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1. Introduction

Let R be a unitary ring and n a natural number. We set [n] := {1,2,--- ,n} and
denote by ¥,, the symmetric group of permutations on [n], by M, (R) the ring of n x n
matrices over R and by e;; the matrix units of M, (R) for ¢, j € [n]. The identity matrix
in M, (R) is denoted by I,,.

For a nonempty set C' of matrices in M, (R), we define the centralizer algebra of C by

Sp(C,R) :={a € M,(R) | ac = ca for all ¢ € C}

In case C' = {c}, we write Sy, (¢, R) for S, ({c}, R).

Given a subgroup G of %,,, we associate a set Cg of all permutation matrices c,
with 0 € G, and define the G-invariant matriz ring over R of degree n by S, (G, R) :=
Sn(Cq, R). We write S, (o, R) for S, (cs, R).

Invariant algebras and rings can be traced back to the classical invariant theory (see
[22]). If C consists of nilpotent matrices and R is an algebraically closed field, then the
variety consisting of nilpotent matrices in S,,(C, R) is of great interest in understanding
properties of semisimple Lie algebras (see [16,17]). Note that S, (o, R) is a generaliza-
tion of centrosymmetric matrix algebras studied in [23]. As is known, centrosymmetric
matrices have significant applications in Markov processes [21], engineering problems
and quantum physics [6]. Centralizer algebras S, (c, R) include the Auslander algebra
of R[z]/(x™) (see [24]), which plays a crucial role in describing the orbits of parabolic
subgroups acting on their unipotent radicals. Moreover, it is shown in [24] that if R
is an algebraically closed field then S,(c, R) is a cellular algebra and the extension
Sn(c, R) C M,(R) is a Frobenius extension. But over an arbitrary field, these results
are still to be understood. Recall that an extension S C R of rings is called a Frobenius
extension if gR is a finitely generated projective S-module and pRs ~ Homg(sR, s5) as
R-S-bimodules. Such extensions have intriguing interest in many aspects in mathematics
(see [12]).

For o € 3,, we can write o as a product of disjoint cycles, say ¢ = 10905,
where o; is a A;-cycle with A; > 1. Note that the product is unique up to re-ordering
of these cycles. Thus we have a decomposition of n = Ay + Ay + - - - + As. By assuming
A1 > > Ag > 1, we get a partition A = (A, -+, ;) of n with s parts, which is called
the cycle type of o. This numeric data seems to play a central role in understanding the
structure of S, (o, R).
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This note has two purposes. The first one is to reveal some nice homological properties
of S,(c,R) and to show that S,(c,R) C M,(R) is always a Frobenius extension for
arbitrary field R and ¢ € M,(R), including ¢ being nilpotent. For the nilpotent case,
one may see [5, Theorem 1.1(2)] for some recent results. The second one is to give a
combinatoric characterization in terms of cycle types of when two semisimple invariant
matrix algebras are isomorphic. Here, the general question reads as follows.

Let R be a field and o,7 € X,,. What are the necessary and sufficient conditions for
Sn(o,R) and S, (1, R) to be isomorphic in term of partitions?

Recall that the dominant dimension of an A-module 4 M is the supremum of n such
that the first n terms in a minimal injective resolution of M are projective modules. An
algebra A over a field is called Gorenstein if injdim(4A) < oo and injdim(A44) < oo; and
n-Auslander-Gorenstein if injdim(44) < n+1 < domdim(4A) (see [10]). Here, for an A-
module M, we denote by injdim(4 M) and domdim(4 M) for the injective and dominant
dimensions of 4 M, respectively. It is noted that an algebra A is n-Auslander-Gorenstein
if and only if so is A™ (see [10, Proposition 4.1(b)]). Thus Auslander-Gorenstein algebras
are always Gorenstein.

Following [9], we define the Frobenius part of a finite-dimensional algebra A over a
field k to be the endomorphism algebra of the projective module Ae with e = e such that
add(Ae) is just the category of those projective A-modules that remain projective under
any positive power of the Nakayama functor Homg (A, k) ® 4 —. Clearly, the Frobenius
part of A may not be basic, but unique up to Morita equivalence. The algebra A is said to
be Frobenius-finite if its Frobenius part is representation-finite. Note that Frobenius parts
of algebras play an important role in understanding both the Auslander-Reiten conjecture
on stable equivalences and the lifting of stable equivalences to derived equivalences (see
[9] for details). Recall that a finite-dimensional algebra A over a field k is symmetric
if A ~ Homy(A,k) as A-bimodules; and gendo-symmetric 7] if it is isomorphic to the
endomorphism algebra of a generator for a finite-dimensional symmetric k-algebra.

Our first main result reads as follows.

Theorem 1.1. If R is a field and ¢ € M,(R), then

(1) Sp(c, R) € M, (R) is a separable Frobenius extension.

(2) Sp(c, R) is a Frobenius-finite, 1-Auslander-Gorenstein and gendo-symmetric alge-
bra. Moreover, the Frobenius part of Sy, (c, R) is always a symmetric algebra.

To state our result on the isomorphism problem specifically, we introduce a few def-
initions. For a partition A = (A1, Aa, -+, ;) of n with s parts, we define the so-called
partition polynomial €y (z) € Z[x], which is the elementary symmetric polynomials g;(\)
in Ay,---, g, over the canonical bisemigroup of natural numbers

g(\) == > PYSIFD VHRTRTD VI
1<k <ko<--<k;<s



C.C. Xi, J.B. Zhang / Journal of Algebra 609 (2022) 688717 691

where A; . A\; means the greatest common divisor of A\; and A;. The partition polynomial
of A is defined as
gs—1(N) s—292(A) s—191(N)

= Sl ;ZS*Q .. _ 2 — _— x
ex(z) := ) +o 4 (=1 PaGY +(-1) PRGN € Zlx],

The coefficients of € (x) can be calculated graphically (see Section 4.1 for details).

Theorem 1.2. Let R be a field of characteristic p > 0, let 0 € ¥, and 7 € X, be of cycle
types A = (A1, Aa, -+, As) and = (1, o, - -+ , pit), respectively. Then the following hold.

(1) Sp(o, R) is semisimple if and only if p1 A; for all 1 < i < s.

(2) Assume that the field R is an algebraically closed such that Sy (o, R) and Sy, (T, R)
are semisimple. Then Sy, (0, R) ~ Sy, (7, R) if and only if m = n and ex(x) = €,,(x), where
ex(x) € Z[x] s the partition polynomial of . In particular, S, (o, R) and Sy (7, R) are
Morita equivalent if and only if (—1)°dxex(1) = (=1)'d, ,(1), where dy denotes the
greatest common divisor of A1, Aa, -, As.

Thus the isomorphism problem for semisimple, invariant matrix algebras over an
algebraically closed field can be read off from the numerical values of the elementary
symmetric polynomials evaluated at the corresponding partitions (see Section 4.1 for
more details).

This article is outlined as follows. Section 2 is devoted to some basic facts on invari-
ant algebras of matrices, while Section 3 provides a proof of Theorem 1.1. Section 4
contributes to showing Theorem 1.2. During the course of the proof, we introduce a
so-called polynomial equivalence relation and triangular divisor matrices of partitions
based on elementary symmetric polynomials of partitions. Also, graphical calculations
of the coefficients of partition polynomials are illustrated. At the end of this section, we
formulate a few unsolved problems suggested by the main results.

2. Centralizer matrix algebras

In this section, we recall basic notions and establish primary facts on invariant matrix
algebras. Throughout the paper, R denotes a unitary ring and Z(R) its center.

For a subgroup G of 3, the permutation matrices ¢, := ey (1)s +€2,2)0 ++** +€n,(n)o
with o € G satisfy (¢ )i = d(3)0,; for 4,7 € [n], cocr = Cor, and ¢, = co-1 = c; b, where
a’ is the transpose of the matrix a and d;; is the Kronecker symbol. Clearly, G acts on
[n] and therefore on M, (R) by

Mn(R) x G — Mn(R)7 (aij) *g = (a(i)g,(j)g)7 (aij) S Mn(R)vg €d.
The set of all G-fixed points of this action in M, (R) is defined by

(Mn(R)% := {a € Mn(R) | aij = a(iyo,(jye» V0 € G,irj € [n]} = (] Su(0, R).
oeG
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Lemma 2.1. (1) S,(G,R) = (M,(R))Y. In particular, Z(R)[cs] C Z(Sn(o, R)), where
Z(R)[cs] consists of all polynomials in ¢, with coefficients in Z(R).

(2) Sn(G, R) is a subring of the matriz ring M, (R).

(3) The transpose of matrices is an anti-automorphism of order 2 of the ring S, (G, R).

(4) If G is the subgroup of %, generated by Ty, - ,7. € X,, then S,(G,R) =
ﬂ;”:lSn(Ti, R)

Proof. (1) This is already noticed in [18]. For the convenience of the reader, we sketch
here a proof which will be used in the sequel. By definition, c,a = ac, if and only if
(coa)ij = (acy)q; for all 4, j € [n]. But

1) (Caa)ij = ZZ:l(Ca)ipapj = ZZ:l 5(i)o‘,papj = Q(i)o,j>»
2) (acy)ij = ZZ:l aip(Co)pj = ZZ:l WipO(p)o,j = @i (j)o—1>

3) (coacy-1)ij = a(iyo,(j)o-

Thus cpa = ac, if and only if a(;ye ; = aj (jyo-1 for all 7,7 if and only if a;; = ag)s,(j)o
for all 4,5 € [n].
The other statements are clear from definition. O

By Lemma 2.1(1), S,,(0, R) = Sn({o), R), where (o) is the subgroup of ¥,, generated
by o. The next lemma shows that S, (o, R) depends only upon the cycle type A of o. So
we may also write Sy, (A, R) for Sy (o, R). The proof is similar to the one of [24, Lemma
2.1], we leave it to the reader.

