
Mathematische Annalen          (2026) 394:99 
https://doi.org/10.1007/s00208-026-03422-8 Mathematische Annalen

New invariants of stable equivalences and
Auslander–Reiten conjecture

Changchang Xi1,2 · Jinbi Zhang3

Received: 25 July 2022 / Revised: 19 February 2026 / Accepted: 20 February 2026
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2026

Abstract
We show that stable equivalences between Artin algebras without nodes preserve
homological data that provide upper bounds for finitistic dimension, and that stable
equivalences between Artin algebras with positive ν-dominant dimensions induce
stable equivalences of their Frobenius parts. As an application of our new methods
developed, we verify the Auslander–Reiten conjecture on stable equivalences for two
rather different classes of algebras: principal centralizer matrix algebras over arbitrary
fields and Frobenius-finite algebras over algebraically closed fields.
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1 Introduction

In the representation theory of finite-dimensional algebras and finite groups, there
are several unsolved major conjectures that are of great interest. Two of them are the
famousAuslander–Reiten conjecture on stable equivalences (ARC) (see [7,Conjecture
(5), p.409], or [36, Conjecture 2.5]), and the finitistic dimension conjecture (FDC) (see
[8], or [7, Conjecture (11), p.410]).

(ARC) Stably equivalent Artin algebras have the same number of non-isomorphic,
non-projective simple modules.

(FDC) Every Artin algebra has finite finitistic dimension.
Both conjectures are known in few cases only. For instance, Auslander and Reiten

proved that (ARC) holds for a stable equivalence between an arbitrary Artin algebra
and a hereditary Artin algebra [5], Martínez-Villa showed that (ARC) holds for stable
equivalences between representation-finite algebras over an algebraically closed field
[29], and reduced checking the validity of (ARC) to self-injective algebras without
nodes (see [30]). Recently, the conjecture was proved for stable equivalences ofMorita
type between Frobenius-finite algebras over algebraically closed fields and without
semisimple summands (see [22]), and for stable equivalences between special biserial
algebras (see [1, 2, 32]). As to (FDC), there are several approaches. For example, it was
verified for algebras of radical cube-zero [17] and monomial algebras [18]. Further,
Igusa and Todorov introduced two homological data, called φ- and ψ-dimensions, to
give upper bounds of the finitistic dimensions [24]. Another approach to (FDC) was
given for algebras over perfect fields by relative homological algebra [38]. Recently,
Gélinas has introduced a new homological datum, called the delooping level of an
algebra in [16], which provides upper bounds of the finitistic dimensions of opposite
algebras (see [16, Proposition 1.3]).

In this article, we provide new stable equivalences and new invariants of stable
equivalences. Further, we use these to prove the validity of the conjectures for some
classes of algebras or to transfer validity from algebras to stably equivalent algebras.

Theorem 1.1 Stably equivalent Artin algebras without nodes have the same delooping
level and the same Igusa and Todorov’s φ-dimension and ψ-dimension.

As a consequence, if one of the algebras has finite φ- or ψ-dimensions, then both
algebras havefinite finitistic dimensions.Moreover, if the opposite algebra of one of the
algebras has finite delooping level, then both algebras have finite finitistic dimension.
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For the definitions of φ- and ψ-dimensions as well as delooping levels, we refer to
Sect. 2.2 below.

Now, we apply Theorem 1.1 to Morita algebras that are just the endomorphism
algebras of modules of the form A⊕ M with A a self-injective algebra and M a finitely
generated module over A (see [25]). This class of algebras includes many algebras
arising in the representation theory or algebraic Lie theory such as Temperley–Lieb
algebras, Schur algebras and q-Schur algebras. Our application can be stated in a
general form which involves almost ν-stable derived equivalences. The latter induces
stable equivalences.

Theorem 1.2 (1) Almost ν-stable derived equivalences between finite-dimensional
algebras over a field preserve delooping level as well as Igusa and Todorov’s φ-
dimension and ψ-dimension.

(2) If A is a self-injective algebra over a field and X is a finitely generated A-
module, then all of the endomorphism algebras of the modules A ⊕ X , A ⊕ �A(X)

and A ⊕ DTr(X) have the same delooping level as well as the same Igusa and
Todorov’s φ-dimension and ψ-dimension, where �A and DTr are the syzygy operator
and Auslander–Reiten translation of A, respectively.

