1) and supply a sufficient condition, which is used in Section 6, to verify when two algebras are not stably
equivalent of Morita type. In Section 6, we apply our results in the previous sections to Liu-Schulz algebras
and give a proof of Corollary 1.4 which answers a question by Thorsten Holm.

2 Preliminaries

In this section, we shall fix some notations, and recall some definitions and basic results which are needed in
the proofs of our main results.

2.1 Some conventions and homological facts

Throughout this paper, k stands for a fixed field. All categories and functors will be k-categories and k-
functors, respectively. Unless stated otherwise, all algebras considered are finite-dimensional k-algebras, and
all modules are finitely generated left modules.



Let C be a category. Given two morphisms f: X — Y and g: Y — Z in C, we denote the composition of
f and g by fg which is a morphism from X to Z, while we denote the composition of a functor F : C — D
between categories C and D with a functor G : D — ‘E between categories D and E by GF which is a functor
from C to E.

If C is an additive category and X is an object in C, we denote by add(X) the full subcategory of C
consisting of all direct summands of direct sums of finitely many copies of X. The object X is called an
additive generator for C if add(X) = C

Let A be an algebra. We denote by A-mod the category of all A-modules, by A-proj (respectively, A-inj)
the full subcategory of A-mod consisting of projective (respectively, injective) modules, by D the usual k-
duality Homy (—, k), and by v, the Nakayama functor DHomy (—, 4A) of A. Note that v4 is an equivalence
from A-proj to A-inj with the inverse Homy (D(A), —). We denote the global and dominant dimensions of A
by gl.dim(A) and dom.dim(A), respectively.

As usual, by 2”(A) we denote the bounded derived category of complexes over A-mod. It is known that
A-mod is fully embedded in 2”(A) and that Hom g4 (X, Y [i]) ~ Ext!, (X,Y) for all i > 0 and all A-modules
XandY.

Let X be an A-module. We denote by Q' (X) the i-th syzygy, by soc(X) the socle, and by rad(X) the
Jacobson radical of X.

Let X be an additive generator for A-mod. The endomorphism algebra of X is called the Auslander
algebra of A. This algebra is, up to Morita equivalence, uniquely determined by A. Note that Auslander
algebras can be described by two homological properties: An algebra A is an Auslander algebra if gl.dim(A)<
2 < dom.dim(A).

An A-module X is called a generator for A-mod if add(4A) C add(X); a cogenerator for A-mod if
add(D(A4)) C add(X), and a generator-cogenerator for A-mod if it is both a generator and a cogenerator
for A-mod. Clearly, an additive generator M for A-mod is a generator-cogenerator for A-mod since we have
add(M) = A-mod by definition for the additive generator M for A-mod. But the converse is not true in general.

Let T be an arbitrary A-module, and let B be the endomorphism algebra of T. We consider the following
full subcategories of A-mod related to 7.

Gen(aT):= {X € A-mod | there is a surjective homomorphism from 7" to Xwith m > 1}.
Pre(oT):= {X € A-mod | there is an exact sequence 71 — Tp — X with all 7; € add(T)}.
App(aT):= {X € A-mod | there is a homomorphism g : Ty — X with Ty € add(47') such that
Ker(g) € Gen(4T) and Homy (7', g) is surjective for all 7’ € add(T)}.

The following lemma is known, for a proof, we refer, for example, to [25, Lemma 2.1].

Lemma 2.1. Let T be an A-module and B =End(4T). Let X be an arbitrary A-module. Then:

(1) If Y is a right B-module, then the natural homomorphism &: Y ®p Homy(T,X) —
Homg(Homy (X, T),Y), given by y® f + OSygr with dyer(g) = ¥(fg) for y € Y,f € Homy(T,X),g €
(X,T), is an isomorphism if X € add(sT).

(2) IfX’ € add(4T), or X € add(4T), then the composition map u : Homy (X', T) @ Homy (7,X) —
Homy (X', X) given by f ® g — fg is bijective.

(3) If X € Gen(aT), then the evaluation map ex : T @ Homy (T, X) — X is surjective. If X € App(aT),

then ey is bijective. Conversely, if ex is bijective, then X € App(aT).

The next lemma is taken from [23, Lemma 2.1], which can also be verified directly.

Lemma 2.2. [23] (1) Let A,B,C and E be k-algebras, and let sXg and gYr be bimodules with Xg projective.
Put X* =Homg(X,B). Then the natural homomorphism @ : yX @Yy — Homg (X}, Yg), defined by x®@y —
QOxey, Where (f)Qxey = (fx)yforx € X,y €Y and f € X*, is an isomorphism of A-E-bimodules.



(2) In the situation (gPa,cXp,aUp), if Pa is projective, or if Xp is projective, then gP ®a
Homg(cXp,4Up) ~ Homp(cXp, P ®4 Up) as E-C-bimodules. Dually, in the situation (sPg,pXc,gUs), if AP
is projective, or if X is projective, then Homg(pXc, gUs) @4 Pr ~ Homg(Xc, pU ®4 Pg) as C-E-bimodules.

The following is a well-known result due to Auslander (for example, see [2, Proposition 5.6, p.214]).

Lemma 2.3. Let A be an Artin algebra such that gl.dim(A) <2 < dom.dim(A). Let U be a A-module such
that add(U) is the full subcategory of A-mod consisting of all projective-injective A-modules. Then

(1) A :=End (U) is representation-finite.

(2) A is Morita equivalent to Ends (X), where X is an additive generator for A-mod.

Finally, we recall the definition of D-split sequences from [6]. For our purpose, we just restrict our
attention to module categories.
Let D be a full subcategory of A-mod. A short exact sequence

0—x LMty —0
in A-mod is called a D-split sequence if M € D, Homy (D', g) and Homy (f, D’) are surjective for every object
D' eD.
Note that D-split sequences were used in [6] to construct tilting modules of projective dimension at most
one.

2.2 Admissible sets and perforated orbit categories

In [7], a class of algebras, called ®-Auslander-Yoneda algebras, were introduced, which include, for example,
Auslander algebras, generalized Yoneda algebras, preprojective algebras and certain trivial extensions.

Let N be the set of natural numbers {0, 1,2,---}. Recall that a subset ® of N is said to be admissible
provided that O € ® and that for any p,q,r € ® with p+¢g+r € ® we have p+ g € ® if and only if g+ r € D.

As shown in [7], there are a lot of admissible subsets of N. For example, for any n > 0, the set {0, 1,--- ,n}
is clearly an admissible subset of N; also, given any subset S of N containing 0, the set {x”" | x € S} is
admissible for all m > 3 (see [7, Proposition 3.1]). But, not every subset of N containing zero is admissible.
A counterexample is the set {0,1,2,4} or the set {0,1,2,3,5}.

Let ® be an admissible subset of N.

Let C be a k-category, and let F be an additive functor from ( to itself. The (F,®)-orbit category
of C is a category in which the objects are the same as that of C, and the morphism set between two objects
X and Y is defined to be

CF,‘P

Hom qre(X,Y) := M Hom¢ (X, F'Y) € k-Mod,
ic®

and the composition is defined in an obvious way, where k-Mod stands for the category of all vector spaces
over k. Since ® is admissible, C**® is an additive k-category. In particular, Homre(X,X) is a k-algebra
(which may not be finite-dimensional), and Homre(X,Y) is an Homre(X,X)-Homre(Y,Y)-bimodule.
For more details, we refer the reader to [7]. In this paper, the category C7*® is simply called a perforated orbit
category, and the algebra Hom e (X, X) is called the perforated Yoneda algebra of X without mentioning F
and ®.

In case C is the bounded derived category 2”(A) with A a k-algebra, and F is the shift functor [1] of
2%(A), we denote simply by EP the (F,®)-orbit category CF®, by ES(X,Y) the set Homge (X,Y), and
by E?(X) the endomorphism algebra Home (X, X) of X in EP. The latter is called ®-Auslander-Yoneda
algebra of X. Note that each element in EF(X,Y) can be written as (f;)ice with f; € Hom (4 (X, Y[i]). The
composition of morphisms in E/‘;P can be interpreted as follows: for each triple (X,Y,Z) of objects in 2°(A),



EF(X,Y) xE3(Y,Z) — ES(X,Z)
((fi)ued, (8v)vew) — (hi)ico,

where

hii="Y fu(gv[u))

u,ved
utv=i

for each i € ®. Clearly, if @ is finite, then EY (X,Y) is finite-dimensional for all X,¥ € A-mod.
Now, let us state some elementary properties of the Hom-functor Ejf (X,—).

Lemma 2.4. Suppose that A is an algebra, that X is an A-module, and that ® is a finite admissible subset of
N.

(1) Let add$ (X) stand for the full subcategory of EL consisting of all objects in add(4X). Then the
Hom-functor E®(X,—) : add? (X) — ES(X)-proj is an equivalence of categories;

(2) Let B be a k-algebra, and let P be a B-A-bimodule such that Py is projective. Then there is a canonical
algebra homomorphism op : EY (X) — ER (P ®4 X) defined by (f;)ice — (P ®a f)ico for (f;)ico € EX(X).
Thus every left (or right) E? (P ®4 X)-module can be regarded as a left (or right) Eg’ (X)-module via op.

Proof. (1) Note that the objects of add¥ (X) are the same as the objects of add(X). Let C := add$ (X).
Then Hom(Y,Z) = ES(Y,Z) for ¥,Z € add(X). Hence EF (X, _LC — End(X)-proj is the Hom-functor
Hom( (X, —). Clearly, we have rad(End¢ (X)) =rad(Enda(X)) @  (cq Exty (X, X) and Home (X, Y ©Z) ~
Hom((X,Y) @ Hom(X,Z) for all Y,Z € add(X). Now, it is routine to verify that the functor in (1) is an
equivalence of additive categories.

(2) Since the homomorphism op is given explicitly, we can check (2) directly. [J

The following homological result plays an important role in proving Theorem 1.1.

Lemma 2.5. Suppose that A,B and C are k-algebras. Let 4X be a module, and let AYp and gP¢c be bimodules
with gP projective. Then, for each i > 0, we have Ext(X,Y ®p Pc) ~ Extl(X,Y) ®g Pc as C” -modules.
Moreover, for each admissible subset ® of N, we have ES(X,Y ®p Pc) ~ ES(X,Y) ®p Pc as EY(X)-C-
bimodules.