Lemma 2.2. Let 0,7 € ,,, and let d € M, (R) be an invertible matriz. Then
(1) S, (07, R) = S, (0, R). In particular, Sy(co, R) = Sn(c,, R).
(2) Sp(de,d™1, R) ~ S, (0, R) as rings.
(3) Sn(o1,R) ~ S, (70, R) as rings.

Let o € %, be of the cycle type (A1, ,As), G = (o), and A :={(4,5) | 1 < i,5 < n}.
Then G acts on A by (i,j) -0 = ((i)o, (j)o). Let O ;) denote the G-orbit of (i, j). Then,
according to 3), a matrix a € S, (0, R) if and only if a takes a constant value on each
orbit O, ;). Here, we regard a € M,(R) as a function from A to R. Now we describe the
number of G-orbits in A.

We assume n > 2 and consider the three cases.

(i) 0 = (12---n). In this case, G has order n and acts on A by (i,j)o0 = (i + 1,7+ 1).
Thus the stabilizer subgroup of G fixing (4,) € A is trivial and the G-orbit of (z, j) has
|G| elements. Hence there are n G-orbits of A, they are O ;), 1 < j < n.

(i) e =(12---p)(p+1,--- ,p+ q) with n = p+ ¢. In this case, |G| = [p, q], the least
common multiple of p and q. Let X := {(7,7) | 1 < ¢ < p,p+1 < j < n} with the G-action
given by (,7)0 = (i+1,j4+1). Let 61 = (12---p) € By and 02 = (p+1,--- ,p+q) € &,
here we consider X, as the symmetric group of permutations on {p+1,p+2,--- ,p+¢q}.
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If ((i)o', (§)o') = (i,4) for a natural number 1 < < [p,q], then ((i)o!, (§)ob) = (i, 7).
This implies that p|l and ¢|l. Thus [p, ¢]|l and I = [p, q]. Hence the stabilizer subgroup of
G fixing (4, j) is trivial and the G-orbit of (7, j) has [p, g] elements. Therefore the number
of G-orbits of X is pq/[p, q].

(ili) 0 = 0109 - - - 05, a product of disjoint cycles with s a natural number, where o; is
a cycle of length \; > 1 with the content X;, the set of all numbers appearing in ¢;. Thus
|G| = [A, A2, ,As] and X; is a G-orbit for 1 < i < s, where [A1, Az, -+, A;] denotes
the least common multiple of A1, Az, -+, As. Therefore X; N X; =0 for 1 < i # j <s,
and U5_; X; = {1,2,--- ,n}. The set A can be identified with the disjoint union

U Xz X Xj.
1<i,j<s

For (z,y) € X; x X, the G-orbit O(, ) of (z,y) depends only upon o; and o;. Thus, if
i = j, then we are in case (i) and the number of G-orbits is A;. If i # j, then we are in
the case (ii) and the number of G-orbits of X; x X is A\;A;/[Ai, A;]. Thus the number of
G-orbits of A is

il
L (o) = Z [/\.,/\j]: Z Ai e Aj,

1<ij<s 7 1<i,5<s

where \; . \; stands for ged(;, A;), the greatest common divisor of A\; and A;.

We define C(A) := (Ai+ Aj)sxs € Ms(N). This symmetric matrix is called the greatest
common divisor matriz of X\ in the literature (see [2,13]). In this note, it will be called
the dimension matriz of S, (o, R). Further, let

fi = Z €jj, 1 < 7 < S, fij = Z €p.q> (’L,]) c A.

JEX; (P,a)€0 G, 5
Then f1,- -+, fs are pairwise orthogonal idempotent elements in S, (o, R) and Zj:1 fi=
I, in M, (R). This yields the matrix decomposition of S, (o, R)
fiSu(o,R) fi - fiSn(o,R)fa -+ f1Sn(o, R)fs
Su(o.R) = f25n(fa R)f1 f25n(fa R) [ f25n(f.7a R) fs
[Su(0 )y foSu(@ RS o fuSulon RS

The transpose of matrices is an R-involution on Sy, (o, R) fixing f; for all 1 <i < s.

Lemma 2.3. (1) S, (0, R) is a free R-module of rank £,,(0).

(2) The R-rank of fiSn(o, R)fj is Ai« Aj.

(3) The dimension matrix C(X\) of Sp(o, R) is positive definite if the numbers \;,
1 <4 <'s, are pairwise distinct. In this case, the determinant det C(\) of C(\) satisfies
e(A1) - p(As) < det C(N) < TI_, Ni — &, where ¢();) is the Euler’s totient function of
A
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Proof. (1) and (2) are consequences of the definition of Sy, (o, R) and the calculation of
G-orbits of A (see also [19]). (3) is proved in [2, Theorem 2| and [13, Theorem 1 and
Theorem 3]. O

Example 2.4. (1) S,,((12---n), R) ~ R[C},], where R[C,,] is the group algebra of the cyclic
group Cy, of order n over R. Note that ¢(2...,) = Z;.Lzl €;,j+1 has order n and C?lZmn) =f1
is the identity matrix. Here we understand (n,n+ 1) = (n, 1). The transpose of matrices
in S,((12---n), R) corresponds to the involution defined by c(12...n) + C(_112~~n)'

(2) f A = (A,---, A1) = (A]) where A\ appears s times, then Sy, (\,R) =~
M;(R[Cy,]). In fact, each element of Ssy, (A, R) can be partitioned as an s x s block-
matrix such that each block has entries in f; S5y, (A, R)f; ~ R[Cx,]. Thus S5z, (A, R) ~
M (R[C,]).

By Lemma 2.2(2), up to isomorphism of rings, we may assume
o=12- M)A+ 1 A+ A) (At A+ L A A

as a product of disjoint cycles. Let A = (A1,---,As), X1 = {L,---, M}, X; = {j |
SN < i< Yh_ N} for 2 <i<s, dij:=X\ .\ Then

Py, 0 - 0 01 --- 0
0 P, - 0 o .
Co = . . ) . where P, := | -+ - :
: : . : 0 0 1
0 0 - P/, 1o - 0/,
For rg, -+ ,rm—1 € R, we denote by C(rg, - ,rm—1) (or Cpn(r0, -+ ,7m—1)) the cir-
culant matrix
To 1 T2 ce Tm—1
Tm—1 To0 T1 ce Tm—2

=roly, + 1Py, + -+ Tmflpfr?_l.

7"2 “e. .', .', 7"1

1 o Tm—1 To mxm

Thus, for a cyclic group C,, of order m, we have
R[C),]) =~ Sp((12---m),R) = {C(ro, -+ ,"'m—1) | 70, ** s "m—1 € R}.

Recall that, given o € £, and 7 € X,,, an n x m matrix a = (a;;) € Mpxm(R) is
called a (o, 7)-invariant matriz if c,a = ac;.

We see easily that an s x s block matrix a = (A;;) with A;; € My, «,(R) lies in
Sy (o, R) if and only if A;; is a (0, 0;)-invariant matrix for each pair 1 < ¢,j < s. Thus
a matrix a € S, (0, R) can be written as a block-matrix form
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All A12 e Als

A21 A22 e AQS
a=(4y) =] . D :

Asl A52 o Ass

sSXSs

where the diagonal A;; is a A; x \; circulant matrix and the off-diagonal A;; is a A; x A;
matrix over R, having the block form:

C(rl,...,'r'dij) . C(rl,...,'r'dij)
O(rla"',rdi,‘) O(rla"'?rdi,‘) Ni o i
a5 i
for ry,---,ra,;, € R (see [19, p. 260] for R = C). In general, we have an isomorphism of

R-modules
fiSn(o, R) fj =~ {Asj € My, xx,(R) | r1,--+ ,ra,; € R}.

Lemma 2.5. (1) For 1 <i<s, f;S,(0,R)f; ~ R[C\,] as rings.
(2) If \y = Ao, then Sy, (0, R) f1 =~ Sn(o, R) f2 as left Sy(o, R)-modules.
B)Ifm:=n—-Xand f:= fi+ -+ fic1+ fix1+ -+ fs, then fSp(0,R)f ~
Sm(o1 -+ 0i_10441 05, R) as rings.

Proof. (1) If A; = 1, then f;S, (0, R)f; ~ R and (1) holds. We assume \; > 2 and define
i—1

mi—1 = EjZI )‘j’ g ,:: €m; 1+1,ms 42 T Cmy a—1Tma 4 T Cmy - Amy 1
Then ¢g* = f; and ¢/ # f; for all 1 < j < \;. One can check that {fi,g,9%, - ,gN "'}
is an R-basis of f;S, (o, R)f;. Thus f;S,(o, R)f; ~ R[C),].

(2) By definition, f1 = e11+---4ex,; x, and fo = ex, 41 a+1F€x 42,0, 42+ - Feaxn, 21, -
Let ap := e1,a,+1 + €2,0,+2 + -+ + €x,2a,- Then ag € S, (0, R) and frap = aofz = ao.
So, we define a map

Y :Sp(o,R)f1 — Sn(o,R)f2, afi— afiag for a € S,(o, R).

Note that ¥ just moves the first A\; columns of af; entirely to the second A; columns of
afiag, and sends other columns of af; to zero. Thus ¢ is a homomorphism of S, (o, R)-
modules, and it is in fact an isomorphism of S, (o, R)-modules.

