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Derived and stable equivalences of centralizer matrix algebras

Xiaogang Li and Changchang Xi*

Abstract

The centralizer of a matrix in a full matrix algebra is called a principal centralizer matrix alge-
bra. Characterizations are presented for principal centralizer matrix algebras to be Morita equivalent,
almost v-stable derived equivalent, derived equivalent, and stably equivalent of Morita type, respec-
tively, in terms of new equivalence relations on square matrices. These equivalence relations on ma-
trices are introduced in a natural way by their elementary divisors. Thus the categorical equivalences
are reduced to questions in linear algebra. Consequently, principal centralizer matrix algebras of per-
mutation matrices are Morita equivalent if and only if they are derived equivalent. Moreover, two
representation-finite, principal centralizer matrix algebras over a perfect field are stably equivalent of
Morita type if and only if they are stably equivalent. Further, derived equivalences between the prin-
cipal centralizer matrix algebras of permutation matrices induce the ones of their p-regular parts and
p-singular parts of the given permutations.
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1 Introduction

Let R be a field and n a natural number. We denote by [r] the set of integers {1,---,n} and by M,(R) the
full n x n matrix algebra over R with the identity matrix 7,. For a nonempty set X of M, (R), the centralizer
matrix algebra S, (X,R) of X in M,,(R) is defined by

Sh(X,R):={aeM,(R)|ax=xa, VxeX}.
In case of X = {c}, we write S,(c,R) for S,(X,R). Clearly, S,(X,R) = NeexSu(c,R). The R-algebra
Su(c,R) is termed as a principal centralizer matrix algebra.

Clearly, if X consists of invertible matrices, then the centralizer matrix algebras S, (X,R) are a special
class of invariant algebras, which can be dated back to the classical invariant theory (see [31]]). If X con-
sists of nilpotent matrices over an algebraically closed field R, then all nilpotent matrices in S, (X, R) form
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a variety which is of significant interest in semisimple Lie algebras (see 23])). Further, the centralizer
matrix algebras S,(X,R) also appear in the representation theory of finite groups. For instance, if R is a
field of characteristic p > 0 and G is a finite group with a Sylow p-subgroup P, then G acts on the set G\P
of left cosets of P in G by left multiplication, and the set R[G\P] of all R-linear combination of the left
cosets of P in G is a permutation module over the group algebra R[G] of G. Moreover, Endg(g)(R[G\P])
is isomorphic to a centralizer matrix algebra S,(Go,R), where r = |G : P| and G is a subgroup of permu-
tation matrices in M,(R). In the literature, Endgg(R[G\P]) is also called a modular Hecke algebra (see
[2L[7]). Note that Gy is isomorphic to G/O,(G), where O,(G) stands for the largest normal p-subgroup of
G. Alperin suggested to study the endomorphism ring Endg|g) (R[G\P]) for attacking the famous Alperin’s
weight conjecture (see [1]]).

Centralizer matrix algebras have been studied in various aspects of mathematics, such as invariant
subspaces or orbits in [5]], and maximal doubly stochastic matrices in [9]. Recently, in a series of pa-
pers [36], a lot of new structural and homological properties of S,(c,R) is revealed. For instance,
Su(c,R) is always a cellular R-algebra if R is an algebraically closed field, and the famous Auslander-
Reiten (or Auslander-Alperin) conjecture on stable equivalences holds true for S,(c,R) over an arbi-
trary field R. The conjecture states that stably equivalent algebras should have the same number of non-
projective non-isomorphic simple modules. Further, S, (c,R) is always a Gorenstein algebra and captures
the Auslander algebra of the truncated polynomial algebra R[x|/(x") for all n € N, which has played an
important role in the classification of parabolic subgroups of classical groups with a finite number of orbits
on the unipotent radical (see [12]]).

In this note, we study relations between principal centralizer matrix algebras. Particularly, we are
interested in when they are Morita, derived and stably equivalent of Marita type. These equivalences are
of great importance in the representation theory of algebras and groups [30]. Our question here can be
formulated precisely as follows.

Question: Let R be a field, ¢ € M,,(R) and d € M,,(R). What are the necessary and sufficient condi-
tions for S, (c,R) and S, (d,R) to be Morita, derived or stably equivalent (of Morita type)?

The answer to this question is closely related to the minimal polynomials of ¢ and d, and our char-
acterizations of Morita, derived and stable equivalences are given surprisingly in a very elementary way,
namely in terms of elementary divisors of matrices ¢ and d.

To state our main result precisely, we first introduce several equivalence relations on square matrices.

Let R[x] be the polynomial algebra over a field R in one variable x. Given polynomials f(x) and g(x)
of positive degree, we define f(x) < g(x) if f(x) divides g(x), that is, g(x) = f(x)h(x) with h(x) € R[x].

For ¢ € M,,(R), let

E. C R[x] denote the set of distinct elementary divisors of c. Here we understand that the elements of
a set are pairwise different, and the ones of a multiset are allowed to be duplicate.

M. .= {f(x) € E. | f(x) is maximal with respect to the order <}, the set of maximal divisors of c.

For f(x) € M,, we define

P.(f(x)) := {i > 1| Jirreducible polynomial p(x) such that p(x) < f(x), p(x)' € E.}, the set of power
indices of f(x) in E..

R, = {f(x) € M| f(x) is a reducible polynomial }, the set of reducible maximal divisors of c.

The polynomials in &, are exactly those f(x) € M, with P.(f(x)) # {1}.

Let Z~¢ be the set of all positive integers and s € Z~¢. For a subset T := {my,my,--- ,my} of Z~g
with my > my > --- > my, we define a multiset Hy := {{m; —my,--- ,my_; —mg,m;}} and a set Jr =:
{my,my—my,--- my—mg}. T ={m }, then Hr = 9y =T.

Now we introduce a few new equivalence relations on square matrices.

Definition 1.1. Two matrices ¢ € M, (R) and d € M,,(R) are said to be



(1) M-equivalent, written ¢ X d, if there is a bijection T between M, and M such that R [x]/(f(x)) ~

Rix]/((f(x))®) as algebras and P.(f(x)) = Pa((f(x))n) for all f(x) € M., where (f(x))m denotes the
image of f(x) under the map T.

(2) D-equivalent, written c R d, if there is a bijection Tt between M, and My such that R[x]/(f(x)) ~
Rix]/((f(x))m )asalgebrasandﬂ-[p ¥) = Hp,(((0)m) for all f(x) € M,.

(3) AD-equivalent, written ¢ L4, lf there is a bl]ectlon Tt between M, and % such that Rx]/ ( ( ) =~
R[x]/((f(x))m) as algebras and Pc(f(x)) = Py((f(x))7) or Pe(f(x)) = Tp,((f(x)m for all f(x) € M,

(4) SM-equivalent, written ¢ Y d, if there is a bijection T between R; and iRd such that R[x|/(f ( ) ~

(

R[x]/((f(x))n) as algebras dnch(f( ) = Pa((f(x))) or Pe(f(x)) = Tp,((f(x))m) Jor all f(x) € Re

Next, we characterize Morita, derived and stable equivalences between principal centralizer matrix
algebras in terms of these equivalence relations on matrices. Our main result reads as follows.

Theorem 1.2. Let R be a field, ¢ € M,,(R) and d € M,,,(R). Then
(1) Sy(c,R) and S,,(d,R) are Morita equivalent if and only if ¢ 2.
(2) Su(c,R) and S,,(d,R) are derived equivalent if and only if ¢ 2a.

2)
(3) Su(c,R) and S,,(d,R) are almost v-stable derived equivalent if and only if ¢ )
(4) Assume that either R is perfect or both ¢ and d are invertible matrices of finite order. Then S,(c,R)

and Sy, (d,R) are stably equivalent of Morita type if and only if ¢ Ya.

S
S

Thus the existence of a Morita equivalence, an almost v-stable derived equivalence and a derived
equivalence between principal centralizer matrix algebras can be read off from the elementary divisors of
given matrices directly, and therefore is a problem in linear algebra.

As a consequence, we have the following corollary.

Corollary 1.3. Let R be a field, c € M, (R) and d € M, (R).

(1) If ¢ and d are permutation matrices, then S,(c,R) and S,,(d,R) are Morita equivalent if and only
if they are derived equivalent.

(2) Suppose that R is perfect and that S,(c,R) and S,,(d,R) are representation-finite. Then S, (c,R)
and Sy, (d,R) are stably equivalent of Morita type if and only if they are stably equivalent.

(3) If Sy(c,R) and S,,(d,R) are derived equivalent or stably equivalent, then they have the same
dominant dimension.

Moreover, for the centralizer matrix algebras of permutation matrices, a derived equivalence between
them gives rise to derived equivalences of smaller centralizer matrix algebras corresponding to p-regular
and p-singular parts of permutations. For details, we refer to Proposition [3.14

The paper is organized as follows. In Section [2| we fix notation, recall basic definitions and termi-
nologies, and prove a few preliminary lemmas needed in the later proofs. In Section 3l we prove the main
result and its corollary. In Section ] we present examples to show that even for principal centralizer ma-
trix algebras over a field, the notions of Morita equivalences, almost v-stable derived equivalences and
derived equivalences are different, though they may coincide in some cases. Finally, we propose some
open questions for further investigation of centralizer matrix algebras. For example, how to characterize
generally the stable equivalences of centralizer matrix algebras?

2 Preliminaries

In this section we recall some basic definitions and terminologies, and prepare a few lemmas for our
proofs.



2.1 Derived equivalences of algebras

In this paper, R is a field unless stated otherwise. By an algebra we mean a finite-dimensional unitary
associative algebra over R.

Let A be an algebra. By rad(A) and LL(A) we denote the Jacobson radical and the Loewy length of
A, respectively. Let A” and A¢ stand for the opposite algebra and the enveloping algebra A @z A of
A, respectively. By a module we always mean a left module unless stated otherwise. We write A-mod
for the category of all finitely generated left A-modules, A-modg for the full subcategory of A-mod
consisting of modules without any nonzero projective summands, and A-proj (respectively, A-inj) for the
full subcategory of A-mod consisting of projective (respectively, injective) A-modules.

For an A-module M, we denote by add(M) the full subcategory of A-mod consisting of all modules
isomorphic to direct summands of direct sums of finitely many copies of M. Let ¢(M) stand for the
composition length of M, B(M) for the basic module of M, and M 5 for the submodule of M without any
nonzero projective summand such that M /M4 is projective.

The stable module category of A is denoted by A-mod which has the same objects as A-mod does, but
the morphism set Hom, (X,Y) of objects X and Y is the quotient of Homy (X,Y) modulo P(X,Y), the set of
all homomorphisms that factorize through projective A-modues. If M is a non-projective indecomposable
A-module, then P(M,M) C rad(Ends(M)).

When we say the number of a specific class of A-modules such as projective, injective, simple and
indecomposable A-modules, we always refer to the number of isomorphism classes of them.

For homomorphisms f: X — Y and g : Y — Z in A-mod, we write fg for their composition. This
implies that the image of an element x € X under f is denoted by (x)f. Thus Hom,(X,Y) is naturally
a left End4 (X)- and right End4 (Y )-bimodule. The composition of functors between categories is written
from right to left, that is, for two functors F : C — D and G : D — ¥, we write Go F, or simply GF, for
the composition of F with G. The image of an object X € C under F is written as F(X).

Let D : A-mod — A”'-mod be the usual duality of the algebra A. The Nakayama functor v4 :=
DHomy (—,A) ~ D(A) ®4 — from A-mod to itself restricts to an equivalence: A-proj —+ A-inj. An A-
module M is said to be v-stably projective it VI’;‘M is projective for all i > 0. For example, if e* = e € A
satisfies add(vaAe) = add(Ae), then Ae is v-stably projective. In this case, e € A is said to be v-stable. Let
A-stp denote the full subcategory of A-mod consisting of all v-stably projective A-modules. The Frobenius
part of A is defined (up to Morita equivalence) to be the algebra eAe where e is an idempotent such that
add(Ae) = A-stp (see [13]]).

Let Z(A) (respectively, 2°(A)) be the unbounded (respectively, bounded) derived category of A-mod.
They are R-linear, triangulated categories. Algebras A and B are said to be derived equivalent if their de-
rived categories 2”(A) and 2°(B) are equivalent as R-linear triangulated categories. An R-linear triangle
equivalence F : 2°(A) — 2°(B) is called a derived equivalence between A and B.

A special class of derived equivalences, called almost v-stable derived equivalences, was introduced
in to establish relations between derived equivalences and stable equivalences of Morita type (see
for more details). One of the interesting properties of almost v-stable derived equivalences is that
such a derived equivalence between finite-dimensional algebras always induces a stable equivalence of
Morita type (see Theorem 1.1]), and thus preserves global and dominant dimensions of algebras.
Recall that finite-dimensional algebras A and B are stably equivalent of Morita type [6] if there exist left-
right projective (projective as left and right module) bimodules 4Mp and gN4 such that M g N ~ A G P
as A°-modules for some projective A°-module P and N ®4 M ~ B & Q as B°-modules for some projective
B¢-module Q. Clearly, the exact functor N ®4 — : A-mod — B-mod induces a stable equivalence N ®4 — :
A-mod — B-mod.