Proof. First, let us recall the Yoneda product. Assume that U,Vand W are A-modules. Fix a minimal
projective resolution Py, of 4U:

1

n 1 0
i P d_>p"*1_>..._>p1d_>p0d_>U_>()’

with all P’ projective. If g : U — V is a homomorphism, then there is a lifting of g, which is a chain map
g*: P — Py. Then, for each i > 1, we have a short exact sequence 0 — Q' (U) i pist K Q' (U)—o,
which gives rise to a right exact sequence of k-modules

Homa (P1,V) %% Hom, (@4, (U),V) — Exty(U,V) — 0.

Hence each element of Ext)(U,V) can be regarded as a homomorphism in Hom4 (Q,(U),V) modulo the
subspace of Homy (), (U),V) generated by all homomorphisms that factorize through A;, where i > 0 and
P~!:=0. In what follows, we denote the image of f € Hom4(Q} (U),V) by f € Ext, (U, V).

Given i,j € N, f; € Homs(Q},(U),V) and g, € HomA(Qf‘(V),W), we know that the Yoneda product
u: Bxty (U, V) &y Extfx(V,W) — Exti;rj(U, W) can be presented by f; @ g; — Qﬁ (fi)gj» where Q}{; (fi) is the
j-th term of a lifting of f;. Note that the Yoneda product is independent of the choice of a lifting of f;.



For each 4W, there is a natural isomorphism Oy : Homy (W,Y) ®p Pc — Homyu(W,Y ®p Pc) of c”-
modules, defined by w(9W (f®p)) =wf®p for f € Homy(W,Y),p € P, and w € W. This is obtained
by putting X := W,U :=7Y in the second statement of Lemma 2.2(2). In other words, we have a natural
equivalence 8 : Homy (—,Y) ®p Pc ~ Homy (—,Y @3 Pc) of functors from A-mod to C*'-mod. Let

e Qs O 0 0" — X —0
be a minimal projective resolution of 4X. Then, by definition, we have a right exact sequence of k-modules
Homy (Q'!,Y) — Homy (Q (X),Y) — Ext,(X,Y) — 0.
Since pP is projective, the following diagram is exact and commutative for i > 0:

Homy (Q'!,Y) ®p Pc — Homy (Q(X),Y) ®p Pc — Ext,(X,Y) @ Pc —= 0

|
Bi-1 iz O0i x) iz 0 |
v

Homy (0!, Y ®p Pc) — Homy (Q (X),Y ®p Pc) — Ext, (X,Y ®p Pc) —= 0,

where we set Q! := 0. This induces an isomorphism ¢; : Ext}, (X,Y) ®p Pc — Ext,(X,Y ®3 Pc) defined by
fiop— 60 (x)(fi ® p), where f; € Homy (Qi(X),Y) and p € P. Clearly, ¢; is a C"-homomorphism for each
i > 0. Thus the first part of Lemma 2.5 is proved.

Second, for each admissible subset ® of N, we define a map Qg : Eg’ (X,Y)®pPc — Eff (X,Y ®p Pc) by
(f)®p+— (9;(fi®p)), where p € P, and f; € Homu (Q(X),Y) with i € ®. By the above discussion, we
know that @g is an isomorphism of C”-modules. In order to prove that @g is an isomorphism of ES(X)-C-
bimodules, it suffices to show that Qg is an isomorphism of left Eff (X)-modules, or equivalently, we have to
check that the following diagram commutes for i, j € ® with i+ j € d:

R . 1®0; , .
Ext), (X, X) ®; Ext} (X,Y) ®p Pc —> Ext)) (X, X) ® Ext) (X,Y @5 Pc)

et I

L Qiyj L
Ext,/(X,Y) @5 Pe i Ext,/(X,Y ®p Pe),

where u is the usual Yoneda product. Let u € Homy (Q (X),X), v € Homy (Q/’; (X),Y) and p € P. Then

(u(1©,) (4D p) = (1) 8y ) (V& p) and (@i (1 1)) (4D @ p) = B ) (R4 w) @ ).
By definition, for each x € Qifj (X), we get
(@) 8g ) (vE p)) = X(Q4 (1)) @ p = (B ) (R4 ()v) © p)).

It follows that u(1®@;) = @4 ;(u®1). This implies that Q¢ is an isomorphism of ES (X )-C-bimodules. Thus
the proof is completed. [J

3 Inductions for stable equivalences of Morita type

In this section, we shall prove Theorem 1.1. First, we recall the definition of stable equivalences of Morita
type in [3].



Definition 3.1. Let A and B be (arbitrary) k-algebras. We say that A and B are stably equivalent of Morita
type if there is an A-B-bimodule sMp and a B-A-bimodule gNy such that

(1) M and N are projective as one-sided modules, and

(2) M@ N ~ A® P as A-A-bimodules for some projective A-A-bimodule P, and N @y M ~ B® Q as
B-B-bimodules for some projective B-B-bimodule Q.

In this case, we say that M and N define a stable equivalence of Morita type between A and B. Moreover,
we have two exact functors Ty := N ®4 — : A-mod — B-mod and Ty; := M ®p — : B-mod — A-mod. Similarly,
the bimodules P and Q define two exact functors Tp and Tp, respectively. Note that the images of 7p and Ty
consist of projective modules.

From now on, we assume that A, B,M,N,P and Q are fixed as in Definition 3.1, and that X is a generator
for A-mod. Moreover, we fix a finite admissible subset @ of N, and define A := E$(X) and ':= E} (N®4 X).

Since the functors Ty and 7y, are exact, they preserve acyclicity, and can be extended to triangle functors
T : 2°(A) — 2°(B) and T}, : 2°(B) — 2”(A), respectively. Furthermore, Ty, and T}, induce canonically
two functors F : Ef — EF and G : EF — EY, respectively. More precisely, if X* € 2°(A), then F(X*®) :=
(N®aX',N@ady), and if f := (f;) jep € Homgo (X*,Y*) with Y* € 2b(A), then F(f) := (N ®a fj) jeaw €
Homge (F(X*),F(Y*)). Similarly, we define the functor G.

The functor F gives rise to a canonical algebra homomorphism oy : ES(X*) — EJ(F(X*®)) for each
object X* € 9”(A). In particular, for any Z* € 9°(B), we can regard E§ (Z°, F(X*)) as an EJ (Z°)-ES (X*)-
bimodule via ay. Note that the homomorphism oy coincides with the one defined in Lemma 2.4, when X*®
is an A-module.

Proof of Theorem 1.1. We define U := E®(X, Tiy(N ®4 X)) and V := EX (N ®4 X, Ty(X)). In the fol-
lowing we shall prove that U and V define a stable equivalence of Morita type between A and I

First, we endow U with a right [-module structure by u -y := uG(y) for u € U and y € T, where uG(Yy)
denotes the composition of u with G(7) in the category EXD, and endow V with a right A-module structure by
v-A:=vF(A) forv eV and A € A. Then, U becomes a A-I'-bimodule, and V becomes a I'-A-bimodule.

By definition, we know V =T, and it is a projective left I-module. Since 4X is a generator for A-mod
and the image of Tp consists of projective modules, we conclude that Tjy(N @4 X) = M ®@p (N @4 X) ~
XDP®sX € add(X). Thus U is projective as a left A-module by Lemma 2.4.

(1) U®rV, as a A-A-bimodule, satisfies the condition (2) in Definition 3.1.

Indeed, we write W := ES(X, (T, Tv)(X)), and define a right A-module structure on W by w -/ :=
w(GF)(NX') forw € W and X' € A. Then W becomes a A-A-bimodule. Note that there is a natural A-module
isomorphism @ : U @V — W defined by x®y +— xG(y) for x € U and y € V. We claim that @ is an
isomorphism of A-A-bimodules. In fact, it suffices to show that ¢ respects the structure of right A-modules.
However, this follows immediately from a verification: for c € U,d € V and a € A, we have

((c@d)-a)e = (c®(dF(a))) = cG(dF(a))@ = cG(d)(GF)(a) = (c®@d)¢-a.

Combining this bimodule isomorphism ¢ with Lemma 2.4, we get the following isomorphisms of A-A-
bimodules:

(x)  UerV=~EXX,(TuTy)(X)) =~ EX(X,X) OEF(X,P@4X) = AGEF (X, P@4 X),

where the second isomorphism follows from M @p N ~ A@ P as A-A-bimodules, and where the right A-
module structure on E$ (X, P ®4 X) is induced by the canonical algebra homomorphism A — ES (P ®4 X),
which sends (f;)ice in A to (P®4 fi)ice (see Lemma 2.4 (2)).

Now, we show that Efi> (X,P®4 X) is a projective A-A-bimodule. In fact, since P € add(4A ®;A4), we
conclude that E? (X, P ®, X) € add(ED (X, (A @A) ®4 X)). Thus, it is sufficient to prove that EJ (X, (A ®4
A) ®4 X) is a projective A-A-bimodule. For this purpose, we first note that the right A-module structure on



E?(X,(A®rA) ®4 X) is induced by the canonical algebra homomorphism Ot4e,4 : A — ES (A @A) @4 X),
which sends g := (gi)ico in A to ((A®rA) ®4 &i)icap. Clearly, sA @x A®4 X € add(4A). It follows that
Ext) ((A @A) ®4 X,(A®rA) ®4X) = 0 for any j > 0, and therefore (A @A) ®4 g; = 0 for any 0 # i € P.
Thus we have Ouz,4(g) = (A ®kA) ®a go. If T: A — Ends(X) is the canonical projection and /' is the
canonical algebra homomorphism Ends(X) — Ends ((A ®¢A) ®4 X), then 04,4 = T, Thus the right A-
module structure on ES (X, (A ®¢A) ®4 X) is induced by End4 (X). Similarly, from the homomorphisms

A=EY(X) 5 Endy(X) £ Endy (A @ X) = ED(A @ X),

where u : Ends (X) — End4 (A ®¢ X) is induced by the tensor functor A ®; —, we see that the right A-module
structure on E(X,A @, X) is also induced by Enda (X). Thus E?(X,(A®xA) ®4 X) ~ EF(X,A @, X) as
A-A-bimodules. Moreover, it follows from Lemma 2.5 that E? (X,A ®; X) ~ E$(X,A) ®; X as A-End4 (X)-
bimodule. Since the A-module X can be regarded as a right A-module via the homomorphism 7, we see that X
is actually isomorphic to EF (A, X) as right A-modules. Thus ES(X,A) ®, X ~ ET(X,A) @4 ES(4,X) as A-A-
bimodules. Since 4A € add(X ), we know that EF (X,A) is a projective A-module and E (4, X) is a projective
right A-module. Hence EY(X,A) ®; X is a projective A-A-bimodule. This implies that E} (X, P ®4 X) is a
projective A-A-bimodule.