As is known, theAuslander–Reiten conjecture can be reduced to stable equivalences
between self-injective algebras [30]. Thus it is of great importance to know whether a
stable equivalence induces stable equivalences between their Frobenius parts. On the
other hand, it is a fundamental, but difficult problem to get examples of stable equiv-
alences between algebras. In the literature, only a few classes of stable equivalences
have been constructed (for example, see [5, 20, 27, 33]). The next result provides a
rather large class of new stable equivalences.

Theorem 1.3 Stable equivalences between Artin algebras of positive ν-dominant
dimensions induce stable equivalences between their Frobenius parts.

Comparedwith a result [30, Theorem17], Theorem1.3 does not need an assumption
that theArtin algebras considered have neither nodes nor semisimple direct summands.

Finally, as an application, we verify the Auslander–Reiten conjecture on sta-
ble equivalences for two new classes of algebras, namely Frobenius-finite algebras
and principal centralizer matrix algebras. Recall that an Artin algebra is said to be
Frobenius-finite if its Frobenius part is representation-finite. For the definition of
Frobenius parts of algebras, we refer to Sect. 2.3 below or [22, 29]. A principal
centralizer matrix algebra is the centralizer of an n × n matrix in the full n × n matrix
algebra over a field. Though these two large classes of algebras are rather different in
nature, our approach to the Auslander–Reiten conjecture works for both of them.

Theorem 1.4 The Auslander–Reiten conjecture on stable equivalences holds true for
the following two classes of finite-dimensional algebras:

(1) Principal centralizer matrix algebras over a field.
(2) Frobenius-finite algebras over an algebraically closed field.

If we assume in Theorem 1.4(2) that the stable equivalences are of Morita type and
both algebras don’t have semisimple direct summands, then Theorem 1.4(2) follows
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from [22, Theorem 1.1]. Since the class of Frobenius-finite algebras properly contains
the class of representation-finite algebras, Theorem 1.4(2) generalizes also a result
in [29, Theorem 3.4] which states that the Auslander–Reiten conjecture on stable
equivalences holds true for representation-finite algebras over an algebraically closed
field.

This paper is structured as follows. In Sect. 2, we recall definition of stable equiv-
alences, finitistic dimensions, almost ν-stable equivalences and homological data. In
Sect. 3, we give necessary information and prove some general results on stable equiv-
alences for later proofs. In Sect. 4, we proveTheorems 1.1–1.3.We point out that tilting
does not preserve delooping levels. In Sect. 5, we apply our methods to prove Theo-
rem 1.4.We conjecture that finiteness of delooping levels of Artin algebras is invariant
under derived equivalences.

2 Preliminaries

In this section, we fix notations and recall several homological data as well as basic
results of stable equivalences.

2.1 Auslander–Reiten conjecture and finitistic dimension conjecture

Let A be an Artin algebra over a commutative Artin ring k. By A-mod we denote the
category of all finitely generated left A-modules. Let A

op
be the opposite algebra of A;

weunderstand a right A-module as a left A
op
-module.Wedenote by D := Homk(−, J )

the k-duality ofArtin algebra from A-mod to A
op
-mod,where J is an injective envelope

of k/rad(k). For M ∈ A-mod, let �A(M) be the syzygy of A M ; Tr(M) the transpose
of M , which is an A

op
-module; and add(M) the full additive subcategory of A-mod

consisting of all direct summands of finite sums of copies of M . We write EndA(M)

for the endomorphism algebra of A M .
Let A-modP (respectively, A-modI ) be the full subcategory of A-mod consisting

of those modules that do not have nonzero projective (respectively, injective) direct
summands. Let P(A)I (respectively, I (A)P ) denote the set of all isomorphism
classes of indecomposable projective (respectively, injective) A-modules without any
nonzero injective (respectively, projective) direct summands.