(3) We may assume ¢ = 2 since the argument below works for any i. If we delete
the cycle oy from o and consider 7 := 01030, as a permutation on Y := [n] \ X3 =
X1U(X3U---UXjy), then Sy, (0103 - - - 05, R) is well defined. Observe that o and 7 have
the same action on Y and that a matrix a in fS, (o, R)f is of the form

A 0 U
0 0 0
V0 B/, ..
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where A is a matrix indexed by X; x X1, U is a matrix indexed by X; x (XsU---UXj),
V is a matrix indexed by (X3U---UX,) x X; and B is a matrix indexed by (XzU---U
Xs) x (X3U---UXy). Since a € fS, (0, R)f, the block matrix

(1)

is in S, (7, R). Conversely, given a matrix b € S, (7, R), we partition b into a block form
according to Y, say the above form. Then we get an n x n matrix by putting 0-blocks in
the middle row and column, and this matrix is in fS, (o, R)f. Note that the identity in

1 0 0
fSn(o,R)f is f = <0 0 O). In this way, we get a one-to-one correspondence which
0 01

preserves identity, addition and multiplication of matrices. This shows fS, (o, R)f =~
Sm(m,R). O

3. Proof of Theorem 1.1

This section is devoted to a proof of the statements of Theorem 1.1. We start with
the following proposition.

Proposition 3.1. Let k C K be an extension of fields with dimy(K) < oo, and let B C A
be an extension of finite-dimensional algebras over k. Then B @ K C A®, K is a
Frobenius extension if and only if B C A is a Frobenius extension.

To prove Proposition 3.1, we begin with a few lemmas.

Lemma 3.2. (1) Let k C K be an extension of fields. Then it is a Frobenius extension if
and only if dimg(K) is finite.

(2) Let A be an algebra over a field, and let M and N be finite-dimensional A-modules.
Then the following are equivalent for M and N :

(i) M ~ N.

(ii) There is an integer n > 1 such that M™ ~ N™.

Proof. (1) is trivial. (2) is not difficult, but for the convenience of the reader, we include
here a proof. We show that (ii) implies (i). Suppose M ~ @;_; X;* and N =~ EB;ZI Y,
where X; and Yj are indecomposable modules with X; # X,,, Y; 2 Y, for 1 <i#p <s
and 1 <j#¢q<t s, >1andt; > 1. It follows from M"™ ~ N™ that s =¢ and, up to a
permutation of these Y}, that X; ~Y; and s; =t¢; for all ¢. Thus M ~ N. O

For k-algebras A and B, we may form the tensor product A ®; B of algebras over
k. Given an A-module 4 X and a B-module gY’, the tensor product X ®; Y has a left
(A ® B)-module structure in a natural way, and the Hom-set Homy(X,Y) is a B-A-
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bimodule defined by bf :  — b(zf), fa : x — (ax)f for z € X,a € A,b € B and
f € Homg(X,Y).

The first statement (1) of the next lemma is known in [20, Lemma 4] and [8, Corollary
2.8], while the second statement (2) is in [4, Chap. XI, Theorem 3.1, pp. 209-210]. In
fact, (1) can be proved by applying (2).

Lemma 3.3. (1) Let B C A be an extension of algebras over a field k and C be an
algebra over k. If B C A is a Frobenius (or separable) extension, then the extension
B, C C ARy C of tensor products of algebras is a Frobenius (or separable) extension.

(2) Let A,B,C,D,E,F be algebras over a field k, and let 41X, AY be A-modules
and pX', Y’ be B-modules. Then Homag, p(X @ X', Y ®; Y') ~ Homa (X, X') ®
Homp(Y,Y’) as k-spaces. Moreover, if aXc, aYr, sXp and gY[ are bimodules, then
the foregoing isomorphism is a (C ®y D)-(E ®y F)-bimodule homomorphism.

Lemma 3.4. Ifk C K is an extension of fields and ¢ € My (k), then Sy (¢, K) ~ Sy, (c, k)®y,
K as K-algebras.

Proof. Observe that a\ = Xa € S,(c,K) for a € S,(c,k) and X\ € K. If we choose a
basis of the k-space K, say {v; | ¢ € I}, where I is an index set (not necessarily finite),
then any matrix a = (a;;) € M, (K) can be expressed uniquely asa =3_ aPy,, with
J a subset of I and a® € M, (k) for p € J. This is due to the fact that {v;I, | i € I}
is a basis of the left M, (k)-module M, (K), where I, is the identity matrix. Hence a
matrix a = (a;;) € M, (K) belongs to S, (¢, K) if and only if a® € S, (c,k) forall i € J.
This yields that the restriction of the multiplication map p : M, (k) @k K — M, (K) to
Sn(c, k) @ K gives rise to a surjective homomorphism p' : S, (¢, k) @ K — Sy, (¢, K) of
K-algebras. Thus Lemma 3.4 follows from the commutative diagram

Sp(c,k) @x K ——= S, (c, K)

|

My (k) @4 K ——— M, (K)
with p clearly an isomorphism of K-algebras. 0O

Proof of Proposition 3.1. It follows from Lemma 3.3(1) that B ®, K C A®; K is a
Frobenius extension if B C A is a Frobenius extension. Conversely, we postulate that
B®r K C A®y K is a Frobenius extension. Then pg, k(A ®k K) is a finitely generated
projective B ®; K-module and

Hompg, k(A ®k K, Bk K) ~ g, k(A Qk K)po,. k-

First, we show that pA is finitely generated. Suppose that {\; | i € I} is a k-basis of
k-space K with A\g = 1. Then every element a in A ®; K can be uniquely expressed
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as Ziela a; ® A; with a; € A, where I, is a subset of I. Let x1, -+ , 2y € A ® K be
generators of A®y K over B®y K and x; = Zjeli ai; @ Aj with a;; € A, where I; is an
index set. Pick an element a € A and consider a ® 1. We write a® 1 = Z;"':l y;T;, where
y; = Zper by ® A\p € B®y K, and \pA; = qu]m UpigAg, Where ;g € k and Ip; is a
finite subset of 1. Then a®1 is a finite summation of elements of the form 1i4bpai; @ A4 for
q € I,;. By the unique expression of elements in A®;, K, we see that a can be generated
over B by all a;; with 1 <4 < m and j € U2 I;. Thus pA is finitely generated. Since
A ®y, K is projective over B ®; K and B ®; K is projective over B, we see that A ®j K
is projective over B. This implies that g A is projective over B. Now it follows from
Lemma 3.3(2) that Hompg, xk (Aa ®k K, pBp @ K) ~ Homp(pA, pB) ®; K. Thus
we have an isomorphism g Ap @ K ~ sHomp(pAa, gB)p @1 K as (A @y K)-(B Q
K)-bimodules. Just considering the A-B-bimodule structure of this isomorphism, we
get (4 Ap)3m™x(K) ~ Homp(pAa, pB)¥™*(5) as A-B-bimodules. By Lemma 3.2(2), we
must have 4Ap ~ Homp(4A, pB) as A-B-bimodules. Thus B C A is a Frobenius
extension. 0O

Proof of Theorem 1.1(1). Suppose that R is any field and ¢ € M,(R). Let R be an
algebraic closure of R. So all eigenvalues of ¢ lie in R. We consider the smallest subfield
K of R containing R and all eigenvalues of ¢, that is, K is obtained from R by adding
all eigenvalues of ¢. Thus K is a finite extension of R, that is, dimg(K) < oo. We may
assume that K is a splitting field of the characteristic polynomial of c. Thus c is similar
to a Jordan-block matrix by a matrix in GL,,(K). It follows from [24, Theorem 1.2(2)]
that Sp,(c, K) C M,(K) is a separable Frobenius extension. By Proposition 3.1 and
Lemma 3.4, we deduce that S, (¢, R) C M, (R) is a separable Frobenius extension. 0O

Now we turn to the proof of Theorem 1.1(2). Assume that c is a Jordan-block matrix
with the same eigenvalues. More precisely, suppose

¢ = diag(JP, J8, ..., J%) € M,(R),

where J;, the Jordan block of size A; with the eigenvalue r € R, appears b; times for
1<i<sand A\; > Xy > -+ > A,
As in [24, Section 2], we define

% i—1
mO::O, mi::pr, 77,”:j)\l-f—pr)\p,ngSS,lSijl
p=1 p=1

Then mg is the number of Jordan blocks of c¢. For each i € [mg], let g(i) be the
smallest g(i) € [s] such that i < my(), and let h(i) := i — mgyu)—1 € [by(;)] and
Gij = mln{/\g(l),/\g(j)} fOI‘ j S [ms]
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For each i € [m;], we define

Tg(i)h(i)
.fi = E €pp,
DP=Ng(iyh(i) ~Ag(s)T1

that is, f; is the identity matrix corresponding to the i-th block in the identity matrix I,,.
Then {f1, f2,- -, fm.} is a complete set of orthogonal primitive idempotents of Sy, (¢, R)
by [24, Lemma 2.6(4)].

Let A := Sp(c, R), Aij := fiSn(c, R)f; and Ayj = {a € My, xx,, (R) | Jynya =
aJgijy}. Given 1 < 4,5 <m, and 1 < p < 05, we define

P

P o._
Fij = Z Engliyny —Ag(iy tP—v+Llng(yn —v+1.
v=1

Then {F}; [ 1 <p < 6;;} is an R-basis of f;Sy(c, R)f; and {F}; |1 <i,j <my,1<p<
0;;} is an R-basis of S, (¢, R) by [24, Lemma 2.6(2)-(3)]. Moreover, we have the following
property.