It is known that R and any separable R-algebra are stably equivalent of Morita type. Recall that an
R-algebra A is separable over R if A is a projective module over A°.



Algebras A and B are said to be Morita equivalent if A-mod and B-mod are equivalent as R-linear
categories. Clearly, Morita equivalences are almost v-stable derived equivalences.

To get derived equivalences, the following corollary of [15, Theorem]1.1] provides a convenient way.
For further information on constructions of derived equivalences of algebras, we refer to [33].

Let C be an additive category and D a full subcategory of C. For Y € C, a morphism f: M — Y with
M € D is called a right D-approximation of Y if each morphism D — Y with D € D factorizes through
f. Dually, one defines a left D-approximation of an object X in C.

A sequence X M i) Y in C with M € D is called a D-split sequence if g is both a kernel of f
and a left D-approximation of X, and if f is both a cokernel of g and a right D-approximation of Y.

Lemma 2.1. Let A be an algebra, and let C be a full subcategory of A-mod and M an object in C.
Suppose X — M’ — Y is an add(M)-split sequence in C. Then the endomorphism algebras End (M & X)
and End (M @Y) are derived equivalent via a tilting module.

The next simple observation characterizes Morita equivalences.

Lemma 2.2. Let A be an algebra and M,N € A-mod. Then Ends (M) and Ends (N) are Morita equivalent
if and only if add(M) and add(N) are equivalent as R-linear categories.

Lemma 2.3. Section 3, Remark] Let A be a self-injective algebra and X € A-mod. Then the endo-
morphism algebras Enda(A @ X) and Ends (A @ Q4 (X)) are almost V-stable derived equivalent, where
Q4 (X) stands for the syzygy of X.

Lemma 2.4. [8, Theorem 4.4] Let A and B be symmetric algebras, and let F be an almost V-stable
derived equivalence between two gendo-symmetric algebras Ends(A @ M) and Endg(B @ N), where M
and N are basic non-zero modules without projective summands. Then A and B are (almost v-stable)
derived equivalent. Furthermore, F induces a stable equivalence F : A-mod — B-mod with F(M) = N.

Lemma 2.5. Let A and B be commutative self-injective algebras, saM and gN be faithful modules over A
and B, respectively. If the endomorphism algebras Ends (M) and Endg(N) are derived equivalent, then
A~ Z(Ends(M)) ~ Z(Endg(N)) ~ B, where Z(C) denotes the center of an algebra C.

Proof. For an algebra C and a faithful C-module X, one always has an embedding Z(C) — Z(End¢(X)).
Thus A < Z(Ends(M)) since A is commutative. Note that a faithful module over a self-injective al-
gebra is clearly a generator-cogenerator. This implies that Mg,q, (s 18 a right faithful module and the
bimodule sMgq,(sr) has the double centralizer property. Thus there is an embedding Z(Endg(M)) —
Endgpg, (p)or (M) =~ A. Hence A ~ Z(End4(M)). Now, assume that End4 (M) and Endp(N) are derived
equivalent. Then Z(End4 (M)) ~ Z(Endg(N)) by Proposition 9.2], and therefore A ~ Z(End4 (M)) ~
Z(Endg(N)) ~B. O

2.2 Modules over quotients of polynomial algebras

In this section we remind basic facts on modules over the polynomial algebra R[x]. Throughout this
section, R is a field unless stated otherwise.

Let f(x) be an irreducible polynomial in R[x] and A := R[x]/(f(x)") for n € N. Then A is a self-
injective algebra by Corollary 4.37]. Further, A is a local, commutative, symmetric, Nakayama
algebra (see, for instance [4, Example, p.127]). Thus A has n indecomposable modules M f(x)(i) =
R[x]/(f(x)") fori € [n]. For simplicity, we often write M (i) for M s, (i) and understand M(0) = 0. Clearly,
Homy (M(i),A) ~ Homg(M(i),R) ~ M (i) as A-modules for all i € [n].



Let B :=R[x|/(f(x)™) for m < n. Then there is a canonical surjective homomorphism 7 : A — B of R-
algebras, and each B-module can be viewed as an A-module via . Up to isomorphism, indecomposable A-
modules coming from B-modules are exactly those M (i) with i € [m]. For M,N € B-mod, Homy (M,N) =
Homg(M,N).

For an irreducible polynomial g(x) € R[x] and a positive integers m, if A ~ R[x]/(g(x)") as R-algebras,
then n = LL(R[x]/(f(x)")) = LL(R|[x]/(g(x)"™)) = m, and for ¢ € [n], the indecomposable R[x]/(g(x)")-
module R[x|/(g(x)") is isomorphic to the A-module R[x]/(f(x)").

Lemma 2.6. Let a,b,c,d € {0,1,--- ,n} suchthatb<a<c,b<d<canda+d=>b+c. If ;X € A-mod
has no indecomposable direct summands N with b < {(N) < c and AY := 24X @M (b) ®M(c), then there
is an add(4Y)-split sequence 0 — M(a) — M(b) ®M(c) — M(d) — 0.

Proof. Let g : M(b) — M(d) and h : M(c) — M(d) be the canonical injective and surjective homomor-
phisms, respectively. We define v:= (§). Thenv: M (b) & M(c) — M(d) is a surjective homomorphism.
Similarly, let p : M(a) — M (b) and ¢ : M(a) — M(c) be the canonical surjective and injective homomor-
phisms, respectively, and u := (—p,q). Then u: M(a) — M(b) & M (c) is an injective homomorphism. By
the definition of M (i), we have uv = 0. It follows from a + d = b+ ¢ that the sequence

(%) 0— M(a) > M(b)@M(c) — M(d) — 0

of A-modules is exact. We shall show that u and v are left and right add(4Y )-approximations of M(a)
and M (d), respectively. In fact, we need only to show that v is a right add(4Y )-approximation of M(d)
because applying the dual functor Homg(—,R) shows that u is a left add(4Y)-approximation of M(a).
To show that v is a right add(4Y )-approximation of M(d), it suffices to prove that any homomorphism
h:Z — M(d) with Z an indecomposable summand of Y factorizes through v. By assumption, either
UZ)<borl(Z)>c.Suppose {(Z) < b. Then ¢((Z)h) <b={((M(D))g), and therefore (Z)h C (M(D))g.
Lets:Z — M(b)®M(c) be the homomorphism defined by (z)s := (((z)k)g~"!,0) for z € Z. Clearly, i = sv.
Suppose £(Z) > ¢. Then max{a,b,c,d} < {(Z). Let B := R[x]/(f(x)"®). Then B is the quotient of A by
the ideal (f(x))"~%), Z ~ M(¢(Z)) = R[x]/(f(x)!*)) = B as A-modules, and the exact sequence (%) can
be viewed as the one of B-modules. So the exactness of Homg(Z, —) implies that & factorizes through v
in B-mod. Since Homy (M,N) = Homg(M,N) for M,N € B-mod, h factorizes through v in A-mod. [J

Lemma 2.7. Let n = Y; {; with {; € Z~. For 6 € ¥, and j € [s], define M; := M(Z{Zlfi) and
M3 = M( L L) Then the endomorphism algebras Ends(&’_, M;) and End4 (- M7) are de-
rived equivalent.

Proof. The symmetric group X is generated by all transpositions (¢,7 4 1),¢ € [s — 1]. In particular,
G € X, can be written as a product of those transpositions, say ¢ = Hf;l(ti,t,- +1) fort; € [s— 1]. Set
Gir1:=land G, := Hf-‘:r(ti,t,-+ 1) for all r € [k]. Then (¢,,¢, + 1)G, = G,41.
It suffices to show that there is a derived equivalence between Endy ( ;: 1 M;”) and Endy ( j’:l M;-y’“ )
for all r € [k]. For any T € X, we define Y7 E( e = 0 if £, = 1. For r € [k], let a, = £(;, 11)5,,, +
Z? 11 6( )Gri1 7b Zz 11 e( )Gr+17 - Zir l1 6( )Gy 1 7 Zz 1e Ort1 and Y - @ﬁét Gr+1 - Then b <ar<
¢, b, <d,<c,,a,+d, = b,+c,and Y, contains M(Zizl1 E(,)GM) @M(Zl:l 6(1)0r+1) as a direct summand.
Further, Y, has no indecomposable direct summand Z with b, < {(Z) < c,. It then follows from Lemma
2.6l that there is an add(Y;)-split sequence
t—1 t—1 t+1
0—>M(€(tr+l)6r+l+Zé(i)6r+l) —)M(Zf(i @M Zf —)M Zf 6r+l —>0.
i=1 i=1 i= i=
Clearly, 1M6’ Y, @M(f(trﬂ 6r+1+21 1 GM) and @’ M 6’“ Yr@M(Zi’:lﬁ(i)Gm).ByLemma

2.1l Ends (B’ 1M§”) and Ends (D, Mf’“) are derived equlvalent O



Remark 2.8. The sums “}./ | /;” and ¢ Z i)o_ appearing in Lemrnalm are related to the definition of
D-equivalences of matrices For s>2 and a serles of integers mg > ms_| > --- >my > 1, let {1 :=m; and

li:=mi—m;_1for2<i<s. Thenm;= {:lfi for j € [s]. For another series of integers ny >ng_1 > --- >
ny > 1, if {{my —ms_y,--- ,m1}} = {{ns —ns_1,--- ,n1 }}, then there exists some 6 € X such that n; =
Z{Zlf(i)(, for j € [s]. Moreover, if {{ms—my_1,--- ,m}} = {{ny—ns_1,--- ,n1 } } and if there are two irre-

ducible polynomials f(x) and g(x) in R[x] such that R[x]/(f(x)™) ~ R[x]/(g(x)"™) as algebras, then it fol-

lows from Lemma 2.7 that Endgy( r(xym) (Brefs) RI¥I/(f (x)™)) and Endgpy g(xyns) (Bregs) RI¥ / (8(x)™))
are derived equivalent.

Two algebras A and I' are said to be stably equivalent if their stable module categories A-mod and
I'-mod are equivalent as R-linear categories. Let F' be a stable equivalence between A and I'. Then F
induces a one-to-one correspondence between A-mod 4 and I'-mod 5.

Now, suppose that G : A-mod — A-mod is a stable equivalence. For n > 2, I',_; := {M(i) | i €
[n—1]} € A-mods. Then G induces an action G on I',_;, namely, for M € T,,_;, G(M) is the unique
module in T',,_; such that G(M) ~ G(M) in A-mod. Clearly, Qa (M (i)) = M(n— i), where Q4 is the syzygy
operator of A.

Lemma 2.9. Let n > 2. If G is a stable equivalence from A to itself. then the induced action G on T',_1 is
either Q4 or the identity action.

Proof. If n = 2, the conclusion is clear. Let n > 3. Since A is a local, symmetric and Nakayama
algebra, there are almost split sequences in A-mod:

0— M(l) —MQ2)—M(1) —0

and
0—M()—MGj—1)eM(G+1)— M(j)—0

for 2 < j<n—1.Let Irr(X,Y) denote the R-space rad,(X,Y)/rad’(X,Y). By a general result on stable
equivalences (see [4, Lemma 1.2, p. 336]), we have Irr(X,Y) ~Irr(G(X),G(Y)) as R-spaces for X,Y €
A-mod g . It then follows that G(M(1)) ~ M(1) or GM (1)) ~M(n—1) = Qu(M(1)). If G(M(1)) ~
M(1), we can show that G(M(i)) ~M(i) fori € [n—1]. f G(M(1)) > M(n—1) = Q4(M(1)), then we
consider the stable equivalence Q;lG. Since Q4 : A-mod — A-mod is a stable equivalence, it follows
from (Q,'G)(M(1)) ~ M(1) that (Q,'G)(M(i)) ~ M(i) for i € [n— 1]. Hence G is the identity map or
equals Q. O

A non-projective, non-injective simple module over an Artin algebra is called a node if the middle
term of the almost split sequence starting at the simple module is projective (see [21]]).

By [21l Lemma 1], a non-injective simple module S of an Artin algebra is a node if and only if S is
not a composition factor of rad(Q)/soc(Q) for any indecomposable projective module Q. Thus an Artin
algebra has no nodes if and only if every non-projective, non-injective simple module is a composition
factor of rad(P) /soc(P) for some indecomposable projective module P.

Given an Artin algebra A, let I be the trace of the direct sum of all non-isomorphic nodes in A, and
J be the left annihilator of I in A. Martinez-Villa showed in [21, Theorem 2.10] that an Artin algebra A
with nodes is stably equivalent to the triangular matrix algebra

(4 )

without nodes. Tt is shown that A and A’ have the same numbers of non-isomorphic, non-projective
simples (see [36, Lemma 2.10 (3)]). We often say that A’ is obtained from A by eliminating nodes.