The stable category A-mod of A has the same objects as A-mod and its morphism
set HomA(X , Y ) of two modules X and Y is the quotient k-module of HomA(X , Y )

modulo all homomorphisms that factorize through a projective A-module. For f ∈
HomA(X , Y ), we write f for the image of f in HomA(X , Y ). Note that X � Y
in A-mod if and only if there are two projective modules P, Q ∈ A-mod such that
X ⊕ P � Y ⊕ Q as A-modules. In this case, EndA(A ⊕ X) and EndA(A ⊕ Y ) are
Morita equivalent.
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Let (A-mod)-mod be the category of all finitely presented functors from (A-mod)op

to the category A of all abelian groups. Recall that a functor H : (A-mod)op →
A is said to be finitely presented if there exists an exact sequence of functors
HomA(−, X) → HomA(−, Y ) → H → 0 with X and Y in A-mod. It is known
from [3] that (A-mod)-mod is an abelian category, its projective objects are precisely
the functors HomA(−, X) for X ∈ A-modP , and its injective objects are precisely
the functors Ext1A(−, X) for X ∈ A-modP .

Artin algebras A and B over a commutative Artin ring k are said to be stably equiv-
alent if the two stable categories A-mod and B-mod are equivalent as k-categories.

The Auslander–Reiten conjecture on stable equivalences says that the number of
non-isomorphic, non-projective simple modules is an invariant of stable equivalences.
This is also calledAlperin–Auslander conjecture in the representation theory of groups
(see [36]).

By eliminating nodes and considering special projective-injective modules,
Martínez-Villa reduced this conjecture to the conjecture just for self-injective Artin
algebras [30]. Following [28], a non-projective, non-injective simple A-module S is
called a node of A if the middle term P of the almost split sequence starting at S,
0 → S → P → Tr D(S) → 0, is projective.

For an Artin algebra A, the finitistic dimension of A, denoted findim(A), is the
supremum of the projective dimensions of modules X ∈ A-mod that have finite
projective dimension. The finitistic dimension conjecture says that every Artin algebra
has finite finitistic dimension (see [8]).

Considerable efforts notwithstanding, the above two conjectures are still open to
date. In the next subsection, we will explain two approaches to the finitistic dimension
conjecture by Igusa–Todorov, and Gélinas.

2.2 Homological data: delooping levels and Igusa-Todorov’s dimensions

In this subsection, we recall a few homological data: delooping levels, φ- and ψ-
dimensions.

To understand the finitistic dimensions of algebras, Igusa and Todorov introduced
the φ- and ψ-dimensions for Artin algebras in [24].

Let K (A) be the Grothendieck group of A, that is, the quotient of the free abelian
group generated by the isomorphism classes [X ] with X ∈ A-mod, modulo the rela-
tions:

(1) [Z ] = [X ] + [Y ] if A Z � A X ⊕ AY ;
(2) [P] = 0 if A P is projective.

Then K (A) is the free abelian group generated by the isomorphism classes of non-
projective indecomposable A-modules X ∈ A-mod. Now, we recall two functions φ

and ψ from A-mod to N, the set of natural numbers, defined in [24].
The syzygy functor � : A-mod → A-mod on the stable module category A-mod

induces a group homomorphism � : K (A) → K (A) of abelian groups, given by
�([X ]) := [�(X)]. For X ∈ A-mod, let 〈X〉 be the Z-submodule of K (A) generated
by the isomorphism classes of non-projective, indecomposable direct summands of X .
Since the rank of the image�〈X〉 of 〈X〉 under� does not exceed the finite rank of 〈X〉,
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it follows from Fitting’s Lemma that there exists a smallest nonnegative integer φ(X)

such that � : �n〈X〉 → �n+1〈X〉 is an isomorphism for all n ≥ φ(X). Furthermore,
let

ψ(X) := φ(X) + sup{projdim(Y ) | Y is a direct summand of �φ(X)(X),

projdim(Y ) < ∞}.

Then the φ-dimension and ψ-dimension of A are defined by

φ dim(A) := sup{φ(X) | X ∈ A-mod} and ψ dim(A) := sup{ψ(X) | X ∈ A-mod}.

According to [24, Lemma 0.3], ψ(X) = φ(X) = projdim(X) if projdim(X) < ∞.
Thus

findim(A) ≤ φ dim(A) ≤ ψ dim(A) ≤ gl.dim(A),

where gl.dim(A) means the global dimension of A.
Recently, Gélinas has introduced a new homological datum: the delooping level of

an algebra in [16]. The significance of delooping levels is that the finitistic dimensions
of algebras can be bounded by the delooping levels of the opposite algebras (see [16,
Proposition 1.3]).