(2) V®a U, as aI'-I'-bimodule, fulfills the condition (2) in Definition 3.1.

Let Z:=EY(N®a X, TnTy(N ®4X)). Similarly, we endow Z with a right [-module structure defined by
z2-b:=z(FG)(b) forz € Z and b € I'. Then Z becomes a I'-I"-bimodule. Observe that, for each A-module
Y, there is a homomorphism Wy : V @5 ES(X,Y) — ER (N ®4 X, Ty(Y)) of [-modules, which is defined
by g ®h +— gF(h) for g € V and h € EY(X,Y). This homomorphism is natural in Y. In other words, V' :
V@AES(X,—) = EF(N®4X,Ty(—)) is a natural transformation of functors from A-mod to I'-mod. Clearly,
Wy is an isomorphism of I'-modules. It follows from Ty (N ®4 X) € add(X) that W7, (ve,x) : V @AU — Z is
a I'-isomorphism. Similarly, we can check that W7, (vg,x) preserves the structure of right I-modules. Thus
W, (veux) 1V @A U — Z is an isomorphism of I'-I'-bimodules, and there are the following isomorphisms of
I'-I"-bimodules:

(%)  VOAU~Z~TOEFIN@4X,0®5(N@4X)),

where the second isomorphism is deduced from N ®4 M ~ B & Q as B-B-bimodules. By an argument similar
to that in the proof of (1), we can show that Ef (N ®4 X, 0 ®3p (N ®4 X)) is a projective I'-I-bimodule.

It remains to show that Ur and V, are projective. This is equivalent to showing that the tensor functors
Ty :=U®r— :I'-mod — A-mod and Ty :=V ®A — : A-mod — I"-mod are exact. Since tensor functors are
always right exact, the exactness of 7y is equivalent to the property that 7 preserve injective homomorphisms
of modules. Now, suppose that f : C — D is an injective homomorphism between I'-modules C and D. Since
ERY(N®4X,0®p (N®4X)) is aright projective -module, we know from (#x) that the composition functor
Ty Ty is exact. In particular, the homomorphism (Ty Ty )(f) : (Ty Ty )(C) — (TyTy)(D) is injective. Let u :
Ker (Ty(f)) — Ty (C) be the canonical inclusion. Clearly, we have uTy (f) = 0, which shows Ty (uTy (f)) =
Ty (1) (Ty Ty ) (f) = 0. It follows that Ty (u) = 0 and (TyTy)(u) = 0. By (%), we get u = 0, which implies
that the homomorphism 7y (f) is injective. Hence Ty preserves injective homomorphisms. Similarly, we can
show that 7y preserves injective homomorphisms, too. Consequently, Ur and V, are projective.

Thus, the bimodules U and V define a stable equivalence of Morita type between A and I'. This finishes
the proof of Theorem 1.1. [J

Remarks. (1) If we take @ = {0} in Theorem 1.1, then we get [17, Theorem 1.1]. If we assume that A is a
self-injective algebra, then we get a stable equivalence of Morita type between ES (A X) and ES (A ® Q) (X))
for any A-module X, any finite admissible subset ® of N, and any integer i € Z. This follows from Theorem
1.1 and the fact that Q4 provides a stable equivalence of Morita type between A and itself if A is self-injective.
Thus we re-obtain the stable equivalence of [7, Corollary 3.14].



(2) For any A-module X, we denote by proj.dim(4X) the projective dimension of X. Clearly, we have
proj.dim(,X) < proj.dim(4X & P ®4 X ) = proj.dim(4M @pN ®4 X ) < proj.dim(zgN ®4 X) < proj.dim(4X).
This implies that the global and finitistic dimensions are invariant under stable equivalences of Morita type.
In Section 4 of [17], it was shown that the dominant dimension is also invariant under stable equivalences of
Morita type. Thus, Theorem 1.1 asserts actually also that these dimensions are equal for algebras EF(X) and
EF(N®aX).

Many important classes of algebras are of the form End4 (A @ X) with A a self-injective algebra. Let k be a
field with infinitely many elements, and let V be an n-dimensional k-space and V®" the r-fold tensor space of
V. Then the symmetric group S, of r letters acts on the tensor space from the right hand side by permutation.
Now we assume n > r. Following [5, 2.6¢c], the Schur algebra S(n, r) is defined to be the endomorphism ring
of the right k[S,]-module V®". It is well known that the Schur algebra S(n, r) with n > r is Morita equivalent
to Endys,| (k[S,] ©Y) and has finite global dimension, where Y is the direct sum of all non-projective Young
modules. From the above remarks (see also [7, Corollary 3.14]), we may get a series of algebras which are
stably equivalent of Morita type to Schur algebras. For unexplained terminology in the next corollary, we
refer the reader to [5].

Corollary 3.2. Suppose that k is an algebraically closed field. Let S, be the symmetric group of degree n.
We denote by Y the direct sum of all non-projective Young modules over the group algebra k[S,| of S,. Then,
(1) for every finite admissible subset ® of N, the algebras EI?[S,,] (k[S,|®Y) and Eﬁs,,] (k[S,] @ Q(Y)) are
stably equivalent of Morita type for all i € 7Z.
(2) All algebras Endys, | (k[S,] & Q'(Y)) are stably equivalent of Morita type to the Schur algebra S(n,n).
In particular, gl.dim (Endys,) (k[S,] © Q/(Y)) < e forall i € Z.

4 Restrictions for stable equivalences of Morita type

In this section, we shall consider the general question of how to transfer stable equivalences of Morita type
between algebras A and B over a field to the ones between eAe and fBf, where e and f are idempotent
elements in A and B, respectively. In particular, we shall prove Theorem 1.2 in this section.

Before we start with our proof of Theorem 1.2, we state the following facts, which are essentially known
in the literature. However, we would like to collect them together as a lemma for the convenience of the
reader.

Lemma 4.1. Suppose that A and B are k-algebras without semisimple direct summands. Assume that AMp
and Ny define a stable equivalence of Morita type between A and B, and that M and N do not have any
projective bimodules as direct summands. Then,

(1) there are isomorphisms of bimodules: N ~ Homy(M,A) ~ Homg(M,B) and M ~ Homy(N,A) ~
Homg (N, B).

(2) Both (N ®4 —,M ®p —) and (M @p —,N ®4 —) are adjoint pairs of functors.

(3) There are isomorphisms of bimodules: P ~ Homgy(P,A) and Q ~ Homg(Q,B), where P and Q are
the bimodules defined in Definition 3.1. Moreover, the bimodules 4Py and gQp are projective-injective.

(4) If l is injective, then so is the B-module N @4 1.

Proof. (1) Note that, if M and N are indecomposable bimodules, then all the statements in Lemma 4.1
have been proved in [4, Theorem 2.7, Corollary 3.1, Lemma 3.2] under the hypothesis of separability on the
semisimple quotient algebras A/rad(A) and B/rad(B). One can check that they are still valid without the
hypothesis of separability condition. In the following, we shall use [14, Theorem 2.2] to show Lemma 4.1
under the weaker assumption that M and N do not have any projective bimodules as direct summands.

Since A and B are stably equivalent of Morita type and do not have any semisimple direct summands, it
follows from [14, Proposition 2.1] that A and B have the same number of indecomposable direct summands
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(of two-sided ideals). Suppose that A =A; X Ay X --- X A, and B = B| X By X --- X B,, where all A; and
all B; themselves are indecomposable algebras. By the proof of [14, Theorem 2.2], we know that, up to
suitable reordering, for each 1 < i < n, there is an A;-B;-bimodule M; and a B;-A;-bimodule N; such that
M; and N; are direct summands of M and N as bimodules, ri:ipectively, and that A/{i_and N; define a stable
equivalence of Morita type between A; and B;. Set M’ := | ,.,M; and N' := | _;.,N;. Clearly, M’
and N’ are direct summands of M and N, respectively. Further, one can check directly that M’ and N’
also define a stable equivalence of Morita type between A and B. Since 4Mp and pN4 do not have any
projective bimodules as direct summands, it follows from [16, Lemma 4.8] that M ~ M’ as A-B-bimodules
and N ~ N’ as B-A-bimodules. Note that A; and B; are indecomposable algebras, and M; and N; do not have
any projective bimodules as direct summands. Then, by [4, Lemma 2.1], we conclude that M; and N; are
indecomposable bimodules. This implies that Lemma 4.1 holds for the algebras A; and B, together with the
bimoduEs M; and 1\‘,~_for each 1. Cp_nsequently, there are ismﬂ)rphisms of B-A-bimodules: Homy (M,A) ~
Homu (' 1<y<uMu,  1<p<nAv) &~ j<y<py Homp (M, Ay) ~ <<, N, ~ N. Similarly, we can prove the
other statements in (1).

(2) Note that the pair (N ®4 —,M ®p —) is an adjoint pair of functors if and only if 4Mp ~ Homg(N,B)
as bimodules. Thus (2) is a consequence of (1).

(3) It follows from the proof of [23, Lemma 4.5] that the first part of (3) holds true, and that P and
Q are injective as one-sided modules. Furthermore, we claim that P is an injective bimodule. In fact, it
suffices to show that, for any indecomposable direct summand P’ of P, the bimodule 4P} is injective. Since
AP € add(A ®; A°P), there are primitive idempotents e; and e; of A such that P’ € add(Ae; ®y e2A). This
implies that Ae; and e,A are injective modules because P’ is injective as a one-sided module. Thus P’ is an
injective bimodule, and so is P. Similarly, we can prove that Q is injective as a bimodule.