Lemma 2.10. Let M be a generator for A-mod.
(1) If n > 2, then every simple Ends(M)-module is neither projective nor injective.
(2) Ends (M) has nodes if and only if n = 2.

Proof. Recall that A := R[x|/(f(x)") with f(x) an irreducible polynomial in R[x]. Set E := End4 (M).
Since A is a local, symmetric and Nakayama algebra, any indecomposable direct summand of M is iso-
morphic to a submodule of 4A. Let ey denote the Hom-functor Homys (M, —) : add(4M) — E-proj and
P := ey (4A). Clearly, ey is an equivalence and P is an indecomposable projective-injective E-module
with soc(P) ~ top(P) since A is a local symmetric Nakayama algebra. The left exactness of ey, implies
that any indecomposable projective E-module is isomorphic to a submodule of P.

(1) Suppose n > 2. Then the indecomposable, projective-injective E-module P is not simple. To
show that every indecomposable projective E-module is not simple, we show that Homg(X,Y) # 0 for
any indecomposable projective E-modules X and Y. In fact, let X’ and Y’ be indecomposable direct
summands of 4M such that ey (X') = X and ey (Y’) =Y. Since A is a local algebra, we always have
Homy (X',Y’) # 0. Thus

Homg (X,Y) = Homg(ep (X'),en(Y')) = Homa (X', Y') # 0.

This implies that £ has no simple projective modules. Note that the Nakayama functor v : E-proj — E-inj
is an equivalence. Hence, for any indecomposable injective E-modules U,V , we also have

Homg (U, V) ~Homg (v (U),v_'(V)) #0.

This shows that £ has no simple injective modules.

(2) If n =1, then the algebra A is simple and therefore the algebra E is semisimple. Thus £ has no
nodes by definition.

If n =2, then End4 (M) is Morita equivalent to either A or the Auslander algebra C of A. Note that
C is a Nakayama algebra with 2 indecomposable projective C-modules P; and P, = P of lengths 2 and
3, respectively. There is an almost split sequence 0 — top(P») — P; — top(P;) — 0, which shows that
Ends (M) has a node.

Finally, we consider n > 3. Let S be a non-projective, non-injective simple E-module, we show
that S is a composition factor of rad(P)/soc(P). Actually, let Q be the projective cover of S with Q =
Homy (M,Y) for Y € add(M). Then Q is a submodule of P with soc(Q) = soc(P). By (1), Q is not
simple. If Q # P, then Q C rad(P) and 0 # Q/soc(Q) is a submodule of rad(P)/soc(P). Thus S is a
composition factor of rad(P)/soc(P). If Q = P, then the multiplicity of top(P) in P is at least LL(A) > 3,
thus S = top(P) is a composition factor of rad(P)/soc(P). Hence E has no nodes. [

Remark 2.11. If n = 2 and C is the Auslander algebra of A := R[x]/(f(x)?), then C has 2 indecomposable
projective modules P; and P», the non-projective indecomposable C-modules are S; := top(P}), S» : =
top(P,) and the injective envelope I(S;) of S;. Moreover, there are only two almost split sequences of
C-modules

0—8 —1I(S1) — S —0, 0—8 —P—1I(S;) —0.

By eliminating nodes, A and C are stably equivalent to the corresponding triangular matrix algebras A’
and C’, respectively. The only non-injective, indecomposable projective A’-module is simple, while C’ has
two non-injective, indecomposable projective modules one of which is simple. Note that the Frobenius
parts of both A" and C’ are zero.

Lemma 2.12. Given M,N € A-mod, the endomorphism algebras Ends(M) and Ends(N) are Morita
equivalent if and only if the basic modules B(M) and B(N) of M and N are isomorphic.



Proof. Suppose that Ends (M) and End4 (N) are Morita equivalent. Then there is an R-linear equiv-
alence G : add(M) — add(N). For j € [n], Enda(R[x]/(f(x)’) ~ R[x]/(f(x)/) as algebras. Thus for
indecomposable A-modules X and Y, End(X) ~ End4(Y) if and only if X ~ Y. It then follows from
End4 (C) ~ End4(G(C)) for C € add(M) that X ~ G(X) for any indecomposable module X € add(M).
Therefore B(M) ~ B(N) as A-modules. [J

An algebra is said to be representation-finite if it has only finitely many non-isomorphic indecompos-
able modules. Consequently, if add(N) C add(M) and End4 (M) is representation-finite, then Endy (N) is
representation-finite.

If R is perfect or f(x) <x"— 1 for some r € Z~ (for instance, f(x) < mg(x) for an invertible matrix
d € M,,(R) of finite order) , then f(x) is a separable polynomial in R[x].

Lemma 2.13. If the polynomial f(x) is separable and K := R[x]/(f(x)), then A can be viewed as a
K-algebra and A ~ K|[x|/(x") as algebras over K.

Proof. Since f(x) is separable and rad(A) = (f(x))/(f(x)"), we know that A /rad(A) ~ K is a separable
R-algebra. By Wedderburn-Malcev Theorem Theorems 24 and 28], there exists a subalgebra S of A
such that A = S @ rad(A) as R-vector spaces. Consequently, S ~ A /rad(A) ~ K. So A can be viewed as a
K-algebra. Since A is a finite-dimensional, elementary, local K-algebra of representation-finite type, there
is a natural number m such that A ~ K[x]/(x™). By comparing the K-dimensions of the algebras in this
isomorphism, we get m = n. [J

Corollary 2.14. If the polynomial f(x) is separable and g(x) € R[x] is irreducible such that A is stably
equivalent to R[x]/(g(x)™) for an integer m > 2, then A ~ R|x]/(g(x)™).

Proof. Since stably equivalent algebras of representation-finite type have the same number of non-
projective, indecomposable modules, we get n — 1 = m — 1, and therefore n = m. Set B := R[x]/(g(x)").
Let F : A-mod — B-mod be a stable equivalence and S the only simple A-module. Thanks ton =m > 2,
S is not projective and End4 (S) ~ End,(S). Thus F(S) is indecomposable and

Enda(S) =~ End, () ~ Endy (F(S)) = Endg(F(S))/2(F (S), F (S))

is a division ring. Since P(F(S),F(S)) C rad(Endg(F(S))), it follows that P(F(S),F(S)) =rad(Endg(F(S))).
This yields the following isomorphism of algebras

R[x]/(f(x)) =~ A/rad(A) ~ End, (S) ~ Endp(F (S)) ~ B/rad(B) ~ R[x] / (g(x)).
In particular, g(x) is also a separable polynomial. Let K := R[x]/(f(x)). Then Lemma [2.13]implies that
A ~ K|[x]/(x") ~ B as algebras. [J

For ¢ € M,(R), let R[c] be the unitary subalgebra of M,(R) generated by c. Then there is a surjec-
tive homomorphism @ : R[x] — R[c], sending x to ¢. Let R" be the n-dimensional vector space over R
consisting of column vectors. Then R" is naturally an R[c]-module and can be viewed as an R|[x]-module
via @. By the classification of modules over principal ideal domains, there exist irreducible polynomials
fi(x),---, fs(x) € R[x] and positive integers 7;; such that

s l;
(x) R~ (DD RE/(fix)")
i=1 j=1
as R[x]-modules.

Definition 2.15. The polynomials f;(x)" in (x) are called the elementary divisors of ¢ (over R).



Note that £, is the set of pairwise distinct elementary divisors of ¢ and M, is the set of maximal
elements of Z. with respect to “<”. In particular, m.(x) is the product of elementary divisors in M, and
Ker(@) is exactly the ideal of R[x] generated by m,(x). Let A, := R[x]/(Ker(9)) ~ R[c].

Lemma 2.16. There is a bijection T from ‘E. to the set of non-isomorphic indecomposable direct sum-
mands of the A.-module R", sending h(x) to the A.-module R[x]/(h(x)) for h(x) € ‘E..

Suppose that R is a field of characteristic p > 0. For a positive integer m, there exist unique determined
s,m" € N such that m = p*m’ and p t m’, we define v,,(m) := s. Here, we understand v,(m) := 0 if p = 0.

In the following, we denote by e;; the matrix units in M,(R) and by ¢ := }.i_ ¢; (s the permutation
matrix of 6 € X,,.

Lemma 2.17. Let R be a field of characteristic p > 0 and 6 € ¥, a permutation of cycle type (A1,--- , Ak ).
Then ‘E., ={f (x)pvm") |i € [k], f(x) is irreducible, f(x) < x4 —1}.

Proof. For conjugate permutations in X, their corresponding permutation matrices are similar, and
therefore have the same elementary divisors. Thus, without loss of generality, we may assume that ¢ =
(L A M+ 1, +7»2)m():’;;}7»j+ 1,---,n). Then ¢ is a diagonal block-matrix of the form
Cs = Co, B Co, B -+ B cg,, Where 6; is a Aj-cycle in Xy, for i € [k]. In particular, ., = Uic) Ee,- For
a matrix d € M, (R), let py(x) denote the characteristic polynomial of d in R[x]. For i € [k], we write
A= pvp(h")kg with p tAl. Then M—1= H?": , fij(x) is a product of distinct irreducible polynomials f;;(x)
in R[x]. It follows from pe, (x) = x% — 1 =x?"""% — 1 = (M — 17" = 1% fi;(x)?"™ that pe, (x) =
Mg, (X) = x* — 1. Hence Eeo, = M, This implies £, = {f )P | i € [k], f(x) is irreducible, £ (x) <
-1} 0

Now, we prove a result on congruences of matrices that appear as the Cartan matrices of the endo-

morphism rings of modules over polynomial algebras. Two multisets {{x;,---,x,}} and {{y1,---,ys}}
are equal if and only if there exists a 6 € X such that (y1,--+,¥5)° := (V(1)5," s V(s)a) = (X1, ,X).

Lemma 2.18. For an integer s > 2, letm; >my > --- >my > 1 andny >ny > --- > ng > 1 be two series of
integers with my = ny. Set X := Zizl(ﬂ‘:l my(ex + e ) —myerr) € Ms(Z) and Y = Zizl(ﬂ‘:l ny(ex +
ei) —ngexx) € My(Z). Then X and Y are congruent in M (Z) if and only if there is ¢ € X such that
(nl N, N1 — ns;”s) = (ml —mp, Mg — mS7mS)6'

Proof. We define U :=1— Zf;ll 41,01 := diag(my —ma,--- ;ms_y —my,my) and D, := diag(n; —
ny,-++ ,Ns—1 — Ny, ng). Then U"XU = D and U"YU = D, Thus X and Y are congruent in My(Z) if and
only if D and D, are congruent in M(Z). Now, we show that D; and D, are congruent in M(Z) if and
only if there is an element 6 € X such that (n; —ny,--- ,ns_1 —ng,ng) = (my —my, -+ ,my_1 — my,my)°.
Indeed, if (n; —na,--- ,ns_1 —ng,ns) = (Mg —ma, -+ ,my_1 —mg,my)°, then cZDics = D,. This means
that D; and D, are congruent in M,(Z). Conversely, suppose that D and D, are congruent in My(Z).
Then there is an invertible matrix H = (a;;)1<; j<s € Mn(Z) such that H"D{H = D,. This implies

§—

1 s K
(*) (Y (@) (mr —my1) + (Y (afy))mg = ny = my.
1 k=1 k=1

r=

Since H is invertible in M,(Z), each column of H has a nonzero element, and therefore Y _,(az,) >
1 for r € [s]. Now it follows from (x) that Y3_,(a?,) = 1 for all r € [s]. Thus each row and column
of H has only one nonzero entry which is either 1 or —1. This implies that H = €c; for T € ¥, and
€ a diagonal matrix with the entries in {1,—1}. Hence H”” = H~!. This shows that D; and D, are
similar. So {{m; —my,--- ,ms_y —mg,mg}} = {{ny —na,--- ,ns_1 —ny,ns}} as multisets, and therefore
(my —ng,--- ,ng_1 —ng,ng) = (my —my,--- ,my_1 —mg,my)° for some 6 € .
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2.3 Centralizer matrix algebras of representation-finite type

We first mention a few properties of centralizer matrix algebras.

Lemma 2.19. For ¢ € M,,(R), the followings hold.
(1) There are isomorphisms of R-algebras:

Sa(c,R) =~ S, (c'"",R) =~ S,(c,R)" ~Endy_(R"),

where c'" denotes the transpose of the matrix c.
(2) Let p.(x) be the characteristic polynomial of c. Then Sy(c,R) = R[c] if and only if m.(x) = p.(x).

Proof. (1) The first isomorphism follows from the fact that any matrix over a field is similar to its
transpose Theorem 66, p.76], the second isomorphism is given by sending a matrix in S, (¢'", R) to its
transpose in S, (c,R)”, and the last isomorphism follows by interpreting ¢ as a linear transformation on
the n-dimensional R-space R" with respect to a basis.