Lemma 3.5. ([24, Lemma 2.5)) If 1 <4, j,k,l <ms, 1 <p <0y and 1 < q < 0y;, then

FP R — 0 ifk#1or p+q—Agu <1,
kTG T P A el — 1 and Ag(k) =
N ifk=1landp+q— Ay > 1.
,\Given 1 < u < mg, we have f, = qu\vf(u) € Af,. By Lemma 3.5, quqj\i(](u) = Fif(u) =
Fui‘?(“)fl € fulMf1. So we can define a map

u Ay — Af1,  afu s afuFL0™ for a € A.

Note that {F] |1 <i<ms,1<p<6;,} is an R-basis of Af, and F&F:\f(“) = F} for
1 <i<mgl <p<8b;y by Lemma 3.5. Then {Ff; |1 <i < mg1<p<6,}isan
R-basis of the image of a,,. Let M, be the image of «,. Obviously, A f, and M, have the
same dimensions as R-spaces. Thus «, : Af, — M, is an isomorphism of A-modules.
If 1 < u < by, then 0;,, = 6;; and M,, = Af,. In this case, o, : Af, — Afi is an
isomorphism of A-modules. R

Similarly, it follows from f, Fj.0®) = Fjot

g = F{\ug(“) fu that we may define a map

But fuh — fi,  fua = Fi™ fua for a € A.
Let N, be the image of 3,. Then {F}; | 1 <i < my,1 < p < 6,;} is an R-basis of N,,

and B, : fuA — N, is an isomorphism of right A-modules. In particular, if 1 < u < by
then 6,; = 601;, N, = fuA and 3, is an isomorphism of right A-modules.
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In order to calculate the injective dimension of A, we need the following lemma. For
convenience, let Agy1 =0, g(ms+1) = s+ 1, My, 11 = 0 and N, 11 = 0. We denote
by D = Hompg(—, R) the usual duality.

Lemma 3.6. Af, /M, ~ D(f1A/N,) as A-modules for 1 < u < mg+1. In particular, Afy
s projective-injective.

Proof. For1 <u < by, M, = Afi and N, = f1 A, and therefore A f; /M, = D(f1A/N,) =
0. Now suppose by +1 <u < mg + 1.

We utilize the technique: If 4 X and Yy, are finite-dimensional modules with a non-
degenerate R-bilinear form (—,—) : X x Y — R which is associative: (azx,y) = (z,ya)
forallz € X,y €Y, a€ A, then X ~ D(Y) as A-modules.

For simplicity, let f := f1 and

)\1 )\1
p: fAf — R[z]/(z™), ZriFfl — ZriJZ’)‘l_i for r; € R,
i=1 i=1

be the canonical isomorphism of algebras. We define two R-linear maps 7 and ¢ as

follows.
Ar—1 A= Ag)—1
7 Rlz]/(2) — Rz]/ (a2 row), Z Tt Z ri@' for r; € R,
=0 i=0
A= Ag(uy—1 A1 Ag(uy—1
e : R[z]/(zM o) — R, Z Tt Z r; forr; € R,
i=0 i=0

where = denotes the coset of x in the quotient rings. Note that (Zf‘;l riFi)p =
Zf‘:llria’c/\l_i = Z;‘;Elr,\l,jfj. Then 1 := pme : fAf — R, Z;\:llriFfl —

M —Aguy—1 . .
Sito 4 ra i, is an R-linear map. Further, we define

(=, =) : Af/M, x fA/N, — R, (bf + My, fa+ Ny) := (fabf)n for a,b € A.

We point out that (—, —) is independent of the choice of representatives of cosets in
Af/M, and fA/N,. Indeed, given bf € M,, we have abf € M, for a € A since M,
is a A-module. Note that {F}; | 1 < p < Ay} is an R-basis of fM, and (F};)n =
(zM7P)re = (0)e = 0 for 1 < p < Ag(). Thus (bf + My, fa+ N,) = (fabf)n = 0 for
a € A. Similarly, for fa € N, we have (bf + My, fa + N,) = (fabf)n =0 for b € A.
Thus (—, —) is well defined.

Clearly, (—, —) is an R-bilinear form and for ¢ € A,

(cbf + My, fa+ Nu) = (facbf)n = (bf + My, fac+ Ny).

Moreover, (—, —) is non-degenerate.
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In fact, suppose bf € Af such that (bf + M,, fa + N,) = 0 for all @ € A. Then
(fAbf)n = 0. Since (fAbf)pr is a left ideal in R[z]/(z*1~*s) and Ker(e) does not
contain any nonzero left ideal of R[x]/(z**~*s(»), we get (fAbf)pm = 0. In the following,
we prove bf € M,.

Since {Fﬁ | 1 < i < mg,1 < p < Ayt is an R-basis of Af, \i\/e write bf =
S g(i) ripFly € Af with ry, € R. For 1 < j < u —1, we have F{ " € fA and
Fl)\j“’(j)bf = g(” ipF] Q“)Flpl = Z;\i({) ripFl, € fAbf by Lemma 3.5. It follows
from (fAbf)pm =0 that

Aa(5) Ag(5) Ar1—1
9(]) _ >\ p — . 74d
(F1"0f)pm = E :TJPFH )pm = E ripT ) = ( E Tjn—qT?)m
p=1 a=A1=Ag(5)
= E : Tja—qT? =0
a=A1—Ag(5)

in R[z]/(x~Asw). Thus r; x,—, = 0 for )\1 Agi) Sq< A — )\g(u) 1, that is, r;, =0
for Ayuy+1 < p < Agj). Then bf = 37/~ pq<f ripFh + >0 pq&) ripFl . Note that

is an R-basis of M,,. Then bf € M,,.

Similarly, if fa € fA such that (bf + M,, fa+ N,) =0 for all b € A, then fa € N,.
Thus (—, —) is a non-degenerate R-bilinear form.

Now, we define another R-linear map

Yy Af /My — D(fA/Ny), bf + My, — (fa+ Ny — (bf + My, fa+ N,)) for a,b € A.

Then (fa + Nu)(c(bf + M)y = (c(bf + M,), fa+ N,) = (bf + M,, (fa + N,)c) =
((fa+Ny)e)(bf + M), = (fa+ Ny)(c(bf + My),) for a,b, c € A. This means that ¢,
is a homomorphism of A-modules. By definition, 0;, = 0,,; for 1 < 4,5 < mg. It follows
from [24, Lemma 2.6(2)] that

dimp(Afi) = Y dimg(fiAf)= Y. 0= Y 05

1<j<mg 1<j<mg 1<j<mg
Y dimg(filf;) = dimg(fiA)
1<j<ms

for 1 < i < mg. Thus dimg(Af;) = dimg(f;A) for 1 < i < mg. Due to dimg(M,) =
dimp(Af,) and dimg(N,) = dimg(f,A), we then get dimgr(M,) = dimgr(N,) and
dimg(Af/M,) = dimg(fA/N,). Since v, is injective by the non-degenerative form, it
is an isomorphism of A-modules. O
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Lemma 3.7. A is 1-Auslander-Gorenstein. In particular, A is Gorenstein.

Proof. Suppose s = 1. Then A ~ M, (R[z]/(z*')) by [24, Lemma 2.6(1)]. Thus A
is self-injective and injdim(,A) = 0 < 2 < oo = domdim(A). Hence A is 1-minimal
Auslander-Gorenstein.

Suppose s > 2. By Lemma 3.6, Af; ~ D(f1A) is a projective-injective module. For
1 <u<by, wehave Af, ~ Af; and f, A ~ fiA. Then Af, is projective and injective for
1 <u <by. For by + 1 < u < my, there are two exact sequences of A-modules:

0 — Af, == Af1—>Af1/M —0,
() 0 — ful 2% 1A 25 1 AN, 0.

By applying D = Hompg(—, R) to the exact sequence (x), we get the exact sequence of
A-modules:

0 — D(AA/N) 22 Dfin) 22 D(f.A) — 0.

By Lemma 3.6, we have v, : Afi /M, — D(fiA/N,) as A-modules. This gives rise to
an exact sequence

a, YuD(By,)
——

(6) 0—> Afy 25 Afy D(fin) 2 D(f,A) — 0

of A-modules. Again by Lemma 3.6, Af; ~ D(f1A) is projective-injective. Since Af;
is indecomposable, a,, and D(f.) are injective envelopes of Af, and D(fiA/N,), re-
spectively. Therefore the sequence (x) is a minimal injective resolution of pAf,. Thus
injdim(aAfy,) =2 for by + 1 < u < m, and injdim(,A) = 2.

For b1 +1 < u < myg, Af, is not an injective A-module. Otherwise, it follows from the
monomorphism a,, that Af, is a direct summand of Af;, and this would mean Af, ~
Af1, a contradiction to Ay > Ay > -+ > Ag. Thus A fi, up to isomorphism of A-modules,
is the unique indecomposable, projective-injective A-module. By (), domdim(A f,) = 2
for b + 1 < u < my and domdim(A) = 2.

Thus injdim(,A) = 2 = domdim(A) and A is 1-Auslander-Gorenstein. 0O

Since an indecomposable projective module which is stable under the Nakayama func-
tor must be projective-injective, the proof of Lemma 3.7 shows that A f; is the only (up
to isomorphism) indecomposable projective-injective A-module stable under arbitrary
positive power of the Nakayama functor DHomy (—, A). Thus A has the Frobenius part
fiAfi which is isomorphic to R[z]/(z*1).

Lemma 3.8. Let A be a finite-dimensional k-algebra over a field k, and let k C K be an
extension of fields.
(1) If A is a symmetric k-algebra, then A @y K is a symmetric K-algebra.
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(2) Suppose that the extension k C K is finite. If A @y K is a symmetric K -algebra,
then A is a symmetric k-algebra.