(4) We observe that there is an isomorphism of B-modules: N ®4 1 ~ Homg4 (M, ). Since Mg is projective
and 4/ is injective, we see that Homy (M, 1) is an injective B-module, and so is N ®4 I. This completes the
proof of Lemma 4.1. [

By Lemma 4.1, we have the following corollary, which provides examples such that the conditions of
Theorem 1.2 are satisfied. Note that the last statement in Corollary 4.2 below follows also from the proof of
[23, Lemma 4.5].

Corollary 4.2. Suppose that A and B are k-algebras. Assume that {ey,--- ,e,} and {f1,--- , fm} are complete
sets of pairwise orthogonal primitive idempotents in A and in B, respectively. Let e be the sum of all those e;
for which Ae; is projective-injective, and let f be the sum of all those f; for which Bf; is projective-injective.
If M and N are indecomposable bimodules that define a stable equivalence of Morita type between A and B,
then Ne ~ N @4 Ae € add(Bf),Mf ~ M ®pBf € add(Ae), and Pe € add(Ae).

Proof of Theorem 1.2. Let us remark that if A and B have no separable direct summands, then we may
assume that M and N have no non-zero projective bimodules as direct summands. In fact, If M = M’ & M”
and N = N’ @ N” such that M" and N’ have no non-zero projective bimodules as direct summands, and that
M" and N" are projective bimodules, then it follows from [16, Lemma 4.8] that M" and N’ also define a stable
equivalence of Morita type between A and B.

Suppose that 4Mp and gN4 do not have any non-zero projective bimodules as direct summands, and
define a stable equivalence of Morita type between A and B. Then, it follows from Lemma 4.1(2) that
(M®p—,N®4—) and (N®4 —,M ®p —) are adjoint pairs.

First, we note that add(Ae) = add(Mf) and add(N ®4 Mf) = add(Bf). In fact, this follows from the
following equalities: add(Ae) = add(M ®pN ®4Ae) = add(M ®@pBf) = add(M f), and the fact that add(N ®4
X) = add(N ®4 add(X)) for any A-module X.

Thus, if a statement for the idempotent element e holds true, then it can be proved similarly for f, and
vice versa.
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Second, we shall show that the bimodules eM f and fNe satisfy the conditions of a stable equivalence of
Morita type between eAe and fBf.

(1) fNe is projective as an fBf-module and as a right eAe-module, respectively.

In fact, we have fNe ~ Homg(Bf,pNe) as fBf-eAe-bimodules. Since Ne € add(Bf) by the definition of
f, we see that Homg(Bf, Ne) is projective as an fBf-module, that is, fNe is projective as an fBf-module. To
see that fNe is a projective right eAe-module, we notice that add(M f) = add(M ®p Bf) = add(M ®p Ne) =
add(Ae), here we use the assumption M ®@p Ne € add(Ae). Since (M ®p —,N ®4 —) is an adjoint pair, it
follows from Homg(Bf, N @4 Ae) ~ Homy (M ®pBf,Ae) ~ Homy (M f,Ae) that fNe is projective as a right
eAe-module since M f € add(Ae). Thus (1) is proved.

(2) eMf is projective as an eAe-module and as a right fAf-module, respectively. The proof of (2) is
similar to that of (1), we omit it here.

(3) eMf &gy fNe ~ eAe ® ePe as bimodules.

Indeed, by the associativity of tensor products, we have the following isomorphisms of eAe-eAe-

bimodules:
eMf®ysprfNe ~eM®@pBfRrprfBXpNe
~eM ®BBf®fo Hom(Bf,B) ®pNe
~ eM @pBf @rpr Hom(Bf,pNe) ( by Lemma?2.2)
~eM ®pNe (byLemma?2.l).

Since M and N define the stable equivalence of Morita type between A and B, we have M g N ~ A B P as
A-A-bimodules. This implies that eM f ® rps fNe ~ eM @pNe ~ ¢(A @ P)e ~ eAe @ ePe as bimodules.

(4) ePe is a projective eAe-eAe-bimodule.

In fact, it suffices to show that, for any indecomposable direct summand P’ of the A-A-bimodule P, the
eAe-eAe-bimodule eP’e is projective. We assume eP'e # 0. Since P € add(A ®; A°P), there are primitive
idempotent elements e; and e, of A such that P’ € add(Ae; ®; e2A). Then 4P'e € add(Ae; R exAe) C
add(Ae;). This means that P'e is a direct sum of copies of Ae;. Since P'e € add(Pe) C add(Ae), we
have Ae; € add(Ae). Consequently, eAe; is a projective eAe-module. Now, we show that erAe is a
projective right eAe-module. Indeed, by Lemma 4.1(3), we have the following isomorphisms of A°P-
modules: eP ~ Homgy(Ae, P) ~ Homy (Ae,Homy (P,A)) ~ Homy (P ®4 Ae,A) ~ Homy(Pe,A). This shows
that eP € add(eA) since oPe € add(Ae). Thus eP’ € add(eA). Since the right A-module eP’ is a direct sum of
copies of e»A, it follows that e;A € add(eA) and e;Ae € add(eAe). Consequently, erAe is a projective right
eAe-module. Hence eAe; ®y exAe is a projective eAe-eAe-bimodule, and so is its direct summand eP’e. This
shows that ePe is a projective eAe-eAe-bimodule.

(5) Similarly, we can prove that fNe @ eM f ~ fBf @ fQf as bimodules, and that the fBf-fBf-bimodule
fOf is projective.

Thus, by definition, the bimodules eM f and fNe define a stable equivalence of Morita type between eAe
and fBf.

Finally, the last statement of Theorem 1.2 follows from Proposition 4.3 below, which emphasizes the
view of functors.

Before we give the formulation of Proposition 4.3, we introduce here a few more notations: Set
A= EndeAe(eA), R = Endef(fN), I' = Endef(fB), N = HOI‘Ilfo((fB)r,fNe Ree (BA)A) and M’ =
Hom,4((eA)n,eM f @gpy (fB)r).

Let @ : A — A be the algebra homomorphism defined by sending a € A to @,, where @, : eA — eA,ex —
exa for x € A. Similarly, we define an algebra homomorphism y: B — T
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Recall that, given a diagram of functors between categories:

Py

W

CLQL

we say that this diagram is commutative if there is a natural isomorphism o : GF — KH.

Proposition 4.3. (1) The following diagram of functors is commutative

N®a— M®p—
A-mod ————— B-mod —————— A-mod
le- lf- J/e-
fNe®eAe - er®fo -

eAe-mod fBf-mod ———— e¢Ae-mod.

In particular, tgrfNe @cac €A ~rpr [N and cpceM f Qs fB ~ear eM.
(2) We have the following commutative diagram of functors

N®Rp— M@p—
A-mod ——— B-mod —— A-mod
lAA®A_ lrr®3— \LAA(@A_
rN'®a— AM'®r—

A-mod ———T'-mod ——— A-mod,

where the right A-module structure on A and the right B-module structure on I are induced by @ and v,
respectively. Moreover, rN, and \My- define a stable equivalence of Morita type between A and T.

Proof. (1) To prove that the first square in (1) is commutative, it is sufficient to show that there is a
natural transformation @ : fNe ®.4, e(—) — fN ®4 —, which is an isomorphism. Now we define ® to be
the composition of the following two natural transformations: for each X € A-mod,

~ idn@u
Dy : fNeR@epeeX — fNRpAe QepeeX — fNR4X,

where u : Ae ®.4, eX — X is the multiplication map. Clearly, we need only to show that id sy ® u is a natural
isomorphism, that is, for each 4 X, we have to show that

SN @sAe@epceX — fFN @4 X

is an isomorphism.

Indeed, we shall first show that if Z € A-mod and eZ = 0, then fN ®4 Z = 0. To prove this, we observe
that fN ®4 Z ~ Homg(Bf,N ®4 Z) ~ Homy (4M ®p Bf,Z), where the second isomorphism comes from the
adjoint pair (M ®p —,N ®4 —). Since add(Bf) = add(N ®4 Ae) and Pe € add(Ae), we have add(M @pBf) =
add(Ae). Thus eZ = 0 implies that fN ®4 Z = 0. Next, we consider the exact sequence

0 — Ker(u) — Ae Qppe X —— X — X JAeX — 0.

Note that eKer(u) = 0 = e(X /AeX) and that fN4 ~ fB®p Ny is a projective right A-module. By applying
the tensor functor fN ®4 — to the above sequence, we deduce that

id
N @sAeDopeeX H N, X
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is an isomorphism. Thus we have proved the commutativity of the left square in (1).

Similarly, we can prove that the right square of the diagram in Proposition 4.3(1) commutes. In particular,
we see that fNe ®.4,eA ~ fN, as fBf-A-bimodules, and eM f @ gy fB ~ eMp as eAe-B-bimodules.

(2) Note that the bimodules Homea,(eAn,eMf @ rpr (fN)g) and Hom gy (fNg, fNe ®cae (€A)x) have
been constructed in [17, Theorem 1.1], which induced a stable equivalence of Morita type between A and R.
Since add(fN) = add(fB), we see that Homg¢(fB, fN) and Homgs(fN, fB) induce a Morita equivalence
between R and I'. As a result, N’ and M’ define a stable equivalence of Morita type between A and I. It can
be checked directly that N’ @4 Aa ~ N, and \AM’ @I >~ A\M},. So, we have

rN' ®xAs >~ 1Ny ~Homyps(fB,fNa)
~ Homef(fB,fB®BNA)
~1I'®p Ny

and
AM’ Qrlp =~ /\M1/9 = Hom,y, (eA,er ®fo fBB)
~ HomeAe(eAA,eMB)
~ Hom,4.(eAx,eA @4 Mp)
~ A\ R4 Mp.

This implies that the diagram in (2) is commutative. Thus, we have proved Proposition 4.3. This also finishes
the proof of Theorem 1.2. [J

Remarks. (1) In Theorem 1.2, the assumption that M and N do not have any projective bimodules as
direct summands is actually a very mild restriction. In fact, if M = X' ®X” and N =Y’ ®Y” such that X’
and Y’ have no direct summands of projective bimodules, and that X" and Y” are projective bimodules, then
it follows from [16, Lemma 4.8] that the bimodules X’ and Y’ also define a stable equivalence of Morita type
between A and B. Clearly, we have X’ ®pY’e € add(Ae) and add(Y’e) C add(Ne). Since 4 X’ ®p Ne is a direct
summand of \M ®g Ne, we get X’ @ Ne € add(Ae), and Y’/ @4 X' ®p Ne € add(Y' ®4 Ae) = add(Y’e). This
gives Ne € add(Y'e). Hence add(Y'e) = add(Ne). This means that M and N in Theorem 1.2 can be replaced
by the bimodules X’ and Y’.