(2) Note that m(x) is the product of polynomials in M, and that p.(x) is the product of all elementary
divisors (counting multiplicity) of ¢. Thus m.(x) = p.(x) if and only if M. consists of all elementary
divisors of c. Now, suppose m.(x) = p.(x). Then M, = ‘£, and it follows from the decomposition of R"

n (%) that R" ~ R|c] as R[c]-modules. Thus S, (c,R) =~ Endg(R") ~ Endg|,(R[c]) =~ R[c], and therefore
the subalgebra R|c] of S, (c,R) has the same R-dimension as S,(c,R) does. Hence R[c] = S, (c,R).

Suppose Sy, (¢,R) = R|c]. Then S, (c,R) = R[c] ~ R[x]/(m.(x)). This shows that S, (c, R) is a symmetric
algebra. Hence R" is a projective generator for R[c]-mod (see, for example, the argument of the proof of
Lemma E3(2)). Since Rlc] = R[x]/(me(x)) = [scaq RIX|/(/(2)) is a basic algebra, we have R =
R[c] & M for a projective R[c]-module M. Thus R[c] = S,(c,R) ~ Endg;(R") =~ Endg(q (R[c] & M). This
implies M =0, that is, R" ~ R|c] as R[c|-modules. In particular, deg(m.(x)) = dimg(R|c]) = dimg(R") =n.
Then deg(p.(x)) = n = deg(m,(x)). But m(x) is a divisor of p.(x), and therefore m.(x) = p.(x). O

In general, S,(c,R) has neither to equal R[c], nor to be representation-finite. Next, we point out a
condition for S, (c,R) to be representation-finite in terms of elementary divisors.

Lemma 2.20. Suppose R is a perfect field. For c € M,(R) and f(x) € M, let by(y) := max{3,P.(f(x))}.
Then S,(c,R) is representation-finite if and only if P.(f(x)) C{1,bpw) — 1,bsy } for all f(x) € M,

Proof. Since R is perfect, all irreducible factors of m,(x) are separable over R. Clearly, S,(c,R) is
representation-finite if and only if every block of S,(c,R) is representation-finite. The blocks of S, (c,R)
are parameterized by M,. Let g(x) € R[x] be an irreducible polynomial such that g(x)* € M, with s € N.
Then by (,)s = max{3,s}. By Lemmas and 2.19] the block of S, (c,R) related to g(x)* is Morita

equivalent to the algebra
E = Endry o) (€D RI/(2(x)")).
1€P:(g(x)")
Since R is a perfect field, the algebraic closure R of R is a separable extension of R. By [16, Theorem 3.3]

which says that, for a separable extension L/R, a finite-dimensional R-algebra A is representation-finite if
and only if so is the L-algebra L @z A. Hence it suffices to consider when R ®g E is representation-finite.

Since R is perfect, g(x) has only simple roots in R. Let oy, , @, be the roots of g(x) in R. Then
R®RE = Endgoaiys0) (RO D R/ (6(0))) = Endgyg e gy (D R/ [~ o))
1€P(8(x)*) 1€Pe(3(x)°) =1

Thus each block of R ®g E is isomorphic to Endg Rixl/ () (GBteP (20’ F[x]/(x’)) By Theorem 2.1 (i)]
(see also [10]), the endomorphism algebra Endpgy (s (@tep () R[X]/ (")) is representation-finite if
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and only if either s < 3 and P.(g(x)*) € {1,2,3} or s >4 and P.(g(x)*) C {1,s—1,s}. This is equivalent
to saying that Pe(g(x)*) C {1,bg(x)s — 1,bgys }. O

As a corollary of Lemma[2.20] we have the following.

Corollary 2.21. Let R be a perfect field of characteristic p and ¢ € M, (R) be a permutation matrix such
that the associated permutation of ¢ is of the cycle type . = (A1, -+ ,Ay). Then S,(c,R) is representation-
finite if and only if there exists an positive integer t such that v,(A;) € {0,t} for all i € [s].

Proof. By Lemma[2.17] for g(x) € M,, all the integers in P.(g(x)) are p-powers and (x — l)pr(ki) is an
elementary divisor of ¢ for i € [s]. In particular, (x — 1)"" € M, with m = max{v,(A;) | i € [s]}.

Now, suppose that S, (c,R) is representation-finite. By Lemma we deduce that P.((x — 1)7")
does not contain two different p-powers p® > 1 and p? > 1. Since p"»*) € P.((x—1)?") for i € [s], there
do not exist A; and A; with 7, j € [s] such that v,(A;) > v,(A;) > 1, that is, there exists an integer r > 0
such that v, (A;) € {0,7} for all i € [s].

Conversely, suppose that there exists an integer # > 0 such that v,(A;) € {0,7} for all i € [s]. Then, for
each g(x) € M., we deduce from Lemma 217 that P.(g(x)) C {1, p'}. Thus it follows from Lemma2.20]
that S, (c,R) is representation-finite. [J

3 Derived and stable equivalences of centralizer matrix algebras

This section is devoted to proving all results mentioned in the introduction.
Assume that R is a field of characteristic p > 0 unless stated otherwise. For ¢ € M,,(R), let mg .(x) or
me(x) be the minimal polynomial of ¢ over R and A, := R[x]/(m.(x)). Now, let d € M,,(R). We write

I la

me(x) = Hf,-(x)"" forn; > 1 and my(x) = ng(x)mf form; > 1,
i=1 |

Ui :=R[x]/(fi(x)") fori € [I.] and V;:=R[x]/(g;(x)"™) for j € [I4],

where f;(x) and g;(x) are irreducible polynomials in R[x]. Thus U; and V; are local, symmetric Nakayama
R-algebras, and
AU xUpyx---xU,and Ag =V xVpx---xV,.

Recall that A, ~ R[c] and R" = {(a1,a2, - ,a,)"" | a; € R,1 < i < n} is viewed as an A.-module.
According to these blocks of A. and A4, we decompose the A.-module R" and the A;-module R™ as

l

c ld
R"=M; and R" = EPN;,
i=1 J=1

where M; (respectively, N;) is the sum of indecomposable direct summands of R" (respectively, R™)
belonging to the block U; (respectively, V;). Then B(M;) =~ @,cp, (s (xy) RIx]/(fi(x)") as U;-modules and
B(N;) = Dyep,(g,(x) RI]/(8;(x)*) as V;-modules. Since R" is a faithful M, (R)-module, R" is also a
faithful R[c]-module, and therefore M; is a faithful U-module for i € [I.]. Similarly, N; is a faithful V-
module for j € [I4]. Further, we set

A,’ = EndUl. (M,) and Bj = Endvj (N])
for i € [I.] and j € [l4]. Then A; and B; are indecomposable as algebras for i € [I.] and j € [l;]. Clearly,

A; (respectively, B;) is semisimple if and only if n; = 1 (respectively, m; = 1). In this case, A; ~
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M (R[x]/(fi(x))) for some k € N (respectively, B; ~ M,(R[x]/(g;(x))) for some ¢ € N). By Lemma[2.19

le
R) ~ [ [Endy,(M;) HA and S,(d,R) HEndV HB
i=1

As the R[c]-module R" is a generator, we see that the bimodule | R§ (eR) has the double centralizer
property. In particular, Endg, (. z)(R? )= R|c].

Sn(c.R)

3.1 Characterizations of Morita and derived equivalences: Proof of Theorem [1.2]

In this section we prove the main result, Theorem [L.2

Lemma 3.1. (1) M. ={f;(x)" |1 <i<Il.}and | M| =1,.
(2) IfA; and B are derived equivalent, then U; ~V; and n; = m.

Proof. (1) follows by definition. (2) is a consequence of Lemma 2.3l [J

Lemma 3.2. Let c € M,(R) and d € M,,(R). Then ¢ Xa if and only if there is an isomorphism @ : R|c] ~
R[d] of algebras such that B(R") ~ B(R™), where R™ is viewed as an R|c]-module via ¢.

Proof. Suppose ¢ Xa. Then, by definition, there is a bijection T between M, and M; such that
Rx]/(f(x)) ~ R[x]/((f(x))r) as algebras and P.(f(x)) = Ps((f(x))=) for all f(x) € M,. It follows from

Rc] ~ H R[x]/(f(x)) and R[d H R[x

e, g(x)eMy

that there is an isomorphism @ : R[c| ~ R[d]. After reordering the factors, we may assume that ( f;(x)" )mt =
gi(x)™ for i € [I.]. Then the condition P.(f(x)) = P;((f(x))r) implies that B(M;) ~ B(N;) for i € [l ].
Here N; is viewed as an R|c]-module via ¢. Hence B(R") ~ B(R™), where R" is viewed as an R|c]-module
via @.

Conversely, suppose that there is an isomorphism @ : R[c] ~ R[d] such that B(R") ~ B(R™) when
R™ is regarded as an R[c|-module via ¢. We may assume that ¢ restricts to an isomorphism @; : U; ~ V;
for i € [I.]. Then the condition B(R") ~ B(R™) implies that B(M;) ~ B(N;) for i € [l.]. Since B(M;) ~
Drer,(f,00m) RIX]/ (fi(x)") as Ui-modules and B(N;) =~ Dcp, (g, RI¥]/(8:(x)*) as Vi-modules, we have
P.(fi(x)") = Pa(gi(x)™). Now we define a map ©: M, — My by fi(x)" > gi(x)™ for i € [I.]. Then ©

defines an M-equivalence ¢ Xa.O

Recall that for an algebra A and an idempotent e € A, the Schur functor Ae ®.4, — : eAe-mod — A-mod
is fully faithful. Following [14} Section 2], we say that a stable equivalence ® : A-mod — B-mod of Morita
type lifts to a Morita equivalence if there is a Morita equivalence F : A-mod — B-mod such the following
diagram of functors is commutative (up to natural isomorphism)

A-mod _® . B-mod

can. ] can. T

A-mod £ B-mod

The following is proved in [14, Lemma 3.1, Propositions 3.3 and 3.5, and Remark 4.6].
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Lemma 3.3. Let A and B be two algebras without nonzero semisimple direct summands such that A /rad(A)
and B/rad(B) are separable, and let e and f be V-stable idempotent in A and B such that eAe and fAf are
their Frobenius parts. Suppose there is a stable equivalence ® : A-mod — B-mod of Morita type. Then
the followings hold.

(1) If ®(S) is isomorphic in B-mod to a simple B-module for each simple A-module S, then ® lifts to
a Morita equivalence.

(2) The functor ® restricts to a stable equivalence ®; : eAe-mod — fBf-mod of Morita type such
that the following diagram is commutative (up to natural isomorphism)

A-mod _® . B-mod

S

eAe-mod P fBf-mod

where A stands for the corresponding Schur functor. Moreover, if ®1 lifts to a Morita equivalence, then
so is P.

Proof of Theorem If S,(c,R) and S,,(d,R) are Morita (or derived, or almost v-stable derived)
equivalent, then they have the same number of blocks, that is, /. = /;. Further, we may assume that A; and
B; are Morita (or derived, or almost v-stable derived)) equivalent and that F; is such an equivalence for
i € [I.]. By Lemma[3.112), there is an isomorphism @; : U; > V; of algebras and n; = m; for i € [I.].

(1) Suppose ¢ X d. Then it follows from Lemmas [2.2] and 3.2 that S, (¢,R) and S,,(d,R) are Morita
equivalent. Conversely, suppose that S, (c,R) and S,,(d,R) are Morita equivalent. Then it follows from
Lemma 2.12] that B(M;) ~ B(N;) if N; is regarded as a U;-module via ¢;. Let ¥, : A, — R[c| and yy :
Ay — R[d] be the canonical isomorphisms of algebras. Then ¢ := \V;l(Hf": | i)Wy is an isomorphism
between the algebras R|c] and R[d]. Hence B(R") ~ B(R™) where R™ is viewed as an R|[c|-module via @.

By Lemmal[3.2] we have ¢ M.

(2) Suppose ¢ Ra. By the definition of D-equivalences, A, ~ A, as algebras and there is a map
T Mo — My such that Hp (s qmy = Hp,((f0mi)m) for fi(x)" € M. Without loss of generality, we as-
sume (f;(x)")m = g;(x)™ for i € [I.]. Then, for i € [I.], R[x]/(fi(x)") ~ R|[x]/(gi(x)™) as algebras and
Hp, (fir) = Hpy(gi(pm)-  Recall that B(M;) =~ @,cp,(f,(0m) RIX]/(fi(x)") as Ui-modules and B(N;) =~
Dicp, (gx)ym) RIX1/ (gi(x)*) as Vi-modules. It follows from Remark 2.8]that Endy, (B(M;)) and Endy,(B(N;))
are derived equivalent. Thanks to Lemma[2.2] A; and B; are also derived equivalent. Thus S,(c,R) and
Sm(d,R) are derived equivalent.