Proof. Let Dy, := Homy(—, k) for a field k. Then we have the isomorphisms of A ® K-
bimodules.

(¢) Dr(A®r K)=Homg (AR K, K)
~ Homy (A, Homg (K, K)) (by the adjunction isomorphism)
~ Homy (A, K) ~ Homy (A, k @ K)
~ Homy (A, k) ®, K (A is a finite-dimensional k-space)
= Di(A) @ K.

(1) Suppose that A is a symmetric k-algebra. Then there exists an isomorphism 7 :
AAA = aDg(A)a of A-bimodules. Then the induced homomorphism n® 1 : A ®; K —
Dy (A)®y K is an isomorphism of A®j K-bimodules. By (¢), we have AQ, K ~ D (AQy
K) as A ®; K-bimodules. Thus A ® K is a symmetric K-algebra.

(2) Suppose that the extension k C K is finite and A ®j K is a symmetric K-algebra.
Then A®, K ~ Dg(A®y K) as A®y, K-bimodules. By (¢), we get AQy K ~ Di(A)®, K
as A ®j K-bimodules. Just considering the A-bimodule structure of this isomorphism,
we then obtain A4k (K) ~ D, (A)dimk(K) a5 A-bimodules. By Lemma 3.2(2), we have
A ~ Dy (A) as A-bimodules, that is, A is a symmetric k-algebra. O

Theorem 1.1(2) is a summary of the next two results.

Proposition 3.9. Let k be a field and d € M, (k). Then S,(d,k) is always 1-Auslander-
Gorenstein and Frobenius-finite. Moreover, the Frobenius part of Sy, (d, k) is a symmetric
k-algebra.

Proof. Let R be a splitting field of the characteristic polynomial of d over k. Then all
eigenvalues of d lie in R and R is a finite extension of k. Thus d is similar to a Jordan-block
matrix ¢ in M, (R). We can assume ¢ = diag(cy, -+ ,¢) € M, (R), where ¢; € M,,(R)
is a Jordan-block matrix with the same eigenvalue r; and r; # r; for 1 <i # j <t. By
[24, Lemma 2.1(1)], Sn(d, R) ~ Sy(c, R) as R-algebras.

Let A; := Sy, (c;, R). Then there is an algebra isomorphism S, (¢, R) ~ diag(Aj, A,
..., A¢) by [24, Lemma 2.7(2)]. According to Lemma 3.7, there holds injdim(,A;) <2 <
domdim(A;) for 1 < i < s. It then follows from injdim(Sy,(c, R)) = max{injdim(a,A;) |
1 < i < t} and domdim(S,(c,R)) = min{domdim(A;) | 1 < ¢ < ¢} that
injdim(Sy (¢, R)) < 2 < domdim(Sy,(c, R)). Hence S, (¢, R) is 1-Auslander-Gorenstein,
and therefore S, (d, R) is 1-Auslander-Gorenstein. By Lemma 3.4, S,,(d, R) ~ S, (d, k) Qg
R as rings. It follows from [15, Lemma 5] that S, (d, k) and S, (d, R) have the same self-
injective and dominant dimensions. Thus S,,(d, k) is 1-Auslander-Gorenstein.
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Let Dy, := Homy(—, k), B := S,(d, k) and A := S,,(d, R) ~ S,,(d, k) @, R = B Qy, R.
Suppose that eBe is the Frobenius part of B with €2 = e € B, so that Be is the di-
rect sum of all non-isomorphic indecomposable projective-injective modules that remain
projective under any positive power of the Nakayama functor vg := DyHompg(—, B).
We may assume e # 0 and prove that A(e ® 1) is stable under the Nakayama func-
tor DpHomp (—, A). Indeed, since the B-module Be is basic and the projective module
vp(Be) remains projective under the functor v for i > 0, we get Be ~ vp(Be). More-
over, there are the following isomorphisms of A-modules:

DrHomy (A(e®1),A)

~ DrHompg, r(Be ®i R, B ®; R)

~ Dr(Homp(Be, B) ®; R) (by Lemma 3.3 (2))
= Homp(Homp(Be, B) ®; R, R)

~ Homy (Homp(Be, B), R)

~ Homy(Hompg(Be, B), k ®; R)

~ Homy(Hompg(Be, B), k) @, R (Homp(Be, B) is a finite-dimensional k-space)
~ Be®i R

~Ale®1).

Since A is isomorphic to Hle A; as algebras, we may assume that €1,e9, - ,&, € A are
pairwise orthogonal central idempotents such that 1 = &1 + &5 + --- + &, and Ag; ~ Ay
as algebras for 1 < i < ¢. In the following, we identify Ae; and A;. Then

eiMle® 1) ~e;DrHomp (A(e ® 1), A) ~ DrHomy (A(e ® 1), Ag;)
~ DRHOHIA<€Z‘A(€ ® 1), AEl) ~ DRHOHlAi (€iA(€ & 1), Az)

as A;-modules for 1 < i < ¢t. On the other hand, by the proof of Lemma 3.7, we may
assume that A;f;; is the indecomposable, projective-injective module which defines the
Frobenius part of A; for 1 <4 <t. Thus ¢;A(e®1) € add(A; fi1). Moreover, for 1 <4 < ¢,
add(g;Ae ® 1)) = add(A; f;1) if and only if e;A(e ® 1) # 0 if and only if g;(e ® 1) # 0.
Thus ¢;A(e ® 1) defines the Frobenius part of A; if ¢;(e ® 1) # 0. Let I be the set of
1 < i <t such that ;e ® 1) # 0. Then add(A(e ® 1)) = add(@!_, eih(e ® 1)) =
add(€D,c; Aifi1). This shows that Endy(A(e®1)) ~ (e®1)A(e®1) = eBe®y R can also
be regarded as the Frobenius part of the algebra [],.; A;. Since the Frobenius part of
[I;c; Ai is representation-finite and symmetric, the algebra eBe ®;, R is representation-
finite and symmetric. By [11, Lemma 3.2], if eBe ®j, R is representation-finite, then eBe
is representation-finite, namely B is Frobenius-finite. By Lemma 3.8, if eBe ®; R is a
symmetric R-algebra, then eBe is a symmetric k-algebra. O

The following corollary is motivated by comments of an anonymous referee.
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Corollary 3.10. S,,(d, k) is a gendo-symmetric algebra for any field k and d € M, (k).

Proof. We keep the notation in the proof of Proposition 3.9. By Proposition 3.9,
domdim(B) > 2. Thus we can pick a projective-injective faithful right B-module Pg
and consider H := Endgor (P). Then g Pp has a natural bimodule structure. It follows
from P € add(Bpg) that gEndper (P) € add(zHompger (B, P)), namely g P is a generator
for the module category of the k-algebra H. We claim that the canonical homomorphism

¢: B — Endy(P),b— (p—pb),be B,pe P

is an isomorphism of k-algebras. Indeed, it follows from domdim(B) > 2 that there is an
injective resolution of Bg: 0 — Bp — P" — P with positive integers u,v. Since Pp
is injective, the induced sequence of H-modules:

Hom po» (P, P) — Hompger (P*, P) — Hompon (B, P) — 0
is exact. This implies that the following diagram is commutative and exact:

0 Bp pr pv

B |- |-

0 —— Hompy (Homper (B, P), P) — Hompy (Homper (P*, P), P) — Homp (Hompger (P?, P), P)

where the vertical maps are defined canonically. Thus ¢p is an isomorphism of B°P-
modules. Clearly Homy (Homper (B, P), P) ~ Hompy (g P, yP) = Endg(P) and ¢ is an
algebra isomorphism.

To prove that B is a gendo-symmetric algebra, it remains only to show that H is a
symmetric k-algebra. Note that P®y R is a projective-injective A°’-module and therefore
(P ®y R)e; is a projective-injective A7”-module for 1 < i < ¢. By the proof of Lemma 3.7
for right modules, we see that f;;A; is the only (up to isomorphism) indecomposable
projective-injective A-module for 1 < ¢ < t. Thus we have (P ®; R)e; € add(fi1A:).
Moreover, for 1 < i < ¢, add((P @k R)e;) = add(fi1A;) if and only if (P @k R)e; # 0.
Let J := {Z | 1 < ) < t, (P Rk R)El 75 0} Then add(AP®;€ R) = add(@le(P@Jk R)&i) =
add(@D;c; firAi) and Endper (P ®p R) is Morita equivalent to Endper (D¢ ; firAs), but
the latter is isomorphic to [ ;. ; fi1Ai fi1 as algebras. By [24, Lemma 2.6(1)], fi1A; fi is a
symmetric R-algebra for i € J, and therefore [ ], ; firAs fi1 is a symmetric R-algebra. It
is known that a finite-dimensional algebra over a field Morita (or derived) equivalent to
a symmetric algebra is itself symmetric. Thus Endper (P ®p R) is a symmetric R-algebra.
Now, it follows from the R-algebra isomorphisms

H ®, R = Endpgor (P) Rk R ~ End(B®kR)0p (P®r R) = EndAoP(P Rk R)

that H ®; R is a symmetric R-algebra. Since the extension k& C R is finite, H is a
symmetric k-algebra by Lemma 3.8. Hence B is a gendo-symmetric k-algebra. O
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4. Proof of Theorem 1.2

In this section we introduce an equivalence relation on the set of partitions of n
with exactly s parts by employing elementary symmetric polynomials. We then study
combinatorics of this relation by a matrix norm over the semiring of nonnegative integers.
Finally, we prove Theorem 1.2.