(2) Note that M ®p Ne € add(Ae) is equivalent to Pe € add(Ae). In Theorem 1.2, if e is an idempotent
element in A such that every indecomposable projective-injective A-module is isomorphic to a summand of
Ae, then Pe € add(Ae). This follows immediately from Lemma 4.1(3).

(3) As pointed out in [4, Section 4], if e is an idempotent in A and if f is an idempotent in B such that
add(Ae) and add(By) are invariant under Nakayama functors, then eAe and fBf are self-injective, and any
stable equivalence of Morita type between A and B induces a stable equivalence of Morita type between eAe
and fBf. Note that we may recover this result from Theorem 1.2 since the idempotents e and f satisfy the
assumptions of Theorem 1.2 by [4, Lemma 4.1]. In general, however, our algebras eAe and fBf in Theorem
1.2 may not be self-injective.

Definition 4.4. [1] Let A be an algebra. A projective A-module W is called a minimal Wedderburn pro-
Jective module if add(v4(W)) = add(Io(A) 11 (A)), where V4 is the Nakayama functor of A and 0 — A —
Ip(A) — 11 (A) is the minimal injective copresentation of sA. An idempotent element e € A is called a minimal
Wedderburn idempotent element if Ae is a minimal Wedderburn projective module.

Auslander proved in [1] that, given e> = e € A, the canonical map p : A — End,4.(eA) defined by the
right multiplication map is an isomorphism if and only if add(Ae) contains a minimal Wedderburn projective
A-module.

The following result shows that stable equivalences of Morita type preserve minimal Wedderburn projec-
tive modules or minimal Wedderburn idempotent elements.
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Lemma 4.5. Suppose that A and B are k-algebras such that A and B have no semisimple direct summands.
Assume that sAMp and gNy do not possess any projective bimodules as direct summands, and induce a stable
equivalence of Morita type between A and B. Take a minimal Wedderburn idempotent e € A and a minimal
Wedderburn idempotent f € B. Then we have

add(M @5 Bf) = add(Ae) and add(N ®4Ae) = add(Bf).

Proof. We assume that M ®p N ~ A® P as A-A-bimodules for some projective A-A-bimodule P, and
N®aM ~ B® Q as B-B-bimodules for some projective B-B-bimodule Q. Note that, by Lemma 4.1, the
images of the functors 4P ®4 — and pQ ®p — consist of projective-injective modules.

Let0 - A — Iy — I and 0 — B — Jy — J; be minimal injective co-presentations of 4A and B, respec-
tively. We claim that

add(M®B(JOEBJ1)):add(lo@ll) and add(N@A(l()EBIl)):add(.]()@fl).

Clearly, for any A-module X, we have add(N ®4 add(X)) = add(N ®4 X). Since 0 — A — Iy — I; is exact
and N, is projective, it follows that

00— N — NRalyp — N®4u I

is exact. Since gN ®4 DA is injective and add(zB) = add(gN ), we see that add(Jo®J;) C add(N @4 (I 1))).
This implies that add(M ®p (Jo @ J1)) C add(M @ N @4 (Ip®1;)). Since P®4 DA is projective-injective and
since all indecomposable projective-injective A-modules occur in Iy, we have add(M @ N @4 (Iy 1)) =
add(lp @ 11). Thus, add(M ®g (Jo B J1)) C add(lp @ I1). Furthermore, it follows from the injectivity of
the module 4M ®p DB and add(4A) = add(4M) that add(lp ® ;) C add(M ®p (Jo®J1)). Thus add(M @5
(Jo®J1)) = add(lp ® I). Similarly, we can prove that add(N ®4 (Ip ©1;)) = add(Jo @ J;). Since e € A
and f € B are minimal Wedderburn idempotents, we see that add(Ip ©1;) = add(v4(Ae)) and add(Jo ©J;) =
add(vp(Bf)). Consequently, add(N ®4 va(Ae)) = add(vp(Bf)). It follows from N ®4 va(Ae) ~ V(N ® sAe)
that add(vg(N ® 4Ae)) = add(vp(Bf)). Since the Nakayama functor vg is an equivalence from B-proj to
B-inj, we deduce that add(N ®4 Ae) = add(Bf). Similarly, we can show that add(M ®p Bf) = add(Ae). O

In the following we shall see that stable equivalences of Morita type can be transferred to “corner”
algebras of Wedderburn type.

Corollary 4.6. Suppose that A and B are k-algebras such that A and B have no semisimple direct summands.
Assume that AMp and gN have no projective bimodules as direct summands, and induce a stable equivalence
of Morita type between A and B. Let e € A and f € B be minimal Wedderburn idempotents. Then eM f and
fNe define a stable equivalence of Morita type between eAe and fBf such that fNe Q4. eA ~ fN and
eM f ®¢py fB ~ eM as bimodules.

Proof. By Lemma 4.5, we see that the idempotents e and f satisfy the assumptions in Theorem 1.2. Then
Corollary 4.6 follows from the first part of Theorem 1.2 together with Proposition 4.3. [J
As a corollary of Corollary 4.6, we get the following result.

Corollary 4.7. Assume that A and B are k-algebras without semisimple direct summands. Let 41X be a
generator-cogenerator for A-mod, and let gY be a generator-cogenerator for B-mod. If Ends(X) and
Endp(Y) are stably equivalent of Morita type, then there exist bimodules AMp and pNx which define a sta-
ble equivalence of Morita type between A and B such that add(4M ®@pY) = add(4X ) and add(gN @4 X) =
add(BY)
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Proof. Set R = Ends (X) and S = Endp(Y). First, we show that if A does not have any semisimple direct
summands, then nor does R.

Suppose contrarily that R has a semisimple direct summand. Then R must have a simple projective-
injective module W. Since each indecomposable projective-injective R-module is isomorphic to a direct
summand of Homy (X, DA), there exists an indecomposable injective A-module I such that W ~ Homy (X, I).
Let 45 be the socle of 4. Then Homy (X,S) can be embedded into the simple R-module Homg4 (X,7), and
therefore Homy (X, S) ~ Homy (X,1) >~ W as R-modules. Since A € add(X), we infer that S ~ I. Let 5P be the
projective cover of 4S. Then it follows from Homg(Homy (X, P),Homy (X,S)) ~ Homgu (P, S) # 0 that there is
a non-zero homomorphism from Homy (X, P) to the simple projective R-module Homy (X, S), which means
that Homy (X, P) ~ Homy (X, S). Consequently, we get P~ S ~ . Thus A has a simple projective-injective
module, and therefore it has a semisimple direct summand, which is a contradiction. This shows that R has
no semisimple direct summands. Similarly, we can prove that S has no semisimple direct summands.

Note that, if X is a generator-cogenerator for A-mod, then Homy(X,A) is a minimal Wedderburn
projective R-module. Similarly, Homg(Y,B) is a minimal Wedderburn projective S-module. Clearly,
Endg(Homy4 (X,A)) ~ A and Endg(Homp(Y,B)) ~ B. Note that neither R nor S has semisimple direct sum-
mands. Then, by Corollary 4.6, there exist bimodules 4Mp and gN4 which define a stable equivalence of
Morita type between A and B. Note that Homg(Homy (X,A),R) ~ 24X and Homg(Homg(Y,B),S) ~ gY. It
follows from Corollary 4.6 that add(4M ®pY) = add(4X) and add(gN ®4 X) = add(pY). O

Combining Corollary 4.7 with [17, Theorem 1.1], we have the following result on Auslander algebras.

Corollary 4.8. Let A and B be representation-finite k-algebras. Suppose that A and B have no semisimple
direct summands. Let A and T be the corresponding Auslander algebras of A and B, respectively. Then A
and I are stably equivalent of Morita type if and only if so are A and B.

For an algebra A, we denote by [A] the class of all algebras B such that there is a stable equivalence of
Morita type between B and A. It is known that [A] = [A x S] for any separable algebra S. Note that, if & is a
perfect field, then the class of all semisimple k-algebras is the same as that of all separable k-algebras.

The following result establishes a one-to-one correspondence, up to stable equivalence of Morita type, be-
tween representation-finite algebras and Auslander algebras. This is an immediate consequence of Corollary
4.8.

Corollary 4.9. Suppose that k is a perfect field. Let F be the set of equivalence classes [A] of representation-
finite k-algebras A under stable equivalences of Morita type, and let 4 be the set of equivalence classes [A] of
Auslander k-algebras A under stable equivalences of Morita type. Then there is a one-to-one correspondence
between F and A.

Finally, we remark that Corollary 4.8 is not true for derived equivalences. Nevertheless, it was shown in
[7] that if two representation-finite, self-injective algebras A and B are derived-equivalent then so are their
Auslander algebras. The converse of this statement is open. For further information on constructing derived
equivalences, we refer the reader to the current papers [6, 7].

5 Stable equivalences of Morita type based on self-injective algebras

Of particular interest are stable equivalences of Morita type between self-injective algebras or between those
related to self-injective algebras. Since derived equivalences between self-injective algebras imply stable
equivalences of Morita type by a result of Rickard [20], this makes stable equivalences of Morita type closely
related to the Broué abelian defect group conjecture which essentially predicates a derived equivalence be-
tween two block algebras [3], and thus also a stable equivalence of Morita type between them.
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In this section, we will apply Theorem 1.1 and Theorem 1.2 to self-injective algebras. It turns out that
the existence of a stable equivalence of Morita type between ®-Auslander-Yoneda algebras of generators for
one finite admissible set ® implies the one for all finite admissible sets.

Throughout this section, we fix a finite admissible subset @ of N, and assume that A and B are in-
decomposaRlg, non-simple, self-injective algebras. Let X be a generator for A-mod with a decomposition
X:=A® X; , where X; is indecomposable and non-projective such that X; 2 X; for 1 <i#t <n, and

1<i<n
let Y be a generator for B-mod with a decomposition Y := B & Y;, where Y; is indecomposable and
1<j<m
non-projective such that ¥; 2 Y, for 1 < j#s <m.