Conversely, suppose that S,,(c,R) and S,,(d,R) are derived equivalent. Let i € [I.]. Then A; and B; are
derived equivalent, and there is an isomorphism U; ~ V; of algebras such that U; /rad(U;) ~ V; /rad(V;), that
is, R[x]/(fi(x)) ~ R[x]/(gi(x)). Let K; be a splitting field for f;(x)g;(x). Since K; ®r A; ~ Endk, v, (Ki @r
M,‘) and K; Qg B; ~ EndKi®RVl.(Ki XR Ni), the two algebras EndK@RUi(Ki Kr Mi) and EndKl@RVi(Ki Kr N,')
are derived equivalent.

For the irreducible polynomial f;(x), there is a separable irreducible polynomial u;(x) € R[x] and an
integer s; € N such that f;(x) = u;(x”"). Here, for p = 0, we understand p* = 1. Similarly, there is a
separable irreducible polynomial v;(x) and an integer #; € N such that g;(x) = v;(x*"). Tt follows from
K; ®r (R[x]/(f;(x))) ~ K; @ (R[x]/(gi(x))) that 5; = #; and that u;(x) and v;(x) have the same number
of roots. Therefore f;(x),g;(x),u;(x) and v;(x) have the same number of distinct roots in K;. Let w; be
the number of roots of u;(x) in K;. Suppose that 0,0, -+, 0, are the roots of f;(x) in K; and that
Bir,Biz, -+, Biw, are the roots of g;(x) in K;. Then K; @ U; = K; @r (R[X]/(fi(x)™)) =TT, Kilx]/((x -
0g)" 7). Similarly, K; ®g V; = K; ®g (R[x] /(g (x)™)) ~ [T, Kilx] / ((x— Big)™ ). Now, we shall show
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Hp, (fixm) = Hpate: - Indeed, given a Uj-module R[x]/(fi(x)"), we have the isomorphism
K; ®r (R[x]/(ﬁ(x)’)) = @Ki[x]/((x— Ociq)rpSi)

as HZ;;I K;[x]/((x—0ty)"P")-modules. Since Homy,(M;, —) : add(M;) — A;-proj is an equivalence, we see
that |P.(f;(x)™)| equals the number of indecomposable projective A;-modules, hence equals the number
of simple A;-modules. Since derived equivalent algebras have the same number of simple modules, we
get |P.(fi(x)")] = |Pa(gi(x)")]. Put by = |P.(fi(x)")|. For h; = 1, we have Hp (5, = Hp,(g,(xy)- SO
we assume that i; > 2 and P.(fi(x)") = {wj1, - ,uin, } With u;g > -+ > up, . Slnce A = EndU (M;) is
Morita equivalent to Endy,(B(M;)), the algebra K; ®g A; is Morita equlvalent to K; ®@g Endy, (B(M;)) ~
Endkc.u; (Ki @r B(M;)). As B(M;) == @yepp RIx]/ (fi(x)"*) as U;-modules, we get

K;@r B(M, EB D K/ ((x— 0g)“#7")

q=1kelh;)

as [T;2, Kilx]/ ((x— aig)"P")-modules. Then a block of K; ®gA; is Morita equivalent to the algebra

Eeii=Endg g (€D Kb/ ((x—0ig)™))
ke[hi]

for some ¢ € [w;]. Similarly,
Ko on (LY (5:00))) ~ D Kl (e~ Big)™")
g=1

as H;il K,-[x]/((X— Biq)n”psi)-modules. We write P;(gi(x)") = {vi1,--+ ,vin, } withv;; > --- > v;,. Then a
block of K; ®g B; is Morita equivalent to an algebra of the form

Ed,:—End KL/ (e, ,pl @K : )vikpsi))
ke[hi]

for some ¢’ € [w;]. Remind that u;; = n; = m; = vi1, E.; ~End,, K (0" )(@ke[hi]Ki[x]/(x“fkpSi)) and E;; ~
EndKi[x] I Xnil;si)(@ke[hi]Ki[X] /(x"«P"Y). Thus the Cartan matrices of E.; and E;; (as K;-algebras) are the
h; X h; matrices

hi

ok k
=p" Z Z uik(ex + e) — uixer) and J; 1= p* Z vik(ex + ei) — viker),
k=1 i=1 k=1 =1

respectively. Then there exists an invertible matrix ®; € M}, (Z) such that ®!"H;®; = J;. This follows
from Chapter 6, Proposition 6.8.9] which says that the Cartan matrices of derived equivalent, split
algebras are congruent by an invertible matrix with integral entries. Thanks to Lemma we have
ﬂl‘f’(;(ﬁ( ni) 5—[Pd ) as multisets.

Now let T % —> QV[d be the map given by fi(x)" +— g;(x)" for i € [I.]. Then ® gives rise to a D-
equivalence ¢ 2a.

(3) Suppose ¢ 0 4. Then U; ~ V; for i € [lc] by definition. The condition P.(f;(x)") = Ps(gi(x)™))
or Pe(fi(x)") = Ip,(¢(xym)) implies that either B(M;) » ~ B(N;)» or B(M;)» ~ Qy,(B(N;)») as U-
modules. It then follows from Lemma 23] that A; and B; are almost v-stable derived equivalent. Hence
Su(c,R) and S,,(d,R) are almost v-stable derived equivalent.
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Conversely, suppose that Sy,(c,R) and S, (d,R) are almost v-stable derived equivalent. Thanks to
Lemma 2.4} the almost v-stable derived equivalence F; induces a stable equivalence, say F;, between U;
and V; such that F;(B(M;) ) ~ B(N;)» and m; = n; for i € [I.]. The isomorphism ¢; induces a natural
stable equivalence ®; between V; and U;. The composition ®; o F; is then a stable equivalence from U;
to itself. Now, by Lemma[2.9] we deduce either B(M;) » ~ B(N;) » or B(M;)» ~ Qv.(B(N;) ») as U;-
modules, where N; is viewed as a U-module via ¢;. Note that B(M;) = @,cp,(f(xym) RIX]/ (fi(x)") as U;-
modules and B(N;) = Dqep, (g,(xy) RI¥]/(8(x)°) as Vj-modules. Thus B(M;) » ~ B(N;)» is equivalent
to P(fi(x)") = Pa(gi(x)™), and B(M;) » =~ Qy,(B(N;)  is equivalent to Pe(fi(x)") = Ip, (g, (xym) for i €

[Ic]. Now we define a map 7w : M, — M, by f;(x)" — g;(x)™ fori € [I.]. Then © defines an AD-equivalence:

AD
c~d.

(4) Assume that either R is perfect or both ¢ and d are invertible matrices of finite order. Then all
irreducible factors of m,(x) and m,(x) are separable polynomials over R. Let A; = Endy;, (M;) be a block in
Sn(c,R) and ey, := Homy,(M;,—) : U;-mod — A;-mod be an evaluation functor. For any indecomposable
projective A;-module ey, (X) with X an indecomposable direct summand of M;, we have

End,, (top(en, (X)) = Endy, (eps (X)),/rad(Endy, ey, (X)) =~ Endy, (X) /rad (Endy; (X)) = R /(f(x))-

Thus Endy, (top(ey, (X))) is separable. This implies that the semisimple quotient A;/rad(A;) of A; is sep-
arable. Hence all the semisimple quotients of blocks of S, (c,R) and S,,(d,R) are separable. In particular,
all the semisimple blocks of S,(c,R) and S,,(d,R) are separable.

Now, suppose that ¢ and d are SM-equivalent. By Lemma 2.3 and the proof of (3), there is an almost
v-stable derived equivalence between the non-semisimple blocks of S,(c,R) and Sy, (d,R) . Further, by
Theorem 1.1], there is a stable equivalence F' of Morita type between the non-semisimple blocks
Su(c,R) and S,,(d,R). Since the semisimple blocks of S,(c,R) and S,,(d, R) are separable algebras, F can
be extended to a stable equivalence of Morita type between S,(c,R) and S,,(d,R).

Conversely, suppose that S,(c,R) and S, (d,R) are stably equivalent of Morita type, and that the
stable equivalence is given by a functor F. Let Ay,--- A, be the non-semisimple blocks of S, (c,R), and
let By, - -+, B, be the non-semisimple blocks of S,,(d,R). By Theorem 2.2] and Lemma 4.8], we
may assume that F induces a stable equivalence F; of Morita type, between A; and B; for 1 <i <.

To show ¢ o d, we consider the generator M; for Ui-mod. It follows from v4,Homy,(M;,U;) ~
Homy, (M;,vy.U;) (see Remark 2.9 (2)]) that the Frobenius parts of A; and B; are Morita equivalent
to U; and V;, respectively. Since A;/rad(A;) and B;/rad(B;) are separable, it follows from Lemma [3.3(2)
that F; restricts to a stabe equivalence G; of Morita type between U; and V;. As f;(x) is separable and both
A; and B; are non-semisimple, Corollary 2.14]implies that U; ~ V;, that is, R[x]/(f;(x)") ~ R[x]/(g:i(x)™),
and n; = m;.

Now we regard V;-modules as U;-modules via this isomorphism. Let A; := Endy,(U;® B(M;) »), B;:=
Endy, (V; ® B(N;) ») and C; := Endy,(V; ® Qy,(B(N;) »)), and let ¢, f and g be the v-stable idempotents of
A;,B; and C;, defining their Frobenius parts, respectively. Then Ai,A;,B;,B; and C; are stably equivalent
of Morita type, and there is the following commutative (up to natural isomorphism) diagram by Lemma

B.3(2):

A;-mod — 2. B;-mod S C;-mod
| | |
eA;e-mod —> fB; f-mod —> gC;g-mod

where A is the full embedding of stable module categories induced by the corresponding Schur functor
and where ® and ¥ define stable equivalences of Morita type between A; and B;, and between B; and C;,
respectively, while ®; and W, are the restrictions of ® and W, respectively. Note that eAje ~U; ~V; ~
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fBif ~ gCig. Identifying fB, f with gC;g, we can choose W so that P is the syzygy functor on fB, f-mod
(see the arguments in Proposition 3.3 and Corollary 3.4]). Let S be the simple eA;e-module. Then
it follows from Lemma 2.9] that either ®;(S) or ¥ o ®@;(S) is simple. By Lemma [3.3(1), either ®; or
W, o®, can be lifted to a Morita equivalence, and therefore either @ or W o ® can be lifted to a Morita
equivalence. It then follows from Lemma[2.12]that either B(M;) 2 ~ B(N;) » or B(M;) 2 ~ Qy.(B(N;) »).
Therefore P.(fi(x)") = Pa(gi(x)™)) or Pe(fi(x)") = Jp,(g:(xy))- Now we define a map & : . — Ry by
fi(x)" — gi(x)™ for f;j(x)" € R,. Then 7 defines an SM-equivalence c Y 4 of matrices. O
Instead of R being a field, we can prove the following for noetherian domains.

Remark 3.4. Suppose that R is a noetherian domain, ¢ € M, (R) and d € M,,(R). If S,(c,R) and S,,(d,R)

. . D . .
are derived equivalent, then ¢ ~ d as matrices over the fraction field of R.

Proof. Assume that R is a noetherian domain with K its fractional field. Then it follows from
Su(c,R) € M, (R) that S,(c,R) is a finitely generated R-algebra. Thus S,(c,R) is a noetherian algebra,
S,(c,R)-mod is an abelian category and 2°(S,(c,R)) is well defined.

Regarding K as an R-algebra, we have the isomorphism of K-algebras

0: K@pMy(R) — My(K), Y ar@b; Y (aiy)b
i=1 i=1

where I, is the identity matrix in M,(K). Further, K is a flat R-module and there is the commutative
diagram of K-algebras

K g Su(c,R) —= S,(c,K)

.

K @g M, (R) — M, (K)

where u is the restriction of @. Remark that Im(u) belongs to S,(c,K). Since K is the fractional field of
R, we can find an element 0 # r € R for each matrix a € M,,(K) such that ra € M, (R). This implies that u
is surjective, and therefore an isomorphism. Thus K ®g S, (c,R) ~ S,(c,K) as K-algebras.

Suppose that the R-algebras S,(c,R) and S,,(d,R) are derived equivalent. Then there is a tilting
complex 7 for S, (c,R) such that End g, ¢ g))(T) = Sm(d,R) as R-algebras. Since K is a flat R-module,
TorX(S,(c,R),K) = 0 and TorX(S,,(d,R),K) = 0 for all i > 1. It then follows from [28], Theorem 2.1]
that K @g T is a tilting complex for K ®g S,(c,R) with Endgs keps, (c.r) (K ®r T) =~ K @g Syu(d,R) as
K-algebras. Thus the K-algebras S,(c,K) and S,,(d,K) are derived equivalent. By Theorem there

holds ¢ 2 d. O

3.2 Relations among derived, Morita and stable equivalences: Proof of Corollary 1.3

Let A be an Artin algebra and M a generator-cogenerator for A-mod. Then the rigidity dimension rd(M)
of M is defined by .
rd(M) :=sup{n € N | Ext)y(M,M) =0,V 1 <i<n}.