4.1. A new equivalence relation on partitions

Recall that a nonempty set A together with two associative binary operations + and -,
named addition and multiplication, respectively, is called a bisemigroup. A bisemigroup
(A, +,-) is called a semiring if (A,+) is commutative and the distributive laws hold:
z-(y+z)=x-y+z-zand (x+vy) - z2=xz-2+y-zforz,y,z € A. A commutative
semiring is a semiring such that the multiplication is commutative.

Definition 4.1. A bisemigroup (4, +,.) is called a quarter-ring if
(1) (A,4) and (A,.) are commutative,
(2) a.a=aforaec A, and
(3) (a+b).a=b.afor a,be A.

In a bisemigroup (A, +, -), for any positive integer m and a;,b,d € A, we write Y ;- | a;
. m .
for a1 + - -+ + am, particularly, ma for > ;" a, and a™ forg-a----- a, the product of

m copies of a.

In a quarter-ring (A4, +,.), the following hold.

e Ifa.b=d, then a.d = d. In particular, if a; .b = d for 1 < ¢ < n, then
Als " alpb=d.
(ma+b).a=a.band (ma).a = a for any positive integer m.
If (A, +) is additionally a monoid with zero element 0, then 0.a = a for a € A.
a1« vy = (a1.a2)(a2a3) e v (@p_1+an).
(a1vage - vap)eb=(a1+b)u(az+ - van) = (a1+b)s(az+b)u(age--vay) ==
(@1 40) v (agab)u---u(ap.b).

Example 4.2. (1) Let N be the set of natural numbers including 0. Then N with the usual
addition and multiplication forms a semiring. The polynomial semiring N[zy,- - , z4]
over N in variables z1,- - -,z is the set of all polynomials over N with the usual addition
and multiplication of polynomials. Similarly, we define the matrix semiring M, (R) over
a semiring R.

(2) Let a.b := ged(a,b) for a,b € N. Then (N, +,.) is a quarter-ring, but not a
semiring. It is called the canonical quarter-ring of natural numbers.

Recall that a multiset is a collection of elements possibly containing duplicates. For a
multiset A = {A1, -+, As} of s elements in N, we define a map ¢, from the polynomial
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semiring N[zq, -, z;] to (N, +,.) as follows:

. i is i i
©x: N[zy, -+ ,z5] — N, E @iy oo G T X E iy oo i AT e e AL
11, ls 11, ls

Note that @) is additive and can be extended to the matrix semiring over N[xq, -, z4]:

I= Il s Ma(N[z1,---2]) — N, (@iasn = @)l = D (ai)en,

1<i,j<n

where (a;;)@x denotes the image of a;; under . The map || — ||, is called the norm
map.

Now we recall the following fact in combinatorics [3, Theorem 6.1.1, Corollary 6.1.2,
pp. 614-615].

Lemma 4.3. Let V; be a finite set for 1 <i <s. We define

V= U Vi, gi:= Z |Vklﬂ~'~ﬂVk“1§i§5a

1<j<s 1<k <ko<--<k;<s

where |S| indicates the number of elements of a set S. Then

(1) For1 < i < s, the number h; of the elements of V' which are members of exactly i
sets of Vi, Vo, -+ | Vg is given by h; = Z;g(—l)ka+kg,~+k, where ii-',-k = (H;k) = (i;;':!)!
is the number of i-subsets of an (i + k)-element set.

(2) Principle of Inclusion-Exclusion: |V| = >7_ h; = Y5 (=1)""g;. Moreover,

i=1 i=1
S S .
2iz Vil = sy i

Let R be an algebraically closed field of characteristic p > 0, and let o € 3, be of
cycle type (A1, A2, -+, As). Suppose pt A; for 1 <i < s. For 1 <4 < s, we denote by V;
the set of all A;-th roots of unity in R and define V' := J, ., V;. It follows from p{ \;
that V; is a cyclic group of order \;. Moreover,

VipbN---NVi, ={weR|wl=1}

for 1 < k1 < kg < -+ < k; < s, where d := ged(Ak,, Mgy, -+ 5 Ak, ) is the greatest
common divisor of Ax,,1 < j < 4. Thus |Vk1 n---N Vki| = ged(Agy s Akys -+, Ak, ) for
1<kl <ky<- - <k; <s. We further define

gl(a) = Z ng(Akl ) Akz) e 7Aki)7

1<ki<ko<--<k;<s

and H;(o) to be the subset of V' consisting of all elements which belong to exactly i sets
of the given Vq, V5, -+ | Vs, namely
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Hio)={veV|I1<k <k <--<k<sve [ Vi,ve¢ |J Wl
1<5<i rk; 1<j<i

Clearly, Hy(c) N Hj(o) = 0 if 1 < i # j < s. By Lemma 4.3(1), h;(0) := |H;(0)| =
Z;g(—l)’“C’f+kgi+k (o). Obviously, g;(0) and H;(o) depend merely on the cycle type of
0. So g;(A) and h;(\) are well-defined functions from the set of all partitions of positive
integers to N if we define g; =0 and h; =0 for ¢ > s.

As in Example 4.2, we write a.b for gcd(a,b) for a,b € Z. Then g;(x1,-- ,x5) is just
the i-th elementary symmetric polynomial over the canonical quarter-ring of natural

numbers:
gi(z1, - ,x5) = Z Tjy e Tjy o n L,
1<j1<j2<--<Ji<s
for1 <i<s. Weset go(z1, - ,25) = gi(x1, -+ ,x5) = 0fori > s. Clearly, g;(z1, - ,zs)
does not depend on any order of x1 > xg > -+ > x,, and gs(x1, -, zs) | g1, -+, Ts)
for 1 <i<sandall z; € N.
Recall that a partition X of a positive integer n is an s-tuple (A1, -+, As) of integers

satisfying A\y > Ao > -+ > Ay > Land >0, \; = n. We write A = (Aq, -+, As) F n
for simplicity. Each )\; is called a part of A\. Sometimes it is also convenient to think of
partitions as multisets and to write A in the form (A{*,A32,--- ,Af*) with Ay > Ao >
-+« > )\¢ > 1, where \; appears a; > 1 times in the multiset of .

Let P(n) be the set of all partitions of n, P(s,n) the set of partitions of n with
exactly s parts, and Pf(n) the set of partitions of n with the largest part s. Then
P(s,n) and PX(n) have the same cardinality. This can be seen from Ferrers graphs (or
Young diagrams) of partitions.

Convention: Given partitions A € P(n) and u € P(m), we write (A, p) for the partition
v € P(n+ m) such that the parts of -y are the disjoint union of the parts of A with the
parts of pu. For example, if A = (4,3,2,1) and p = (5,4,4,2,2,1,1), then (\, p)
(5,4,4,4,3,2,2,2,1,1,1). For 1 < d € N, we define d\ = (d\1,---,d\s) € P(s,dn
and A_ := (A1, A1) = (A1, 5 Ae1, As) € P(s — 1,n — A,). Inductively, A_;
(A1, As—j). If j > s, we define A;_; = (0,---,0). Then g;(d\) = d g;(\), and

~

gi(A) = gi(A-) + > Ao a Ny e As
1<j1 < <ji—1<s—1
< gi(Ao)+ > Ay e N

1<j1 < <ji—1<s—1
and therefore, if A, = 1, then g;(\) = g;(A\_) + C’~}. In general, we have
gi(A2) + CZ1 < gi(A) < gi(A=) + min{g;_1(A_), A CLZ1}

Now, we introduce a new equivalence relation ~ on P(s,n) and define a polynomial
ex(x) for each A+ n.
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Definition 4.4. (1) The partition polynomial e;(z) of A € P(s,n) is

_ ZH— i) gy N s
6)\(‘1:) T izo( 1) gs()\) ()\) +
_ 5_292()\>x _ s—191(A) "
O YT gy <A

(2) The equivalence relation ~ on P(s,n) (or P(n)) is given by
A~ if ex(z) = eu(x).

Equivalently, A ~ p if and only if g;(N\)gs(u) = gs(N)g:(p) for 1 < i < s. This equivalence
relation is called the polynomial equivalence of partitions in P(n).

Example 4.5. (1) g@n(x ) = Zz;_ol(—l)"flfiC’ffrlxi, while  g(p1n-my(z) =
St (=it et + (1) ™ for 1 < m < noand () (z) = 1.

(2) In P(2,p) with p a prime, any two-part partitions are polynomial equivalent be-
cause the partition polynomial of each such partition is of the form z —p. In P(3,11),
there hold (8,2,1) ~ (7,2,2) ~ (6,4,1) ~ (5,4,2), but (8,2,1) = (6,3,2).

Remark that (—1)*71g,(\)ex(1) counts the number of distinct eigenvalues of ¢, in
C, where o € %,, has the cycle type A (see [19, Lemma 6.3]). Next, we consider when
two partitions are polynomial equivalent. We first give a matrix interpretation of the
polynomial equivalence.

Definition 4.6. Given A = (A1, -+ ,As) € P(s,n), we associate it with a matrix Ay €
Ms(N) by setting

0 dizg diz ... dis

0 0 d23 e d25
YU R ) .

0 0 e . dsfl,s

0 O 0 ... 0

where d;; = A;. A; is the product in the canonical quarter-ring of natural numbers. This
matrix is called the triangular divisor matriz of A.

Now we define a norm ||A,| of Ay. First, we consider A\;,1 < j < s, as variables and
then regard A, as a matrix with the entries in the polynomial semiring N[A1, -+, A4,
thinking of A; . A; as the usual monomial \;\; in N[Aq,---,Ag]. By applying || — ||,
to this matrix, we get the norm ||A,|| of the triangular divisor matrix Ay. That is,
[AX] = D1<icj<s Ai + Aj. Similarly, we consider the i-th power A% of Ay in the s X s
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matrix semiring Ms(N[A1, -+, As]) over N[Aq, -+, As] and then define [|A%|| := [|AL]l, =
(A%)px. Note that dimp S, (X, R) = g1(\) + 2[|A,|| (see Lemma 2.3(1)).