Lemma 5.1. (1) The full subcategory of ES(X)-mod consisting of projective-injective B (X)-modules is
equal to add(ES (X ,A)). Particularly, if B (X) # Enda(X), then dom.dim(ED (X)) = 0.
(2) ES(X) has no semisimple direct summands.

Proof. (1) For convenience, we set Ag = Enda(X) and A = E?(X). Since A is self-injective, it fol-
lows from [7, Lemma3.5] that Vo (ES (X,A)) ~ EJ (X, v4A) ~ EF (X, DA) € add(E$ (X,A)). Consequently,
EZI’(X ,A) is a projective-injective A-module. We claim that, up to isomorphism, each indecomposable
projective-injective A-module is a direct summand of Eff (X,A). To prove this claim, it suffices to show
that E (X, X;) is not injective for all 1 <i < n. We denote E?(X, X;) by )?[\ﬁ?r abbreviation.

First, we observe that rad(A) = rad(Ag) @ A, where Ay = A; with A; = Bxty(X,X) =

0#£icd
Homgb( (X, X [i]). Since each summand Homgb( ) (X, X [j]) of X; is a Ag-module and since the so-
cle OM, is the set of all elements x in X; such that rad(A)x = 0, we see that the socle of X; con-
tains  {x € socAO(ExtA (X,X;)) | Arx = 0}. By an argument of graded modules, we can even see that
je®
soca(X;) = {x€soca, (Extﬁ(X,Xi)) | ALx =0}.
je®

Next, we shall show that X,, is not injective for 1 <m < n. Indeed, let f : X,,, — I be an injective envelope
of X,, with I an injective A-module. Then f, : Homy (X, X,,) — Homy(X,) is an injective envelope of the
Ap-module Homy (X, X,,) in Agp-mod. Now, we consider the following two cases:

(a) If )?,;, = Homy (X, X,,), then XNm is annihilated by A. Since X, is not injective in A-mod, we conclude
that Homy (X, X;,) is not an injective Ag-module, which implies that )f(,vn is not injective as a A-module.

(b) If )/(Tn # Homgu (X, X,,), then there is a positive integer r € ® such that Ext), (X, X,,) # 0. We may
assume that ¢ is the maximal number in & with this property, that is, Ext} (X, X,,) = O for any s € ® with
t < s. It follows that A Ext, (X,X,,) = 0, which implies that 0 # socx, (Ext} (X,X,,)) C soca ()/(7,,)

Now we consider socs,(Homyu (X, X,,)). Since f, is an injective envelope in A¢-mod, we know that
soc, (Homy (X, X)) =~ soca, (Homy (X, 1)). Since v, (Homy(X,A)) € add(Homy(X,A)) and I € add(4A),
we see that Homp,(Homg (X, X;),soca,(Homyu (X,1))) = 0 for 1 <i <n. If e is the idempotent in Ag cor-
responding to the direct summand A of X, then esoca,(Homy (X,1)) = soca,(Homa (X,7)). Consequently,
esocp, (Homy (X, X,,)) = socy,(Homyu (X, X,,)), that is, eg = g whenever g € socp,(Homy (X,X,,)), that is, g
factorizes through the regular module 4A, say g = g1g» with g1 : X — 4A and g, : 4A — Xj,,. Thus, for any el-
ement x € Homgs ) (X, X[i]) with 0 # i € @, we have x- g = x(g1[i] 82[i]) = (x g1[i])g2[i] = 0(g2[i]) = 0 since
A is self-injective. Thus A soca,(Homy (X, X)) = 0. This implies that soc,(Homa (X, X)) C s0CA (Xpn).
Thus we have shown that the A-submodule socy, (Homy (X, X,,)) @ soca, (Exty (X, X)) of X, is contained in
the socle of X,,. This implies that X, is not injective since its socle is not simple.

Thus add(ED(X,A)) is just the full subcategory of EY(X)-mod consisting of projective-injective mod-
ules.
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Finally, we consider the dominant dimension of dom.dim(E$(X)). Suppose E?(X) # End4 (X). Since A
is self-injective, we have EF(X,A) = Hom4(X,A). It follows that E}(X,A) is annihilated by A. Since
A cannot be annihilated by A;, we see that A cannot be cogenerated by Ef(X ,A). This implies that
dom.dim(E$ (X)) = 0. We finish the proof.

(2) Contrarily, we suppose that the algebra ET(X) has a semisimple direct summand. Then E3(X) has a
simple projective-injective module S. According to (1), we know that S must be a simple projective-injective
End, (X)-module. Then it follows from the first part of the proof of Corollary 4.7 that A has a semisimple
direct summand. Clearly, this is contrary to our initial assumption that A is indecomposable and non-simple.
Thus E?(X) has no semisimple direct summands. [J

Theorem 5.2. If the algebras ES (X) and ES (Y) are stably equivalent of Morita type, then n = m and there
are bimodules sMp and gN which define a stable equivalence of Morita type between A and B such that, up
to the ordering of indices, A\M ®pY; ~ X; D P; as A-modules, where s P; is projective for all i with 1 <i < n.
Moreover, for any finite admissible subset ¥ of N, there is a stable equivalence of Morita type between Ef (X)
and B} (V).

Proof. For convenience, we set Ag = Enda (X), A = E}(X), Ty = Endg(Y) and ' = E(Y). By Lemma
5.1, the algebras A and I" have no semisimple direct summands. Let e be the idempotent in Ag corresponding
to the direct summand A of X, and let f be the idempotent in I'y corresponding to the direct summand B of
Y. Note that Ae ~ E?(X,A) as A-modules and T'f ~ E% (Y, B) as [-modules. Clearly, eAe ~ A and fT'f ~ B
as algebras. Moreover, we see that eA ~ X as A-modules, and fI" ~ Y as B-modules. Suppose that a stable
equivalences of Morita type between A and I' is given. By Corollary 4.2 and Lemma 5.1, we know that
the idempotent e in A and the idempotent f in I' satisfy the conditions in Theorem 1.2. It follows from
Theorem 1.2 and Proposition 4.3(1) that there are bimodules 4Mp and pN4 which define a stable equivalence
of Morita type between A and B such that add(M ®pY) = add(X). By the given decompositions of X and Y,
we conclude that n = m and, up to the ordering of direct summands, we may assume that 4M QpY; ~ X; ® P,
as A-modules, where 4 P; is projective for all i with 1 <i < n. Now, the last statement in this corollary follows
immediately from Theorem 1.1. Thus the proof is completed. [

Usually, it is difficult to decide whether an algebra is not stably equivalent of Morita type to another
algebra. The next corollary, however, gives a sufficient condition to assert when two algebras are not stably
equivalent of Morita type.

Corollary 5.3. Let n be a non-negative integer. Let W be an ﬁdecomposable non-projective A-module. Sup-
pose that Q) (W) # W for any non-zero integer s. Set W, = (<, Q4 (W). Then, for any finite admissible
subset ¥ of N, the algebras EY (A® W, ® Q. (W)) and E} (A ® W, ® Q7 (W)) are not stably equivalent of
Morita type whenever m and | belong to N withn < m < [.

Proof. Suppose that there is a finite admissible subset ¥ of N such that EY (A ® W, ® Q%(W)) and
EXY(A® W, ® Q. (W)) are stably equivalent of Morita type for some fixed /,m € N with n < m < I. Set
P, ={0,1,---,n}U{l} and P, = {0,1,--- ,n} U{m}. Then, by Theorem 5.2, we know that there exist
bimodules 4 M4 and 4 N4 which define a stable equivalence of Morita type between A and itself, and that there
is a bijection 6 : ®; — @, such that M @, Q (W) ~ Qg(j )(W) ® P; as A-modules, where P; is projective for
each j € ®,. In particular, we have M @4 W ~ QX(O) (W)@ Py. Since M is projective as a one-sided module,
we know that M @, Q, (W) ~ Q5™ (W) & P/ with P/ € add(4A4). Note that M @, Q, (W) ~ Q5" (W) @ ;.
It follows that Q;:(O)H (W) ~ Qj(l) (W). Consequently, we have 6(I) = 6(0) +1 > [ since W is not Q-periodic.
Hence [ < o(I) < m < I, a contradiction. This shows that E} (A ® W, & Q7(W)) and EY (A ® W, ® Q/, (W))
cannot be stably equivalent of Morita type whenever [/ and m € Nwithn <m < [. J

This corollary will be used in the next section.
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6 A family of derived-equivalent algebras: application to Liu-Schulz alge-
bras

In this section, we shall apply our results in the previous sections to solve the following problem on derived
equivalences and stable equivalences of Morita type:

Problem. Is there any infinite series of finite-dimensional k-algebras such that they have the same di-
mension and are all derived-equivalent, but not stably equivalent of Morita type ?

This problem was originally asked by Thorsten Holm about ten years ago at a workshop in Goslar,
Germany.

Recall that Liu and Schulz in [13] constructed a local symmetric k-algebra A of dimension 8 and an
indecomposable A-module M such that all the syzygy modules Q/} (M) with n € Z are 4-dimensional and
pairwise non-isomorphic. This algebra A depends on a non-zero parameter g € k, which is not a root of unity,
and has an infinite DTr-orbit in which each module has the same dimension. A thorough investigation of
Auslander-Reiten components of this algebra was carried out by Ringel in [22]. Based on this symmetric
algebra and a recent result in [6] together with the results in the previous sections, we shall construct an
infinite family of algebras, which provides a positive solution to the above problem.

From now on, we fix a non-zero element ¢ in the field £, and assume that g is not a root of unity. The
8-dimensional k-algebra A defined by Liu-Schulz is an associative algebra (with identity) over k with

the generators: xg,x1,x, and

the relations: x,-2 =0, and x1x+gxxis =0 for i=0,1,2.

Here, and in what follows, the subscript is modulo 3.

Let n be an arbitrary but fixed natural number, and let @ = {0} or {0,1}. For j € Z, set u; := x, + ¢’x1,
Ij:=Auj, Jj:=uA, I := 'In_oli and AT :=Ef (AaI&l)).

i=

With these notations in mind, the main result in this section can be stated as follows:

Theorem 6.1. For any m > n—+4, we have
(1) dim, (AZ) = dim, (A2, ).
(2) gl.dim(A2) = .
(3) dom.dim(A®) = { g Zz _ ig,}i}.
(4) A% and AL, are derived-equivalent.
(5) If L > m, then AP and AL are not stably equivalent of Morita type.