If no such n exists, we define rd(M ) = 0. The dominant dimension of the algebra A, denoted by dom.dim(A),
is the maximal ¢ € N (or o) such that all the terms Iy, I, --- ,[,—;in a minimal injective resolution

O—A—h—0LH — - —L— -

of AA are projective. By Lemma 3], dom.dim(Enda (M)) = rd(M) + 2.
The following lemma describes the dominant dimensions of principal centralizer matrix algebras.
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Lemma 3.5. (1) dom.dim(A;) € {2,e}. Particularly, dom.dim(S,(c,R)) € {2,00}.

(2) dom.dim(A;) = oo if and only if A; is a symmetric Nakayama algebra if and only if P.(f;(x)") is
a singleton set. Thus dom.dim(S,(c,R)) = oo if and only if S,(c,R) is a symmetric Nakayama algebra if
and only if P.(f;(x)") is a singleton set for all i € [l.].

Proof. If A is an Artin algebra and L € A-mod, then it follows from the Auslander-Reiten formula
DExt) (L,L) ~Hompy (L,TL) that Ext} (L, L) # 0if TL ~ L, where D is the usual duality of an Artin algebra
and T := DTr denotes the Auslander-Reiten translation.

Let i € [I.]. For the U;-module M;, ©(M;) » ~ (M;) 2, and therefore rd(M;) = « if M; is projective, and
0, otherwise. Since dom.dim(A;) = dom.dim(Endy;,(M;)) = rd(M;) + 2, we deduce that dom.dim(4;) €
{2,00} and that dom.dim(A;) = e if and only if M; is projective if and only if A; is a symmetric Nakayama
algebra if and only if P.(f;(x)") is a singleton set. Hence dom.dim(S,(c,R)) € {2,0}. Moreover,
dom.dim(S,(c,R)) = o if and only if S,(c,R) is a symmetric Nakayama algebra if and only if P.(f;(x)")
is a singleton set for all i € [I.]. OJ

Let A be an Artin algebra. We denote by &?(A).» the set of all isomorphism classes of projective
A-modules without any nonzero injective summands. In Proposition 1.5 and Theorems 1.7 and 2.6],
Martinez-Villa proved the following.

Lemma 3.6. Let F : A-mod — A-mod be a stable equivalence of Artin algebras A and A both with
neither nodes nor semisimple summands.

(1) The functor F provides a bijection F' : 2(A) 4 — P (A) .z, which preserves simple projective
modules in Z(A) .

(2) The functor F induces a stable equivalence between the Frobenius parts of A and A.

(3) Let 0 - X ® 0y i> Y& dP 4 7 — 0 be an exact sequence of A-modules without any split
exact sequences as its direct summands, where X,Y,Z € A-mod », Q1,0, € #(A) y and P is a projective-
injective A-module. Then there is a short exact sequence

0— F(X)®F(Q1) 15 FY) & F(Q)) ®P -5 F(Z) — 0
in A-mod such that P' is projective-injective and that no split exact sequences are its direct summands.

We say that a stable equivalence F : A-mod — A-mod of Artin algebras A and A preserves non-
semisimple blocks if for non-projective indecomposable modules M,N € A-mod 5, F(M) and F(N) lie in
the same block of A if and only if M and N lie in the same block of A. In general, a stable equivalence
may not preserve the numbers of non-semisimple blocks of algebras. This can be seen by [36, Example
3.12], for instance.

In the following, we will show that stable equivalences between principal centralizer matrix algebras
over a field do have this property.

As Sy(c,R) =~ Endg(R") ~ Hf": Endy,(M;) = Hf": 1A, we consider the non-semisimple blocks of
Su(c,R) and denote by A the direct sum of its non-semisimple blocks. Now, we partition these blocks of
A in the following way such that

(1) Sa>2 :={A1,Az,--- ,A,, } consists of the blocks A; with n; > 3 and having at least 2 non-injective,
indecomposable projective modules for 1 <i < ay;

(2) Sa1 = {A4+1,A4,+2, - ,Ag,} consists of the blocks A; with n; > 3 and having only 1 non-
injective, indecomposable projective module for a; <i < ap;

(3) 840 :={As+1,A0,42, -+ ;A4 } consists of the blocks A; with n; > 3 and having no non-injective,
indecomposable projective modules for ay < i < as;

(4) Sa :={Aus+1,Aus+2," - ,Ag, } consists of the blocks A; with n; = 2 for a3 < i < a4, where 0 < a; <
a <az <ag <.
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Note that n; is the Loewy length of both U; and the center of A; by Lemma[2.3] For an Artin algebra
A, we have denoted by A’ the triangular matrix algebra obtained from A by eliminating all nodes of A.
Thus A and A’ are stably equivalent, but the latter has no nodes.

LetA := [T, Ai X Il4y<i<a,(A7)’- Then we have the following result.

Lemma 3.7. The algebra A has neither nodes nor semisimple direct summands. Moreover, there exists a
stable equivalence Fy : A-mod — A-mod such that Fy preserves non-semisimple blocks of algebras and
that the restriction of Fy to the block A; is induced by the identity functor for all i € [a3].

Proof. Recall that U; = R[x]/(f;(x)") and A; = Endy,(M;). For i € [a3], it follows by Lemma 2.10]
that the block A; has neither nodes nor projective simple modules. For a3 < j < ay, the triangular matrix
algebra (A;)' is stably equivalent to A; and has no nodes. Clearly, A does not have any semisimple direct
summands. Now it is easy to get a desired stable equivalence F between A and A.O

Let S,,(d,R) be another centralizer matrix algebra and B be the sum of its non-semisimple blocks.
Similarly, we have a partition of blocks for B. This is given by the natural numbers 0 < b; < by < b3 <
by < Iy, namely the partition {B1,' o 7Bb1 } U {Bbl-‘rla' " 7Bb2} U {Bbz-‘rla’ " 7Bb3} U {Bb3+17’ " 7Bb4} has
the corresponding properties as the blocks of A.

By Lemma 3.7 B:= Hi”: 1B X Tpy<j<b,(B ;) has neither nodes nor semisimple direct summands,
and there is a stable equivalence Fp : B-mod — B-mod preserving non-semsimple blocks such that the
restriction of Fj to B; is induced by the identity functor for j € [b3].

Now, we assume that there is a stable equivalence F between S, (c,R) and S,,,(d,R). Then F restricts to
a stable equivalence between A and B. Thus H := FgoF o F A_l : Av—m_od — E—M is a stable equivalence.
Let J be a quasi-inverse of H. As defined in LemmaB.6(1), H' : 2(A)  — Z2(B) s and J' : 2 (B) ; —

P (A) s are the bijections induced by H and J, respectively.

Lemma 3.8. The correspondence H' induces a bijection between Sa>2USa 1 and Sp >» U Sp1 such that
the corresponding blocks have the same number of non-injective, indecomposable projective modules. In
particular, a; = b; for 1 <[ < 2.

Proof. By the proof in Lemma 210 for i € [a,], the block A; of A has a unique projective-injective
indecomposable module, say P;. We have to discuss the following 2 cases.

(1) H induces a bijection from S > to S >2, such that the corresponding blocks have the same number
of non-injective, indecomposable projective modules.

In fact, let A; € S4 >2, that is, A; has at least 2 non-injective, indecomposable projective modules P
and P, which are non-simple by Lemma .10l Then there exist 2 indecomposable direct summands M;;
and M}, of the U;-module M; such that P, ~ Homy, (M;,M;,) as A;-modules for 1 <r <2. As U, is a local
Nakayama algebra, we may assume that M;; is isomorphic to a proper submodule of M;,. It then follows
from the left exactness of the Hom-functor Homy;, (M;, —) that P;; is isomorphic to a submodule of Pp.
Hence there is an exact sequence of A;-modules

0— Py —Po—>Po/Pn —0
with P /P;; indecomposable. By Lemmal[3.6]3), there is an exact sequence of B-modules
(x) 0— H'(Py) — H'(Pp)® P, — H(Pp/Py) — 0,

with P| being projective-injective, such that this sequence does not contain split exact sequences as its
direct summands. Then Homg(H'(P;1),H'(Py)) # 0, and therefore H'(P;) and H'(Pp) lie in the same

block of B. Otherwise, the sequence () would contain a split sequence 0 — 0 — H'(Pp) L H '"(Pp) =0
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as its summand. Let O be the block of B to which H'(P;;) and H'(Py) belong. Note that a block (B,)’
of E, with b3 < j < by, has at most 2 non-injective, indecomposable projective modules, one of which
is a simple module by Remark 2.T1l It then follows from Lemma [3.6(1) that O % (B;)’ as algebras
for b3 < j < bs. Hence O is a block of the form B; for j € [b] and H' sends all the non-injective,
indecomposable projective A;-modules to the ones belonging to the block B;. Similarly, the non-injective,
indecomposable projective B;-modules are mapped by J' into modules belonging to the block A;. Thus
H' restricts to a bijection between the set of non-injective, indecomposable projective A;-modules and
the one of non-injective, indecomposable projective B;-modules. This implies that H induces a bijection
from the set of the blocks in Sy >» to the set of blocks in Sp >», such that the corresponding blocks have
the same number of non-injective, indecomposable projective modules. Clearly, a; = b;.

(i1) H induces a bijection between S4 1 and Sp 1.

Actually, let A; € Sy 1, that is, A; has only 1 non-injective, indecomposable projective module, say Q;.
If H'(Q;) lies in some block (B;)' for b3 < j < by, then, by Remark 2.11] H'(Q;) has a simple projective
submodule, say ﬁj With a similar argument as in (i), we deduce that Q; and the simple projective module
J' (f’]) lie in the same block A;. Note that Q; is not simple and Q; % J' (f’]) This implies that the block
A; contains 2 non-injective, indecomposable projective modules, a contradiction. Thus it follows from (i)
that H'(Q;) belongs to a block Bj € Sg 1. So H induces a bijection from the set of blocks in S  to the set
of blocks in Sp 1, and therefore a, —a; = b, — by and ar = b,. [

Lemma 3.9. Let ;17 and E be the sum of blocks in Sy >>USa1 and S>> U Sp,1, respectively. Then the
functor H restricts to a stable equivalence between A| and B preserving non-semisimple blocks.

Proof By Lemma 3.8, we assume H'(A;) = B; for i € [ay]. Let i € [ay] and A; be a block in A
Suppose that M is a non-projective, indecomposable A;-module. Then H (M) is indecomposable. Further,
we show that H (M) lies in the block B; of B.

(a) By the proof of Lemma[2.10] any non-injective, indecomposable projective A;-module is isomor-
phic to a submodule of the unique projective-injective A;-module P;. This implies that rad(P;) is inde-
composable and each non-injective, indecomposable projective A;-module is isomorphic to a submodule
of rad(P;). If rad(P;) is projective, then H'(rad(P;)) lies in the block B;. If rad(P;) is not projective, then
there exists a non-injective, indecomposable projective A;-module P and an exact sequence

0 — P 5 rad(P,) = rad(P,)/P — 0

without split direct summands. Applying Lemma [B.6(3) to this sequence, we get an exact sequence of
B-modules

0 — H'(P) - H(rad(P.)) ® P Vs H(rad(P,) /P) — 0,
where P} is projective-injective. We show that H(rad(P;)) lies in the block B;. Suppose contrarily that
H (rad(P;)) does not belong to the block B;. Then Hom(H'(P),H (rad(F;))) = 0, and therefore Im(1") C
Pj. Thus H(rad(P;)/P) ~ (H(rad(P;)) ® P})/Im(V) ~ P} /Im(V) ® H (rad(P;)). This yields that rad(P;) is
isomorphic to a direct summand of rad(P;)/P, a contradiction.
(b) Let P(M) be the projective cover of M. Then there is an exact sequence of A;-modules

0— QM) L P(m) 25 M — 0,

which has no split direct summands. Write Q(M) = L; & L, for L} € A;-mod 4 and L, € @(ﬁl,) 7, and
P(M)= Q& (P*) withQ € #(A;).» andt € N. By Lemma[3.6(3), we get an exact sequence of B-modules

4

(5) 0—HL)®H (L) 5 H(Q) e P, 55 HM) — 0,
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such that P} is projective-injective and (¥) has no split direct summands.

(1)Assume Q # 0. Then H (M) has to lie in B;. Otherwise, we would have Homz(H'(Q),H(M)) =0,
and therefore Im(f') = H'(Q) & (Im(f") N P5). Since H'(Q) is projective, there exists a homomorphism
W :H'(Q) — H(L;) ®H'(Ly) such that 7’ f is the identity on H'(Q), and therefore

0 — i(H'(Q)) 25 H'(Q) — 0 —0

is a split direct summand of (%), a contradiction. Hence H (M) belongs to the block B;.