The triangular divisor matrix Ay of A depends upon the ordering of A1, --- , A\s. Never-
theless, we will show that the norms || — || of triangular divisor matrices are independent

of the choices of orderings.

Proposition 4.7. Let A\, u € P(s,n). Then

(1) AL = giss (V) for 1 <i<s—1.

(2) X~ p if and only if [|AY|| = [ ALIl for all 1 <i < s—1, that is, the norms of A}
and AL are equal for all 1 <i<s—1.

Proof. (1) We check ||A%| = ¢git+1()) for 1 < i < s — 1. Since the summands of ||A]| =
[AL T ALl are of the form Aj, «- -4 \j, «Aj, with ji < -+ < j; < jiy1, these are precisely
the summands of g;+1(A). Hence ||AY] = git1(N).

(2) Clearly, g1(A) = g1(p) = n. Hence g;(A) = g;(p) for all 1 < j < s if and only if

[ALl = [ALl forall 1 <i<s—1. O

An immediate consequence of Proposition 4.7 is that if {u1,-- -, ps} is a permutation
of {A1,---, As} then [[A5]| = [|AL|| for all 1 < i < s — 1 because the i-th elementary
symmetric polynomial g;(\) does not depend on the ordering of its variables A;.

Another consequence is the following result which is quite useful for deciding whether
two partitions are polynomial equivalent.

Corollary 4.8. Let A\, u € P(s,n) with the corresponding triangular divisor matrices Ay =
(dij) and Ay, = (ci5), respectively. If the multisets {d;j | 1 <i < j < s} and {c;j | 1 <
i < j < s} are equal, then A ~ p.

Proof. That the multisets {d;; | 1 <i < j < s}and {¢;; | 1 < i < j < s} are equal
means ga(A) = g2(). Since any summand Aj, « Aj, .- -2 A, of gi(A) for ¢ > 3 is a product
djy jo = dja s
multiset {d;; | 1 < i < j < s} with the increasing indices, the summation of all such

+--+udj,_, ;; (in the canonical quarter-ring (N, +,.) of ¢ — 1 elements of the

products of elements in the multiset of A equals the one in the multiset of p. Hence
gi(A) = gi(p) for 2 < i <s. Clearly, g1 (A) = g1(p). Thus A ~ . O

Note that the converse of Lemma 4.8 fails. For example, A = (12,4,3,1) ~
w = (10,5,3,2), but the corresponding multisets for A\ and p are {4,3,1,1,1,1} and
{5,1,2,1,1,1}, respectively, they are clearly different. This example also shows that if
the common part 3 is removed from A and p, then the resulting partitions (12,4,1) and
(10,5, 2) are no longer polynomial equivalent.

Corollary 4.9. Let A = (A1, ,As), 0 = (p1,--- s pbs) € P(s,n). If \j o Xj =d = 1y« pig
foralll<i#j<sandl <p+#q<s, then A\ ~ u. In particular, if A1,--- , s are
pairwise coprime and if 1, - , lbs are pairwise coprime, then A ~ .



C.C. Xi, J.B. Zhang / Journal of Algebra 609 (2022) 688717 711

Proof. Under the assumption, the triangular divisor matrices Ay and A, are equal. Hence
Corollary 4.9 follows immediately from Corollary 4.8. O

By the definition of partition polynomials €)(x), we have the following useful fact,
which implies that, when considering A ~ u, we can always assume that \j,--- A, are
coprime and that uq,- -, ps are coprime. By d\ we mean (dA1,dAq, -+ ,dA;).

Lemma 4.10. Let A\, u € P(s,n). Then A ~ p in P(s,n) if and only if dX\ ~ du in P(s,dn)
for some integer d > 1 if and only if d\ ~ du in P(s,dn) for all integers d > 1.

Proof. The coefficients of the monic partition polynomial e4x(x) are given by g;(dA)/
gs(dX). As we know, g;(d\) = dg; () for all i. Thus egr(x) =ex(x). O

Lemma 4.11. Let A\, € P(s,n) and 1 <m € N such that {\j.m |1 <i<s}={uj.m|
1 <j < s} as multisets. Then A ~ p if and only if (\,m) ~ (u,m) in P(s+ 1,n + m).
In particular, suppose Aj .m =d = u; .m for 1 < j <s. Then A ~ p if and only if
(3, 2) ~ (&, ) jn P(s+ 1, 2m),

Proof. The last conclusion in Lemma 4.11 follows from Lemma 4.10. We prove the other
one. Let A = (\,m) € P(s + 1,n + m). Since the multisets {\; .m | 1 < i < s} and
{njem |1 < j < s} are equal, the summation >, . . (Ajy em) v (N, om)
is equal to >0, o i (Hgy »m) « oo (g, «m). In particular, gs+1(A) = gs41(f).-
Clearly, for 1 < i < s, we have

1<5;i <+ <gi—1<s

Thus, for 1 < i < s, g;(A) = gi(p) if and only if g;(A) = g;(p). This shows
Lemma 4.11. O

A special case of Lemma 4.11 is that A ~ p if and only if (A, 1) ~ (i, 1). A slightly
generalized form of the last statement of Lemma 4.11 is as follows.

Lemma 4.12. Assume A ~ p in P(s,n) and v ~ 6 in P(t,m). If \;j . v; = pp « 04 for all
1<i,p<s,1<j,q<t, then (A\,7) ~ (u,0) in P(s+t,n+m).

Proof. By assumption, we suppose d := A; . y; = pp « 64. Now, let A = (A7) and

i = (u,0). We calculate ¢;(A) and g;(iz) for 1 < i < s+ t. Clearly, g1(\,7v) = g1(u, )
and gs4+¢(A,y) = gs+t(i, 6). We may assume s < ¢ and consider the following cases.
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()1<i<s<t

g = D NNt D Ve

1<j1<-<ji<s 1<k <---<k; <t

+ > 3 Mjyeeea Ay e Yo e Yy

(p,q):p+q=1,1<p,q<i 1<j1<<jp<s,1<k1 <<k <t

=gi(N) +g:(7) + > dcycy
(p,q):p+q=1,1<p<s,1<q<t
= gi(n) + 9:(6) + > dcrcy

(p,q):p+q=1,1<p<s,1<q<t

= gi(pn) + 9:(0)

+ Z Z /«le-"'-ﬂljp-(skl-"'-(sk

(p,q):p+q=i,1<p,q<i 1<j1<-<jp<s,1<k1 < <kg<t
= gi().

(2) s+1<i< s+t In this case, we first assume ¢ < ¢. Then

91'(5\): Z Yoy oo 0 Vks

1<k < <k; <t

+ > 3 Mjyerera e Yoy oo,

(p,q):p+q=i,1<p,q<i 1<j1<<jp<s,1<k1 <o <kg <t

=gi(7) + > dCrey
(p,9):p+q=1,1<p<s,1<q<t
= g:(8) + > dcrcy?

(p,9):p+q=1,1<p<s,1<q<t

q

= g:(0) + > > [y we el + Oy e

(p,q):p+q=1,1<p,q<i 1<j1<-<jp<s,1<k1 < <kg<t

. O

gi(;\): Z Z )\jl""')‘jp")/k1""'7kq

(p,q):p+q=1,1<p,q<i 1<j1<-<jp<s,1<ky <<k <t

= > dcrey

(p,9):p+q=1,1<p<s,1<q<t

-y 3 s by B

(p,q):p+q=i,1<p,q<i 1<j1<-<jp<s,1<k1 <o <kg <t

O

= gi(11).
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Thus g;(A) = gi(p) forall 1 <i< s+t O

Finally, we point out that, for A € P(s,n), g;+1(\) can be calculated graphically by
defining a valued quiver @) and writing out all paths of length 4, and then summarizing
all evaluations of the paths in (N, +,.). For i = 0, we understand g1 () = >_;_, \; = n.
The quiver @, has the vertex set {1,2,---,s}, and for ¢ < j, there is an arrow from ¢ to
j valued d;;. For instance, A = (12,4, 3, 1), the quiver Q) is

3
N
1 2 3 4

Thus g4(A) = 4.1.1=1,93(\) = 4.14+4.1+43.14+1.1 =4, go(\) =4+3+1+1+141 =
11, g1 () = 20.

4.2. Isomorphisms of invariant matriz algebras
This section is devoted to a proof of Theorem 1.2. We first show an auxiliary lemma.

Lemma 4.13. Let R be a division ring of characteristic p > 0, and let o € ¥,, be of cycle
type (A1, Az, , Ag) with \; > 1 for all1 <i<'s. Then

(1) Sp(o, R) is semisimple if and only if p1 A; for 1 <i < s.

(2) If R is an algebraically closed field and S, (o, R) is semisimple, then

S, (0, R) ~ ROM() MQ(R)eth(a) N MS(R)@hS(‘T)
as algebras, where R®M(9) denotes the direct product of hi(c) copies of the ring R.

Proof. (1) Clearly, M,,(R) is a simple artinian ring if R is a division ring. Let rad(A)
denote the Jacobson radical of a ring A. If S,, (0, R) is semisimple, that is rad (S, (0, R)) =
0, then rad(fiSn(U, R)fl) = firad(Sn (o, R))fi =0 for all 1 <4 < s. This means that all
fiSn(o, R) f; are semisimple. By Lemma 2.5(1), the group algebra R[C),] is semisimple.
Hence p 1 A; for all i. Conversely, if p t A; for all 4, then p does not divide the least
common multiple of A1, Mg, -+, As, that is, the order of G = (o) is invertible in R. In
this case, Sy, (o, R) is semisimple by [14, Theorem 1.15, p. 15], which says that if a finite
group acts on a semisimple artinian ring with its order invertible in the ring, then the
ring of invariants is semisimple.