An immediate consequence of Theorem 6.1 is the following corollary, which solves the above mentioned
problem positively.

Corollary 6.2. There exists an infinite series of finite-dimensional k-algebras A;, i € N, such that
(1) dim, (A;) = dim, (A;41) forall i € N,
(2) all A; have the same global and dominant dimensions,
(3) all A; are derived-equivalent, and
(4) A; and A; are not stably equivalent of Morita type for i # j.

The proof of Theorem 6.1 will cover the rest of this section. Let us first introduce a few more notations
and conventions.

Let B be an algebra and S a subset of B. Set R(S) := {b € B | sb =0 for all s € S} for the right annihilator
of Sin B, and L(S) := {b € B | bs = 0 for all s € S} for the left annihilator of S in B. In case x € B, we write
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R(x) and L(x) for R({x}) and L({x}), respectively. For y,z € B, we set B(y,z) := {b € B | L(y)bz = 0}, that
is, B(y,z) ={b € B | L(y)b C L(z)}. Note that L(S) and R(S) are left and right ideals in B, respectively.

Let V be a k-vector space with y; € V for 1 <i <n € N. We denote by < yj,...,y, > the k-subspace of
V generated by all y;.

The following result is useful for our calculations, it may be of its own interest in describing the endo-
morphism rings of direct sums of cyclic left ideals.

Lemma 6.3. Let B be a k-algebra, and let x , y and 7 be elements in B. Then the following statements hold:
(1) There is an isomorphism of k-vector spaces:

@y, : Homp(Bx,By) — R(L(x)) N By,

which sends f to xf for f € Homg(Bx,By).
(2) There is an isomorphism of k-vector spaces:

0., : Homp(Bx,By) — B(x,y)/L(y),

which sends h to d + L(y) for h € Homg(Bx, By), where d € B such that xh = dy.
(3) Let - be the map defined by

(B(x,y)/L(y)) % (B(y,2)/L(z)) — B(x,2)/L(z)
(a+L(y),b+L(z)) — (a+L(y) - (b+L(z) :=ab+L(z).

Then there is the following commutative diagram:

Mxy.z

Homg(Bx,By) x Homg(By, Bz;) ———— Homg(Bx, Bz)

ex.y X ey.z \L l ex,z i !

(B(x,y)/L(y)) x (B(y,2)/L(z)) ———— B(x,2)/L(2),

where iy ., is the composition map.
(4) Let n be a positive integer, and let x; be elements in B for 1 < i < n. We define

MB(xl,)Q,' o ,Xn) = {( b,'7j )1§,‘7]’§n ’ b,‘yj € B(xi,xj)/L(xj) fOV all 1 S i,j S n }

Then Mg(x1,x2,-++,Xx,) becomes an associative k-algebra with the usual matrix addition and multi-
plication which is given by the products - defined in (3). Moreover, there is an algebra isomor-
phism © : Endp(" <<, Bxi) — Mp(x1,x2,-+ ,xy), defined by (fij)i<i,j<n — ((fij)Oxix;h1<i,j<n for fij €
HOIHB(BX,',BXJ').

Proof. (1) Let f € Homg(Bx,By). Since f is a homomorphism of B-modules, we know b(xf) = 0
whenever b € B and bx = 0. This implies that xf € R(L(x)) N By. Thus the map @, , is well-defined. It is not
hard to check that @, , is an isomorphism of k-vector spaces.

(2) For x € B, we denote by p, the right multiplication map from B to itself, defined by b +— bx for b € B.

Then there is a canonical exact sequence of B-modules: 8, : 0 — L(x) Ny Ny 0, where A, is the
inclusion, and T, is the canonical multiplication of x. Note that if 1, denotes the inclusion of Bx into B, then
Px = Ty, for all x € B. By the definition of B(x,y), an element w belongs to B(x,y) if and only if A,p,, 7, =0,
or equivalently, if and only if there is a unique @ € Homg(Bx, By) such that p,,%t, = m.o.. Clearly, w € L(y) if
and only if p,,, = 0. So, we have L(y) C B(x,y).
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First, we show that 6, is well-defined. In fact, if f € Homgp (Bx,By), then there is an element b € B,
which may not be unique, such that the following diagram of left B-modules commutes:

A‘)( X
0 L(x) B—> By 0
| |
P, | P | lf
) Ay \ Ty
0 L(y) B By 0,

where pj, is the restriction of p, to L(x). Hence b € B(x,y). If there is another d in B also making the above
diagram commutative, then (p, —p4)T, = 0, and therefore p;, — p, factorizes through L(y). This implies that
b—deL(y)and b+ L(y) =d+L(y) in B(x,y)/L(y). Thus 6, is well-defined.

Next, we shall prove that 6, , is an isomorphism of k-vector spaces. Indeed, if (f)8,, = b+ L(y) = 0 for
some map f € Homg(Bx,By), then b € L(y) and &, f = pp7, = 0. Since m, is surjective, we get f = 0. Thus
0., is injective. That 8, is surjective follows from the equivalent definitions of B(x,y) discussed above.

(3) Observe that B(x,y)B(y,z) € B(x,z), L(y)B(y,z) C L(z) and B(x,y)L(z) C L(z) for all x,y,z € B. This
implies that the product in (3) is well-defined. We leave the verification of the commutative diagram in (3) to
the reader.

(4) It follows from the commutative diagram in (3) that M(xj,--- ,x,) is an associative k-algebra with
identity. To see that 0 is an isomorphism of algebras, we first observe that 0 is a k-linear isomorphism. It
remains to show that 0 preserves the multiplication. However, this follows straightforward from the commu-
tative diagram in (3). [J

Recall that, for i € Z, we have defined u; := x> + ¢'x1,I; := Au; and J; := w;A. In the following lemma, we
display a few properties about the Liu-Schulz algebra A.

L
Lemma 6.4. [13, 22] (1) The Liu-Schulz algebra A is an N-graded algebra, namely, A = i>0Ai with
Ag=k, A|=<xg,x1,x2>, Arx=<xgX1,X1x2,X2X0>, Az=<xpx1xp>, and A;=0 forall i>4.

Moreover, A; is contained in the center of A. In particular, xox1x2 = X1X2X0 = XpXoX] in A.
(2) A is an 8-dimensional symmetric k-algebra.
(3) dim, (I;) = dim,(J;) =4 forall j € 7.
(4) Qa1 )—j+la”dQA(J+l) Jjforall j € Z.
(5) The A-modules I; (respectively, A°P-modules J ;) are pairwise non-isomorphic for all j € 7.

In the next lemma, we calculate dimensions of homomorphism groups related to the modules /; and J;.

Lemma 6.5. Let i and j be integers. Then

(1) I; has a basis {x, + g/x1,x0%0 — ¢/ x0x1,x1%0, X0x1 X2}, and Jj has a basis {x; + q'x1,x0x0 —
g/ xox1, x1x2, x0x1%0 }.

(2) L(uj) = Ljs1, R(ujsr) = Jj.

(3) Jj ~Homy (1;,A).

< X2+ ¢/x1, X120, X0X1 X2 > ifj=1i,
(4) As k-vector spaces, Homy (Ij,1;) >~ J;N; = ¢ < xox9— g xoxt, x1x0,x0x1%2 > if j=1i—2,
< X1X2,X0X1X2 > otherwise.

3 ifj=iori—2,
2 otherwise.

. 1 ifj<i<j+3
1 LT — )
(5) dim, Exty (Z;. ;) 0 otherwise.

(6) A(1,u;) =A and A(u;, 1) = J;.

In particular, dim Homy (1;,1;) = {
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< 1,x1,X2,X0X1,X1X2,X2X0,X0X1X2 > if j =1,
(7) A(uj,ui) = < X1,X2,X0X1,X1X2,X2X0,X0X1X2 > fj=i-2,
< X0,X1,X2,X0X1,X1X2,X2X0,X0X1X2 > otherwise.
Proof. (1) and (2). By definition, /; = Au;. One can check directly that
L (— _ 41 L it
xouj = (—q)(x2%0 — ¢’ "x0x1), Xouj=—q

xixouj =xox1xu; =0,  XoX|Uj =XoX1X2, XoXoUg = g/ XoX1X2.

X1X2, X{Uj=X[X2,

This implies that I; =< x; + ¢/x1,x2x0 — g/~ xox1,Xx1%2,x0x1x2 >. Note that 0 — L(uj) - A — Au; — 0
is an exact sequence of A-modules. Since u;u; = (2 + qj“)cl)(xz + qfxl) =0, we have I; | C L(uj). In
addition, dim, /| = dim, L(u;) = 4. It follows that L(u) = I;;;. Similarly, we can prove the other statements
in (1) and (2) for J;.

(3) It follows from (2) that R(L(u;)) = R(Auj+1) = R(uj+1) =J;. By Lemma 6.3 (1), we get an isomor-
phism @, , : Homy (/;,A) >~ J; of k-vector spaces. In fact, we can check directly that @, is an isomorphism
of A°?-modules. This proves (3).

(4) Note that Homy (/;,1;) = Homgu (Auj, Au;) ~ u;A NAu; = J; N 1;. To prove (4), there are three cases to
be considered.

Case 1: j =i. By (1) and (2), we conclude that < x3 + ¢/x1,x1x2, X0x1x2 >C I;NJ;. Since dim(/;) = 4
and xpxp — quxoxl ¢ Ij, we get dimk(lj ﬂ]j) = 3. As aresult, Ij ﬂJj =X +qu1 ,X1X2,X0X1X2 >.

Case 2: j=i—2. Note that x;x9 — qj+1x0x1 = XpXg — qi_lxoxl. But x> +¢/x; ¢ I;. Tt follows that
I; ﬂ]j =< X2X09 — qj+1x0x1 ,X1X2,X0X1X2 >.