(2) Assume Q = 0. Then H'(Q) = 0. Suppose that Pé = EBf{:le, where [ > 1 and Cy is a sum of
indecomposable direct summands of P} belonging to the same block. We shall show that all indecom-
posable direct summands of P4 lie in the same block of B, that is, [ = 1. Now, suppose contrarily that
[>2. By (%), Im(f") = @._, Dy, where Dy is a submodules of C; for k € [I]. Since H(L;)® H'(L,)
contains no projective-injective direct summands, each Dy is a proper submodules of Ci. Therefore
H(M) =~ P}/Im(f") ~ @}_, Cx/Dy is decomposable, a contradiction. Thus / = 1 and all indecompos-
able direct summands of P} lie in the same block of B. This also imply that P belongs to the same
block.

Suppose that Q(M) has a direct summand isomorphic to rad(P;). Then f” in () restricts to an injective
homomorphism from H (rad(P,)) if rad(P;) is not projective (or from H'(rad(F;)) if rad(P,) is projective)
to P. In particular, H(rad(P;)) (or H'(rad(P;))) and Pj lie in the same block B; of B. Also, H'(Q) =0
implies Homg(P3,H (M)) # 0 in (%). This implies that H(M) and P; lie in the same block B;.

Suppose that Q(M) has no direct summands isomorphic to rad(P;). Recall that P(M) = P*' under the
assumption Q = 0. We consider the exact sequence of A;-modules

(1) 0— QM) L5 (rad(P))® 5 rad(M) — 0.
Deleting the split direct summands of (), we obtain an exact sequence of A;-modules
0— QM) % (rad(P)* 2% x — 0

for some r <t and a submodule X of rad(M). Thanks to Lemma [3.6(3), there is an indecomposable
direct summand L of Q(M) such that H(L) (or H'(L)) lies in the block B;. Otherwise H(X) would
contain a direct summand isomorphic to H ((rad(P;))®") (or H'((rad(P;))¥")) (see the argument in (a)), a
contradiction to that X contains no direct summands isomorphic to (rad(P;))®"). Now, we see from ()
that the modules H (M), P; and H (L) lie in the same block B; of B or the modules H (M), P; and H'(L) lie
in the same block B; of B.

Thus we have proved that H (M) lies in the block B; of B. Similarly, for i € [a,] and a non-projective,
indecomposable B,-—mgiule N, we see that J(N) belongs to the block A; of ;17 . Hence H induces a stable
equivalence between A and E which preserves non-semisimple blocks. [

For an Artin algebra A, let I'y denote the Auslander-Reiten quiver of A and I'} the stable Auslander-
Reiten quiver of I'y obtained by removing all projective vertices from I'p. For a local, symmetric
Nakayama algebra Ao := R[x]/(f(x)"), '} is a connected quiver such that there are two arrows between
any two vertices if they are connected by an irreducible map.

Lemma 3.10. Let A2 and 32 be the sum of blocks in Sp.0USa and SpoU S, respectively. The functor H
restricts to a stable equivalence between Az and Bz, which preserves non-semisimple blocks.

__ Proof. Given a non-projective, indecomposable Az—module Y, the module H(Y') belongs to a block of
B, by Lemma[3.9] Let A; € 4 o be a block, that is, all indecomposable projective A;-modules are injective.
Then the U;-module M; is projective and A; = Endy,(M;) is a symmetric Nakayama algebra which is

21



Morita equivalent to U; = R[x]/(fi(x)"). We show that H restricts to a stable equivalence between A; and
ablock in S . Let {K; | [ € [n; — 1]} be the set of all (up to isomorphism) non-projective, indecomposable
Aj-modules. Since I' is a connected quiver with two arrows between any two connected vertices, it
follows from [4] Lemma 1.2(d), p. 336] that all modules H(K;),! € [n; — 1], lie in the same Auslander-
Reiten component of a block W in EZ . For a block By in S, we consider the node-eliminated block (By)'.
Since By and (By)' are stably equivalent, the quiver I, and I} B,y are isomorphic as translation quivers by
Corollary 1.10, p.342]. According to Remark .11} for b3 < k < by, [’y either contains only 1 vertex

or is of the form e — e — e. This implies that W can not be a block (B) in E with by < k < by. Thus
W is a block in S, say B;. Clearly, B; is a symmetric Nakayama algebra and all H(K;),! € [n; — 1], are
precisely the non-projective, indecomposable B;-modules (up to isomorphism). Similarly, for each block
B; € Spy. there is a unique block A; in S4 o such that J restricts to a stable equivalence between B; and
A;. In this way, H induces not only a one-to-one correspondence but also a stable equivalence between
the blocks in S4 ¢ and Sp .

Let A; € S4 be a block, that is, a3 < i < a4. The quiver FE 4) for as < i < ay (respectively, FEB,)' for
by < j < by) is connected with either 1 or 3 vertices. Clearly, H restricts to a stable equivalence between
(A;)" and some block (B;)" with b3 < j < bs. Hence H induces not only a one-to-one correspondence but
also a stable equivalence between the the blocks in S4 and Sg. [J

Lemma 3.11. Let ¢ € M,(R) and d € M,,(R). Suppose that there is a stable equivalence F between
Sn(c,R) and Sy, (d,R). Then F preserves non-semisimple blocks. Moreover, if A; and B are stably equiv-
alent, then n; = m;.

Proof. We keep all notions introduced previously. Suppose that there is a stable equivalence F between
Su(c,R) and S,,(d,R). Recall that A and B are the sum of non-semisimple blocks of S, (c,R) and S,,(d,R),
respectively, and F4 : A-mod — A- mod and F : B-mod — B-mod are stable equivalences.

By Lemmas [3.9/and 3.10] the stable equivalence H = Fgo F o F, : A-mod — B-mod preserves non-
semisimple blocks. Since Fj and Fp preserve non-semisimple blocks we infer that F preserves non-
semisimple blocks.

Suppose that the blocks A; and B; are stably equivalent. Then A; is semisimple if and only if B; is
semisimple. In this case, n; = m; = 1. So we may assume that n; > 2 and m; > 2. We first show that n; =2
if and only if m; = 2. Suppose contrarily that either n; =2 and m; > 3 or n; > 3 and m; = 2. We only deal
with the situation n; = 2 and m; > 3. The other case can be done similarly. It follows from Lemma 2.10]
that A; has nodes but B; does not have nodes. We replace A; by a stably equivalent algebra (A;)" without
nodes. By Lemma [3.6(2), the Frobenius parts of (4;)" and B; are stably equivalent, while the Frobenius
parts of (A;) is zero by Remark 2.1l and the Frobenius parts of B; is V; by the proof of Theorem [L.2(4).
Thus V;-mod is zero. This is a contradiction. Thus n; = 2 if and only if m; = 2. Now assume n; > 3 and
m; > 3. With a similar argument, we deduce that the Frobenius parts of A; and B; are stably equivalent,
that is, U; and V; are stably equivalent. In particular, U; and V; have the same number of non-projective,
indecomposable modules, that is, n; — 1 = m; — 1. Hence n; = m .l

Proof of Corollary We keep all notion introduced previously. Let ¢ € M, (R) and d € M,,(R).

(1) Assume that ¢ and d are permutation matrices and that S, (c,R) and S,,(d, R) are derived equivalent.
Then S, (c,R) and S,,(d,R) have the same number of blocks, that is, /. = I;. So we may assume that A; and
B; are derived equivalent for i € [I.]. By Lemma[3.l U; ~ V; and n; = m; for i € [I.]. By Theorem[L.2\1), it
suffices to show that P.(fi(x)") = Py(gi(x)™) for i € [I.]. By Lemma[2.17] the integers in P.(f;(x)") are
p-powers for i € [I.]. Similarly, the integers in P.(g;(x)") are p-powers for i € [I.]. Lett; := |P.(fi(x)")| =
|Pa(gi(x)")| fori € [l.]. If t; = 1, then P.(fi(x)") = {n;} = {m;} = P4(gi(x)™). For instance, if p =0, then
t; = 1. Now, we may assume that #; > 2 and p > 0. Let P.(f;(x)") := {p*"*,---,p"i} with u; > --- > u,
and P;(g;(x)™) :={p",---,p"i} with v; > --- > v,. By Theorem [[.2|2), we get {p"* — p*2,--- ,p"i~' —
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Vii— Vi;

pli pti} = {p" — p", ... p"i-t — p¥i p"i}. For positive integers a > b and s > ¢, the number p* — p”
is a p-power if and only if p =2 and @ = b+ 1; and the equality p® — p® = p* — p holds if and only if
a=s and b =t. By considering the cases p =2 and p > 3 separately, we get u; = vy for all k € [;]. Thus
P.(fi(x)") = Py(gi(x)™) for i € [I;]. This implies that A and B are Morita equivalent by Theorem [L.2(1).

(2) Let R be a perfect field. Suppose that S,(c,R) and S,,(d,R) are representation-finite and stably
equivalent. Let F be a stable equivalence between S, (c,R) and S,,(d,R). Then it follows from Lemma
2.20/ that

P.(fi(x)") € {1,max{n;,3} — 1,max{n;,3}} and Py(g;(x)") C {1,max{m;,3} — 1, max{m;,3}}

for all fj(x)" € M, and g;(x)" € M,. Reordering the blocks of S,(c,R) and S,,(d,R), we may assume
that there are natural numbers a < @’ and b < b’ such that n; > 3 (respectively, m j = 3) if and only if
i € [a] (respectively, j € [b]), and that n; = 2 (respectively, m; = 2) if and only if a < i < d’ (respectively,
b < j<D'). Let A and B be the sums of non-semisimple blocks in S,(c,R) and S,,(d,R), respectively.
By Lemma[3.11] F preserves non-semisimple blocks. Moreover, if A; and B; are stably equivalent, then
n; =mj. Thus a = b and d’ = b'. Therefore we may assume that F' restricts to a stable equivalence F;
between A; and B, for i € [d']. In particular, n; = m; for i € [d'].

Let i € [a]. Then n; = m; > 3. By Lemma [2.10(2), A; and B; have no nodes. By Lemma [3.6]2),
F; induces a stable equivalence between the Frobenius parts of A; and B;, that is, U; and V; are stably
equivalent. Let K; := U;/rad(U;). Since fj(x) is separable by our assumption on the ground field, it
follows from Corollary 214 that U; ~ K;[x] /(x") ~ V; as algebras.

According to Lemma[3.6(1), A; and B; have the same number of non-injective, indecomposable pro-
jective modules, and hence the same number of indecomposable projective modules. It then follows

from B(M;) = D,cp,(f0m) RIx]/(fi(x)") as Urmodules and B(N;) = Dep, (g, vy RIx] /(8 (x)*) as V-

modules that
|Pe(fi(x)™)] = [Pa(gi(x)™)].

Thus, due to the inclusions {n;} C P.(fi(x)") C {1,n; — 1,n;} and {n;} C Py(gi(x)") C {1,n; — 1,n;}, we
obtain Pe(fi(x)") = Py(gi(x)") or Pe(f;(x)") = Jp, (g (xy)- Hence A; and B; are almost v-stable derived
equivalent by Lemma[2.3]if we identify U; with V;, and therefore A; and B; are stably equivalent of Morita
type by Theorem 1.1].

Suppose a < i < d'. Then n; = m; = 2. As the argument in the foregoing case i € [a], we can show that
U; ~V; as algebras and that A; and B; are Morita equivalent. Thus A and B are stably equivalent of Morita
type. Since R is perfect, the semisimple blocks of S,(c,R) and S,,(d,R) are separable R-algebras. Hence
Sa(c,R) and S,,(d,R) are stably equivalent of Morita type.

(3) Suppose that S,,(c,R) and S,,(d, R) are derived equivalent. By Lemma[3.3( 1), dom.dim(S,(c,R)) €
{2,00}. Thus, to prove that S,(c,R) and S,,(d,R) have the same dominant dimension, we show that
dom.dim(S,(c,R)) = o if and only if dom.dim(S,,(d,R)) = . However, this follows from Theorem
[L2(2) and Lemma[3.5(2) immediately. Thus S,,(c,R) and S,,(d,R) have the same dominant dimension.

Now, suppose that S, (c,R) and S,,(d, R) are stably equivalent. Assume dom.dim(S,,(c,R)) = co. Then
Su(c,R) is a symmetric Nakayama algebra by Lemma [3.5(2). By [26| Corollary 1.2], every non-simple
projective S,,(d,R)-module is injective, while the indecomposable projective modules are of the form
Homy, (N;,R[x]/(g;(x)*)) for s € Py(g;(x)™) and j € [lz]. Thus Py(g;(x)"™ ) is a singleton set for all
gj(x)™ € My, and therefore dom.dim(S,,(d,R)) = e by Lemma[3.5(2). O

For representation-finite, self-injective algebras over an algebraically closed field, Asashiba proved
in [3] that stable equivalences lift to stable equivalences of Morita type. His proof uses classification of
representation-finite, self-injective algebras under derived equivalences. In general, principal centralizer
matrix algebras do not have to be self-injective. As shown in the above, our proof uses a completely
different strategy.
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Corollary 3.12. Let R be a noetherian domain of characteristic p > 0 and 6 € ¥,, be of cycle type A :=
(A1, ,Ag), and let 6 be a permutation in X, of cycle type A* := (A, ,As, 1). Then the following
are equivalent

(a) Sy(co,R) and S,+1(co+,R) are derived equivalent.