By definition, the delooping level of an A-module X ∈ A-mod, denoted del(X), is
the smallest number d ≥ 0 such that the d-th syzygy �d(X) of X is a direct summand
of a module of the form P ⊕�d+1(M) for an A-module M and a projective A-module
P , where� is the syzygy (or loop) operator of A. If such a number d does not exist, one
defines del(X) = ∞. The delooping level of A, denoted del(A), is the maximum of
the delooping levels of all non-isomorphic simple A-modules. Clearly, del(X ⊕ Y ) =
max{del(X), del(Y )} for X , Y ∈ A-mod, and del(A) = del(top(A A)), where top(A X)

denotes the top of an A-module A X . It was shown in [16] that findim(A) ≤ del(A
op

),
where A

op
stands for the opposite algebra of A.

As is known, each of these homological data may be infinite. This implies that the
finitistic dimension conjecture is still open to date.

2.3 Frobenius parts and �-dominant dimensions

Let A be an Artin algebra. We denote by A-prinj the full subcategory of A-mod
consisting of those A-modules that are both projective and injective.

A projective A-module P is said to be ν-stably projective [22] if νi
A(P) is projective

for all i > 0, where νA is the Nakayama functor of A. By A-stp we denote the
full subcategory of A-mod consisting of all ν-stably projective A-modules. Clearly,
A-stp ⊆ A-prinj.

If X ∈ A-mod such that add(X) = A-stp, then the endomorphism algebra EndA(X)

of X is called a Frobenius part of A. It is a self-injective algebra (see [29], or [22,
Lemma 2.7]) and is defined uniquely up to Morita equivalence. Note that Frobenius
parts of Artin algebras were first given by Martínez-Villa in different but equivalent
terms in [29]. Following [22], an Artin algebra is said to be Frobenius-finite if its
Frobenius part is representation-finite.

123



New invariants of stable equivalences and Auslander–Reiten conjecture Page 7 of 30    99 

For an A-module M ∈ A-mod, we consider its minimal injective resolution

0 −→ A M −→ I0 −→ I1 −→ I2 −→ · · · .

Let I be an injective A-module and 0 ≤ n ≤ ∞. If n is maximal such that all modules
I j are in add(I ) for j < n, then n is called the I -dominant dimension of M , denoted
by I -dom.dim(M). Dually, we consider its minimal projective resolution

· · · −→ P2 −→ P1 −→ P0 −→ A M −→ 0.

Let P be a projective A-module and 0 ≤ m ≤ ∞. If m is maximal such that all
modules Pj are in add(P) for j < m, then m is called the P-codominant dimension
of M , denoted by P-codom.dim(M). Clearly, the codominant dimension of M is
equal to the dominant dimension of A

op
-module D(M). Now, if add(I ) = add(P) =

A-prinj , then we define the dominant dimension of M to be I -dom.dim(M), denoted
by dom.dim(M); the codominant dimension of M to be P-codom.dim(M), denoted
by codom.dim(M), and the dominant dimension of the algebra A to be dom.dim(A A),
denoted by dom.dim(A). Note that dom.dim(A) = dom.dim(A

op
) (see [31, Theorem

4] or [19]). It is clear that dom.dim(A) = min{dom.dim(P) | P ∈ add(A A)}. If
add(I ) = A-stp, then I -dom.dim(M) is called the ν-dominant dimension of M ,
denoted by ν-dom.dim(M). The ν-dominant dimension of the algebra A is defined to
be ν-dom.dim(A A).

Lemma 2.1 Let A be an Artin algebra with ν-dom.dim(A) ≥ 1. Then
(1) A-stp = A-prinj and ν-dom.dim(A) = dom.dim(A).
(2) The projective cover of a simple module A S is injective if and only if the injective

envelope of S is projective.
(3) If the projective cover of a simple module A S is not injective, then S itself is

neither projective nor injective.

Proof (1) and (2) are trivial.Weprove (3). Let P and I be the projective cover and injec-
tive envelope of S, respectively. By assumption, P /∈ A-prinj . By (2), I /∈ A-prinj .
If S is injective, then it follows from codom.dim(D(AA)) = dom.dim(A) =
ν-dom.dim(A) ≥ 1 that codom.dim(S) ≥ 1. This implies P ∈ A-prinj , a contra-
diction. Thus S is not an injective module. Suppose that S is projective. It follows
from dom.dim(A) ≥ 1 that dom.dim(S) ≥ 1 and I ∈ A-prinj , again a contradiction.
Thus S is not a projective module. �


3 Basics of stable equivalences

In this section, we recall basic facts on stable equivalences and develop some lemmas
for later proofs.
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3.1 General facts on stable equivalences

In this subsection we collect some known facts and prove a new lemma on general
stable equivalences.