Case 3: j & {i,i —2}. We claim that [; NJ; =< xjx2,x0x1x2 >. Obviously, < xjx2, xox1x2 > is con-
tained in I; NJ;. Conversely, if relng i, then there are elements ay,ax,az1,a3,b1,b,b21and b3 € k, such
that A = a; (xa + g/x1) + azo(x2x0 — ¢/ T xox1) + a1 x1x2 + azxox1x2 = b1 (x2 +q'x1) + bao(xax0 — ¢ xoxy) +
br1x1x2 + b3xgx1xp. This implies that a; = by, az = b3, axg = by, a1 = by, alqj = blqi, and azoqj+1 =
bzo(]iil. Consequently, a; = azg = 0, which means that A €< x1x3,x0x1x, >. Thus [; NJ; =<Xxixz,XpXx1Xx2 >.

(5) The exact sequence 0 — I;1 | — A — I; — 0 of A-modules induces the following exact sequence of
k-modules:

0 — Homy ([j,],') — Homy (A,Ii) — Homy (Ij+1 ,Ii) — EXt}‘ (Ij,]i) — 0.
By (4), we have

. 3 ified{j,j+2},
dim, Hom, (1}, ;) :{ 2 otherv‘\{/ise. }
Since dim, (1;) = 4, we have

1 ifj<i<j+3,

dimkEXti([j 1) :{ 0 otherwise.

This proves (5).
(6) By definition, we know that A(1,u;) = A, and A(u;, 1) = R(uiy1) = J;.
(7) 1t follows from (4) and Lemma 6.3(2) that

7 if j={i—2,i},

dim A (u;,u;) = { 6 otherwise.

By definition, we know that A(u;,u;) = {a € A | ujy1au; = 0}. It is not hard to see that

< X1,X2,X0X1,X1X2,X2X0, X0X1X2 >C A(uj,u;).
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Hence, if j & {i—2,i}, then A(uj, u;) =< x1,X2,X0X1,X1X2,X2X0,Xox1 X2 >. If j =1, then u;; ju; =0, and there-
fore 1 € A(uj,u;). Thus A(uj,u;) =< 1,x1,X2,X0X1,X1X2,X2X0, Xox1x2 >. If j =i—2, then we can check that
Ujr1XoUj4+2 = 0. Thus, xg € A(uj,uj+2). This shows thatA(uj,uj+2) =< X0,X1,X2,X0X1,X1X2,X2X0,X0X1X2 >.
O

For higher cohomological groups, we have the following estimation.

Lemma 6.6. Lett be an integer and j a positive integer. Then

: ' I if—1<t—-j<2
m J _ ’
(1) dim, Exty (fo, ;) = { 0 otherwise.

1 if-2<t+j<l1,

: J _
(2) dim, Exty (I, Io) = { 0 otherwise.

(3) Bxt!, (o, Ip) = 0 for j > 1.
Proof. By Lemma 6.4, we have Ext}{; (Io, I) ~ Ext} (IO,QXJJFI(I,)) ~ Bxt} (Ip,;—j+1). Now (1) follows
from Lemma 6.5(5). Similarly, we can prove (2). Clearly, (3) follows from (1) and (2). [J

Here and subsequently, 8; stands for the canonical exact sequence 0 — ;41 — A — I; — 0 in A-mod for
each j € Z.

Lemma 6.7. Let | € Z and n € N. Then
{J€Z|3d;isan add(A & I;)-split sequence in A-mod} ={j€Z| j>14+2o0r j<I—3}.

In particular, we have

{J€Z|§jisanadd(A®  I;)-split sequence in A-mod} ={j €Z|j>n+2or j< -3}

i=0

Proof. For any j € Z, we know that §; is an add(A @ I;)-split sequence in A-mod if and only if
Ext) (I;,1;+1) = Ext} (I;,I;) = 0, which is equivalent to the condition that j+ 1 ¢ [/,/+3] and j & [l —3,{] by
Lemma 6.5(5). Thus we have (1). Clearly, (2) follows from (1) immediately. []

The following result can be directly deduced from the work in [6, Theorem 1.1] and [9, Theorem 4.1].

Lemma 6.8. Let B be a k-algebra. Let Y and M be B-modules with M a generator for B-mod. If
Exth(M,Qp(Y)) = Exth(Y,M) = 0, then the endomorphism algebras Endg(M ©Y) and Endg(M & Qp(Y))
are derived-equivalent. If, in addition, Ext3(M,Qp(Y)) = Ext3(Y,M) = 0, then the {0, 1}-Auslander-Yoneda
algebras El{go"l} (M®Y) and El{go’]} (M @ Qp(Y)) are derived-equivalent.
Having made the previous preparations, now we can prove Theorem 6.1.
|
Proof of Theorem 6.1. Letm >n+4. SetM := A®Iwithl= [,andV,,:=MDI,.

i=0
(1) By Lemma 6.5(5), we know that Ext} (M, 1,,) = Ext} (I,, M) = 0. Clearly, we have

dim, (A}}) = dim, Ends (M) + dim,_Homy (M, I,,) -+ dim,Homy (I,,, M) + dim, End, (1)

and
dim, (AR) = dim, (AY) + dim, Ext} (M, M) + dim, Ext} (1,,, 1)

By Lemma 6.5, we get

dim, End4 (I,,) = 3, dim, Ext}y (I,,,1,,) = 1, dim, Homy (M, I,,) = dim,Homy (I,,, M) = 2n+6.
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It follows that dim, (A%) = dim, (A%, ).

(2) We first show that gl.dim(Ai?}) = oo, By Lemma 6.5(5), we have Ext} (V,,,1;) = 0 for any j < 0.
Note that, for any ¢ < j < 0, there is a long exact sequence

0—I1j—A—A— - —A—1—0
It follows that the induced sequence

0 — Homy (Vjy,Ij) — Homy (V,y,A) — - -+ — Homy (V},;,A) — Homy (V. [;) — 0

is exact. Since Homy(V,,,A) is a projective-injective indecomposable A,J%O} -module, we have
inj.dim Aoy Homy (Vin,1j) = oo for all j < 0, where inj.dim denotes the injective dimension of modules. Hence

gl.dim(A,J;l0 ) ) = . Note that there is a canonical surjective homomorphism 7 : A}{,,O’l} — A}{no} of algebras.
Thus every ALY -module can be regarded as a A module. In addition, E[{,O’l}(Vm,A) = Homy (V,,,A). It
follows that inj.dim,, 0.1 Homy (Vin,1j) = oo for all j < 0. This yields gl.dim(A’{nO,l}) — o,

(3) Recall a classical result on dominant dimension: Let B an algebra and Y be a generator-cogenerator for
B-mod. Suppose that s is a non-negative integer. Then dom.dim(Endg(Y)) = s+ 2 if and only if Exty(Y,Y) =
0 for all i with 1 <i <, but Extf;l(Y,Y) £ 0. In our case, we take Y :=V,, and s = 0. By Lemma 6.5(5),
we know that ExtA (Ip,Iy) # 0, which means that Ext}‘(Vm,Vm) # 0. Note that V,, is a generator-cogenerator
for A-mod. Thus dom.dim(A,{nO}) =2. By Lemma 5.1, we have dom.dim(A,{nO’l}) =0.

(4) Consider the exact sequence

8,:0— 1, —A—1I1,—0

in A-mod. Since m > n+4, it follows from Lemma 6.5(5) and Lemma 6.4(4) that Ext}\(M,ImH) =
Ext! (I,,11,M) = Ext}, (I,,, M) = Ext} (M, I,,) = 0. Note that A is self-injective. By Lemma 6.8, we conclude
that the algebras A and A%, are derived-equivalent for & = {0} or {0,1}.

(5) It follows from Lemma 6.4 that Q4 (I;) = I;; for each j € Z and that the A-modules /; are pairwise
non-isomorphic for all j € Z. Now, we define W := Iy and W,, := @©o<j<s/;. Then, by Corollary 5.3, the
algebras A}b and A2 are not stably equivalent of Morita type if / > m. Thus the proof is completed. [J

In the rest of this section, we consider the special case: n =0 and ® = 0 in Theorem 6.1. For convenience,
we set Ay, = Ends(A® Iy D 1I,) for m € Z, and define C :=< 1,x1,x2,Xx0X],X1X2,X2X0,XoX1Xp >, T :=<
X1,X2,X0X1,X1X2,X2X0,XoX1X2 >, and S := T < xg >. Note that they all are subspaces of A.

Proposition 6.9. Let m be an integer. Then
(1) If m # 2, then A, is isomorphic to the algebra

A AL Al
Mu(1ug,up) == | Jo C/Ii T /Ly
Jn T/L Clysi

(2) Az is isomorphic to the algebra

A A/l, A/l
My (Lug,up):= | Jo C/Ii S/h
L T/, C/hL

(3) Suppose m > 3. Then, for any | > m, the algebras A; and A, are derived-equivalent, but not stably
equivalent of Morita type.
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Proof. (1) and (2) follow easily from Lemma 6.3(4) and Lemma 6.5, while (3) can be concluded from
Lemma 6.7, Lemma 6.8 and Corollary 5.3. J

For each positive integer m > 3, the algebra A,, is given by the following quiver Q with relations p,,:

o
N
Yo \ £ B

Q: 3% 1w o
P o =7, By, 0B =7,08y,8 =0;

(X‘B’YO — 1 qm+2 - 1 1 - q2 BYO(X .
ody,, ="\ g —gm "¢ dy,a )’

BYOB — SYmB |?)’Y()s — S’YmS . YO BYO — YO 8Ym Yin B Y0 _ Ym S’Ym

1_q - qm_qv l_qm+l - qm_qmﬂ H l_q - l_qm+17 qm_q - qm_qm+l .

The Cartan matrix of A, for m > 3 is

8 4 4

C=114 3 2

4 2 3

which is symmetric. Moreover, there is an anti-automorphism on A,, for (m > 3), which is given by

ej— e, exr ez, ez e, B Y, Y — q"B, 00— o, 8 Yo, Yo — 9.

It follows from Proposition 6.9 that A;, t > 3, are pairwise derived-equivalent, but not stably equivalent
of Morita type.

Note that the Cartan matrix of A; is not symmetric. Thus A; is not derived-equivalent to A,, for m > 3
since the Cartan matrices of two derived-equivalent algebras are congruent over Z, and therefore derived
equivalences preserve the symmetry of Cartan matrices. We don’t know whether A; and A3z are derived-
equivalent or not.

It would be interesting to show that the family of algebras in Theorem 6.1 or in Proposition 6.9 are
pairwise not stably equivalent.
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