(b) Su(cs,R) and Sy+1(co+,R) are Morita equivalent.

(¢) There is an i € [s] such that p ;.

Proof. Let K be the fraction field of R and F}, be the prime field of K. Since cg+ is just the diagonal
block-matrix diag(cs,1), we have E. , = E., U{x — 1} when ¢ and cs+ are viewed as matrices over
either K or F},. Note that all A; are exactly the orbit lengths of () on [n].

(a) = (c) Suppose Sy,(cg,R) and Sy, (cs+,R) are derived equivalent. Then it follows from Remark
B4lthat S,(cs,K) and S, 11 (co+,K) are derived equivalent, and hence Morita equivalent by Corollary [[.3]
Further, by Lemma.17] p 1 A; for some number i.

(¢) = (b) Assume (c). Then it follows from Lemma2Z.I7Ithat x— 1 € £ . By Theorem[L.2} S, (cs,F})
and S, (co+,F,) are Morita equivalent. With an argument similar to the one in Remark 3.4] we obtain
the isomorphisms of R-algebras

R®F, Sn(cs,Fp) ~ Sy(cs,R) and R®F, Sm(cst,Fp) = Spu(cs+,R).

Hence S, (c¢s,R) and ;1 (cs+,R) are Morita equivalent. [J

Finally, we consider the case of nilpotent matrices. Let ¢ € M,(R) be a nilpotent matrix. Then
the Jordan canonical form ¢y of ¢ is unique up to the ordering of its Jordan blocks. Further, co has
a Jordan block of size ¢ if and only if rank(c’*1) +rank(¢'"!) — 2rank(c¢’) > 0. We set I := {t > 1 |
co has a Jordan block of size t}. Note that M, consists of only one polynomial of the form x" with r
being the maximal number in /.. Thus I, = P.(x").

Corollary 3.13. Let ¢ € M,(R) be a nilpotent matrix and d € M,,(R). Then S,(c,R) and S,,(d,R) are
derived equivalent if and only if d = A, +b with A € R and b being a nilpotent matrix such that Hj, = ;.

Proof. Suppose d = Al,, +b with A € R and b € M,,(R) a nilpotent matrix, such that #j, = #; . Then
Sm(d,R) = Su(b,R). Let x* be the unique polynomial in M. Clearly, the assumption Hj, = #;, implies
Hp, (xr) = Hp,(x)- It then follows from Theorem [L2(2) that S, (c,R) and S,,(b,R) are derived equivalent.

Conversely, suppose that S,,(c,R) and S,,(d,R) are derived equivalent. Then it follows from Theorem
[L2(2) that M consists of only one polynomial, say f(x)* with an irreducible polynomial f(x) € R[x] and
s € N, and that R[x]/(x") ~ R[x]/(f(x)*) as algebras. Thus r = s and f(x) = x— A for some A € R. Set
b := M, —d. Then mp(x) = x*, that is, b is a nilpotent matrix. Clearly, P;(f(x)*) = P»(x*). Therefore
Hp. () = Hpu(f(a)r) = Hp, () Henee Hj = 7, 1]

3.3 Restrictions of derived equivalences

In this section we investigate the relation between a derived equivalence of centralizer algebras of permu-
tation matrices and the one of their p-parts.

Let 6 =0; --- G, € ¥, be the product of disjoint cycle-permutations G; of cycle type A = (A, - -+, Ay)
with A; > 1 for 1 <i <s. For a prime number p > 0, a cycle o; is said to be p-regular if p { A;, and
p-singular if p | X;. If p =0, all cycles are p-regular. Let r(c) (respectively, s(c)) be the product of the
p-regular (respectively, p-singular) cycles of 6. Now, we consider (o) and s(c) as elements in X,,.

Recall that v, (1) denotes the largest non-negative integer such that p¥»(") divides n.

Proposition 3.14. Let R be a field of characteristic p >0, 6 € £, and Tt € ¥,,. If S;(c,R) and S, (ct,R)
are derived equivalent, then
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(1) Su(cr(o),R) and Sy (cy(x),R) are derived equivalent, and
(2) Su(cs(o)>R) and Sy (cy(x),R) are derived equivalent.

Proof. By Theorem [L.2[1), we show the following: If ¢ 2 ¢, then Cr(o) 2 Cr(r) and ¢y(q) R Cy(n)-
Indeed, let A = (A;,---,Ax) be the cycle type of 6. For i € [k] and an irreducible factor f(x) of
1M — 1, we define qf) = max{V,(A;) | j € [k], f(x) < x% —1}. Then it follows from Lemma 217 that

Eeo =1f (x)pv”a") |i € [k], f(x) is irreducible and f(x) < x* — 1} and
M., ={f (x)qu(x) |i € [k], f(x) is irreducible and f(x) <x* —1}.

This shows that M, , = {f(x) | f(x) € E, isirreducible} and M, = {g(x) |g(x) € M, is reducible }.

Let a denote the order of r(G). Then it follows from the definition of (o) that p 1 a and therefore
m,(g)(x) < x* —1is a product of distinct irreducible polynomials. Thus £, = M., , consisting only of
some irreducible polynomials. By the definition of 5(c), we see that £, = (£, \{x—1})UZE, and
that polynomials in %  \ {x— 1} are reducible. Hence

_ {{u(x) € Ee, | u(x) is reducible in R[x]} if r(o) =1,
(o) {u(x) € E., | u(x) is reducible in R[x]} U{x—1} if r(c) # 1.

Suppose ¢ 2 c; . Then there is a bijection 7 : M., — M, such that R[x]/(h(x)) ~ R[x]/((h(x)T) as
algebras and P, (h(x)) = P..((h(x))r) for h(x) € M,,. For irreducible polynomials w(x),z(x) € R[x], if
R[x]/(w(x)%) ~ R[x]/(z(x)?) as algebras, then a = b and R[x]/(w(x)¢) ~ R[x]/(z(x)¢) as algebras for all
e < a. Thus we may extend T to a bijection between %, and Z,_ such that R[x]/(h(x)) ~ R[x]/((h(x)T) as
algebras for h(x) € E,. Since E, = (L, \ {x— 1})UE,, the restriction of T on M, (respectively,
M, ) maps onto M, (respectively, M ). Forv(x) € M, , there holds P,  (v(x)) = P, ((v(x))T) =
{1}. Thus ¢,(s) and ¢,(y) are D-equivalent.

Particularly, r(6) = 1 if and only if r(t) = 1. This yields that x—1 € . if and only if x—1 €

Ee,, - Let a and b be nonnegative integers such that (x — 17" € M, and (x—1)7" € M,_ are the only

polynomials divisible by x — 1, and that ((x — 1)? ) = j(x) and ((x — 1)?")n~" = k(x). Then it follows
from R[x]/(h(x)) ~ R[x]/((h(x))m) for h(x) € M, that j(x) = (x+u)”" and k(x) = (x+v)”" for u,v € R.
Since P (k(x)) C Pey((x—1)"") and P,,(j(x)) € P..((x—1)""), we obtain

a b

Peg (k(x)) = Pe (x=1)7") = Pe.(j(x)) = Per(x=1)7).

Hence a = b. We may assume that T maps (x — 1)?* in M, to (x — 1)? in M... By the above calculations
of M, and ., we get P (h(x)) = Pe,(h(x)) \ {1} for h(x) € M with h(x) # (x— 1)”. For

(x — 1)P" in M., we have P ((x — 1)) = Peyg ((x = 1)P"). Thus the matrices cy() and cy(y) are D-
equivalent. [

[

For a counterexample to the converse of Proposition 3.14] we refer to Example d.3]in the next section.

4 Examples and questions

In this section we display a few examples to illustrate our results in the previous sections.
The following example shows that the centralizer matrix algebras of non-conjugate matrices may be
Morita equivalent.
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Example 4.1. Let R be a field and J,(A) the n x n Jordan matrix with the eigenvalue A € R. We take
c=J3(1) D Js(1) ®J3(0) ®J2(0) and d = J3(0) & J4(0) D J3(1) ® J2(1). In general, we have meaq(x) =
[m(x),mq(x)], where [f(x),g(x)] stands for the least common multiple of f(x) and g(x) in R[x]. Then
me(x) =2 (x— D4 Bo={2,3, (x— 13, (x = D*}, M = {3, (x— 1)*}, P.(F3) = {2,3},P.((x— D)) =
{3,4}, and my(x) = x*(x — 1)%, By = {34 (x — 12, (x — 1)°}, My = {x&*, (x— 1)3}L.Ps(x*) = {3,4},
Py((x—1)%) = {2,3}. Let ®: M, — My be the map: x> — (x —1)3,(x — 1)* = x*. Then it follows from
Theorem [L.21) that S12(c,R) and S12(d,R) are Morita equivalent, while ¢ and d are not conjugate since
they have different minimal polynomials.

The next example shows that the existence of a Morita equivalence between principal centralizer
matrix algebras depends on the ground field.

Example 4.2. Let 6:= (123 45)(6 78 1718),1:= (1234567)(89--- 17 18) € X;5. The
minimal polynomials of ¢s and ¢; over Q are (x — 1)(x* + x> +x* +x+ 1)(x!2 + x!! + .. 4 x+ 1) and
(x—= 1)+ x% 4 +x+1)(x® +2° +---+x+1), respectively. In this case, M, = {x — 1,x* +x° + x>+
x+ L2 x4 x+ 1 and M, = {x— 1,x10+ 2%+ +x+ 1,28+ +--- +x+ 1}. By Theorem
[L2(1), Si3(cs,Q) and Sig(ce, Q) are not Morita equivalent, while Sig(cs,C) and Sis(cg, C) are Morita
equivalent (see also Theorem 1.2(2)]).

Now, we show that even for centralizer matrix algebras, almost v-stable derived equivalences may not
always arise from Morita equivalences.

Example 4.3. Let a = J5(0) ® J4(0) & J2(0) and b = J5(0) & J3(0) ©J;(0). Then the centralizer alge-
bras Sii(a,R) and So(b,R) are not Morita equivalent, but they are almost v-stable derived equivalent by
Theorem [[23).

We point out that even in the class of principal centralizer matrix algebras, derived equivalences do
not have to preserve representation-finiteness, while almost v-stable derived equivalences always preserve
representation-finiteness for arbitrary algebras.

Example 4.4. Let R be an algebraically closed field, ¢ := J5(0) ©J4(0) ©J,(0) € M1o(R) and d := J5(0) B
J>(0) ® J;(0) € Mg(R). Then Sjo(c,R) and Ss(d,R) are derived equivalent by Theorem [L.2(2), while
S10(c, R) is representation-finite, but Sg(d, R) is not by Lemma[2.20]

Generally, the converse of Proposition 3.14] may be false, as we can see by the following example.

Example 4.5. Let R be an algebraically closed field of characteristic 5. We take ¢ € X9 with the cycle
type (15,4), and T € X,y with the cycle type (15,3,2). In this case, (o) is a permutation of the cycle
type (4,1') and s(o) is a permutation of cycle type (15,14), while r(t) has the cycle type (3,2,1') and
s(7) has the cycle type (15,1°). Clearly, S 19(Cs(c)5 R) and Sao(cy(x), R) are derived equivalent by Corollary
Since M, = {x—Lx+1Lx—mx+n}and M, ={x—1x+ 1,x+¢€,x—¢€?}, where 1 and € are
4-th and 3-th primitive roots of unity, respectively, it follows from Theorem [[.2}2) that S 19(Cr(s),R) and
S20(¢y(v),R) are derived equivalent.

By Lemma 217, M, = {(x—1)°,(x—€)°,(x —€2)’,x+ 1,x —m,x+n} and M, = {(x—1)°,(x —
€)’,(x—€%)°,x+1}. Clearly, |M.,| = 6 # 4 = |M,_|. Hence no bijections between M, and M, exist,
and therefore Sj9(cs,R) and Sxo(cr, R) cannot be derived equivalent by Theorem [L2

This shows that derived equivalences of the centralizer matrix algebras of p-regular parts and p-
singular parts of permutations do not have to guarantee a derived equivalence of the ones of the permuta-
tions themselves.
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Having described derived equivalences of principal centralizer matrix algebras, we propose the fol-
lowing questions for further study. In the following, R stands for a field.

Question 1. Under which necessary and sufficient conditions on matrices ¢ € M, (R) and d € M,,,(R)
are Sy(c,d) and S,,(d,R) stably equivalent?

Question 2. For which permutations ¢ € ¥, and T € ¥£,, do derived equivalences between S,,(cx(c),R)
and Sy, (¢y(r), R), and between S, (c,(s),R) and Sy, (c,(z),R) ensure a derived equivalence between S, (cs,R)
and Sy, (ct,R) ?

Related to general consideration of the centralizers of matrices, we mention the following.

Question 3. Describe structural and homological properties of S,(C,R) for [C| > 2.
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