(2) Let ¢; := e1,(1)0 + €2,2)0 + *** + €n,(n)o be the permutation matrix in M, (R)
corresponding to o. Then ¢, = diag{cy,,Cpy, "+ ,Co.}, Where ¢,, € My, (R) is defined
similarly. For 1 < 4 < s, the eigenvalues of ¢, are distinct and denoted by V;. Hence
the Jordan canonical form of ¢,, has only Jordan blocks of order 1, namely the diagonal
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matrix diag(1,w;, - - 7(,ui)""_l), where w; is a primitive root of the unity of order \; in R.

This implies that the Jordan canonical form of ¢, is the diagonal matrix

Y A-1 Xi—1 Aa—1
c'_dlag(lvwh'"?wll 7"'717wi7"'7wi 7"'71»w87"'7ws )
For 1 < i < s, we write H;(0) = {ri1,7i2, - s Tin, (o)} (see the notation above Defini-

tion 4.4). Then the algebraic and geometric multiplicities of the eigenvalue r;; of ¢, are
just ¢ for 1 < j < h;(o). Thus c is similar to

d:=diag(riily, 2l - riny o)1, s rads, riediy  Tingoy Liy

Ts1ls,Tsols, - ?TShS(O')IS)

with Y7, ihi(c) = n. Recall that I, denotes the identity matrix in M;(R). Hence
the matrix ¢, is similar to the matrix d. By Lemma 2.2 (see also [24, Lemma 2.1]),
Sn(o,R) = Sp(cy,R) == {x € My(R) | z¢; = cox} ~ Sp(d,R) := {x € M,(R) |
xd = dx} as algebras. Note that r;; # ry for (i,j) # (k,1) with 1 < i,k < 5,1 <
Jj < hi(0),1 <1< hi(o). It follows from [24, Lemma 2.2] that the centralizer algebra
S, (d, R) is isomorphic to R®M(7) x My(R)®m2(7) x ... x M (R)®"(?). Thus S, (o, R) ~
R&M(7) 5 My(R)®M2(7) x ... x M (R)®"(?) as algebras. 0O

Lemma 4.13(2) shows that the multiplicity of the matrix algebra M;(R) in a Wedder-
burn decomposition of the semisimple algebra S, (A, R) is given by h; ().

Recall that two rings R and S are said to be Morita equivalent if the two categories
R-Mod and S-Mod (or equivalently R-mod and S-mod) are equivalent.

Proof of Theorem 1.2. (1) follows from Lemma 4.13(1).
(2) Assume that R is an algebraically closed field and that S, (o, R) and S, (7, R) are
semisimple. By Lemma 4.13(2), we have

S, (0, R) ~ R®M©) 5 My (R)®h2(0) s ... M (R)®h=()
and
S (7, R) =~ ROMT) 5 My(R)P'2(T) x5 My(R)®™ (7).

(i) It follows from h;(o) > 0,h;(7) > 0 for 1 <i < s, hs(o) = A1 v+ As # 0 and
ht(T) # 0 that

REM(D) 5 My (R)®2(0) s M (R) () ~ REMT) 5 My (R)®H2(T) - .. x M (R)®H+(7)
as algebras if and only if s = ¢ and h;(0) = h;(7) for all 1 < i < s.

Suppose S, (o, R) ~ S, (7, R), that is, we assume that s = t and h;(0) = h(T)
for all i. We show that m = n and e)(z) = £,(z). In fact, since > ;_ ihi(c) = n
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and Y'_ i hi(1) = m, we have m = n. By the definitions of h,(c) and h,(7), we get
hs(o) = gs(o) and hs(7) = gs(7). It follows from hs(c) = hs(7) that gs(o) = gs(7).
Now, by the definitions hs_1(c) and hs_1(7) and Lemma 4.3(1), we have h,_1(0) =
gs—1(0) —C:71gs(0) and hs_1(1) = gs—1(7) — C:7Lg4(7). It then follows from hs_1 (o) =
hs—1(7) and gs(0) = gs(7) that gs—1(0) = gs—1(7). Continuing this procedure, we get
gi(0) = gi(1) for 1 <4 < s — 2. Thus, if h;(0) = hi(7) for 1 <i < s, then g;(0) = ¢;(7)
for 1 <i<sandey(z)=cy(z).

Conversely, if m = n and e\(z) = e,(z), then s = t and gs(7)gi(0) = gs(0)gi(7)
for 1 <i<s—1. As g1(0) =n =m = g1(u), we get gs(c) = gs(7). Thus it follows
from ex(z) = eu(x) that g;(0) = ¢;(7) for all 1 <4 < 5. By Lemma 4.3(2), we obtain
h;(o) = h;(7) for all i. Hence S, (0, R) ~ S,,,(7, R).

(ii) Since S, (o, R) =~ R¥"(9) x My (R)®"2(9) x ... x M (R)®"+(?) by Lemma 4.13(2),
the basic algebra B(c) of S, (o, R) is isomorphic to R®"1(?) x R®h2(0) x ... x ROhs(9) A
is known, S, (o, R) and B(co) are always Morita equivalent, while Sy, (o, R) and S, (7, R)
are Morita equivalent if and only if their basic algebras B(c) and B(r) are isomor-
phic. Clearly, B(c) ~ B(7) if and only if 37_, hi(0) = Si_, hi(7). By Lemma 4.3(2),
S hi(o) = Y'_, hi(7) if and only if the matrices ¢, and ¢, have the same number of
distinct eigenvalues in R if and only if 327, (=1)"*1g;(0) = Si_, (—1)""'g;(7). There-
fore S, (o, R) and S,,(7,R) are Morita equivalent if and only if > ;_,(—=1)""'g;(c) =
S (1) gi(7) if and only if (—1)* " gs(0)ex(1) = (=1)"1g:(7)e,(1). Note that g,(o)
is the greatest common divisor of A1, -+, As. O

Theorem 1.2 tells us that the foregoing consideration on the polynomial equivalence
A ~ pin P(s,n) provides us with many isomorphisms of invariant matrix algebras.
For example, .5'38((17, 11,8, 2),<C) o .5'38((17, 11,6,4), (C) by repeatedly applying Corol-
lary 4.11 to the polynomial equivalence (8,2) ~ (6,4) in P(2,10). Also, for any prime
number p > 5 and two-part partitions A and p of p, it follows from Theorem 1.2 that
Sp(A, €) =~ Sp(1, C). For instance, S5((4,1),C) =~ S5((3,2),C) ~ C x C x C x My(C).

Remark that the condition m = n in Theorem 1.2(2)(i) is needed. For example, both
A = (4,2,2) and p = (2,1,1) have the same partition polynomial z? — 3x + 4, but
Ss(A, R) # S4(u, R) for any ring R.

As a consequence of Theorem 1.2 and Corollary 4.9. we have the corollary immedi-
ately.

Corollary 4.14. Let R be an algebraically closed field of characteristic p > 0, and let
o €%, and T € ¥, be of cycle types (A1, Aa, -+, As) and (1, 2, -+, fit), respectively.
Assume that pt N and ptp; for 1 <i<sandl <i <t IfA, -, are pairwise
coprime and if py,- -+ , iy are pairwise coprime, then

(1) Sp(o, R) =~ Sy (7, R) if and only if n = m and s =t.

(2) Sp(o,R) and Sy, (7, R) are Morita equivalent if and only if n —s=m —t.
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Finally, we mention that there are a few issues worthy of further consideration, which
have directly been suggested in this section but not answered. We formalize some of
them as the following questions.

Questions. (1) When are S, (\, R) and S, (u, R) isomorphic (or derived equivalent) for
A, i € P(s,n) and R a unitary ring?

(2) Given a polynomial f(z) = 257! — as_92°7 2 + -+ + (=1)* " laz® + -+ +
(—1)*2a1z + (=1)*"tag € Z[z] with s > 3 and a; > CH! for 1 < i < s— 2, is
there a partition A € P(s,n) for some n such that ex(z) = f(x)? In other words, what
are the necessary and sufficient conditions for a monic polynomial f(x) to be a partition
polynomial?

(3) Are ex(z)e,(x) and ex(e,(x)) again partition polynomials? Or more generally,
how do the operations of partitions correspond to the ones of partition polynomials?

(4) Let I(s,n) be the set of equivalence classes of P(s,n) with respect to the poly-
nomial equivalence relation. Then I(s,n) is the union of distinct equivalence classes.
Let E(s,n,j) be the set of those equivalence classes that contain j elements of P(s,n).
Define p(s,n), i(s,n) and e(s,n, j) to be the numbers of elements in P(s,n), I(s,n) and
E(s,n,j), respectively. What are the generating functions of i(s,n) and e(s,n, j)?

Note that the generating function for p(s,n) is > > p(s,n)¢" = (1_q)(1_35)...(1_qs)
(see [1, Chapter 6]).

(5) Describe partitions A € P(s,n) that are self-equivalent, that is, if u € P(s,n) such
that 4 ~ A, then g = X. For instance, A = (4,4,1) is self-equivalent with €4 41)(z) =

(x — 3)2, but p = (5,2,2) is not self-equivalent.

(6) For which partitions A are £)(x) irreducible polynomials over Q?

(7) What are the necessary and sufficient conditions for A ~ p in P(s,n) in terms of
the conjugate partitions of A\ and u?
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