Assume that F : A-mod → B-mod is an equivalence of k-categories with a quasi-
inverse functor G : B-mod → A-mod. So F and G are additive functors and induce
two equivalences α and β of abelian categories (see [4, Section 8])

α : (A-mod)-mod
�−→ (B-mod)-mod and β : (B-mod)-mod

�−→ (A-mod)-mod,

and two one-to-one correspondences

F : A-modP ←→ B-modP : G and F ′ : A-modI ←→ B-modI : G ′

such that

α(HomA(−, X)) � HomB(−, F(X)) and α(Ext1A(−, Y )) � Ext1B(−, F ′(Y )),

β(HomB(−, U )) � HomA(−, G(U )) and β(Ext1B(−, V )) � Ext1A(−, G ′(V ))

for X ∈ A-modP , Y ∈ A-modI , U ∈ B-modP and V ∈ B-modI . For conve-
nience, we set F(P) = 0 for a projective module P , and F ′(I ) = 0 for an injective
module I .

The following lemma is useful for later discussions.

Lemma 3.1 ([4, Section 7, p.347]) If X , Y ∈ A-modI , then X � Y in A-mod if and
only if Ext1A(−, X) � Ext1A(−, Y ) in (A-mod)-mod.

A node S of A is called an F-exceptional node if F(S) �� F ′(S). By nF (A) we
denote the set of isomorphism classes of F-exceptional nodes of A. By [6, Lemma3.4],
if an indecomposable A-module X is neither a node nor projective or injective, then
F(X) � F ′(X). Thus nF (A) coincides with the set of isomorphism classes of non-
projective, non-injective, indecomposable A-modules X such that F(X) �� F ′(X).

In the following, let

�A := nF (A)∪̇P(A)I and �A := nF (A)∪̇I (A)P ,

where ∪̇ stands for the disjoint union of sets;P(A)I (respectively, I (A)P ) stands
for the set of representatives of isomorphism classes of indecomposable projective
(respectively, injective) A-modules without any nonzero injective (respectively, pro-
jective) summands. By �c

A we mean the class of non-injective, indecomposable
A-modules which do not belong to �A. Thus each module M ∈ A-modI admits
a unique decomposition (up to isomorphism)

M � M1 ⊕ M2

with M1 ∈ add(�A) and M2 ∈ add(�c
A).
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Lemma 3.2 ([11, Lemma 4.10(1)]) The functor F induces bijections

F : �A ←→ �B : G, F ′ : �A ←→ �B : G ′ and F ′ : �c
A ←→ �c

B : G ′.

An exact sequence 0 → X
f→ Y

g→ Z → 0 in A-mod is called minimal if it
does not have a split exact sequence as a direct summand, that is, there do not exist
isomorphisms u, v, w such that the diagram

0 X
f

u

Y
g

v

Z

w

0

0 X1 ⊕ X2

(
f1 0
0 f2

)

Y1 ⊕ Y2

(
g1 0
0 g2

)

Z1 ⊕ Z2 0

is commutative and exact in A-mod, where Y2 �= 0 and the sequence 0 → X2
f2−→

Y2
g2−→ Z2 → 0 splits. By definition, a minimal exact sequence does not split.

Lemma 3.3 ([4, Theorem 7.5] or [6, Proposition 2.1]) Let H ∈ (A-mod)-mod and
0 → X → Y → Z → 0 be a minimal exact sequence in A-mod such that the induced
sequence

0 −→ HomA(−, X) −→ HomA(−, Y ) −→ HomA(−, Z) −→ H −→ 0

of functors is exact. Then the following hold.
(1) The induced exact sequence of functors

HomA(−, Y ) −→ HomA(−, Z) −→ H −→ 0

is a minimal projective presentation of H in (A-mod)-mod.
(2) The induced exact sequence of functors

0 −→ H −→ Ext1A(−, X) −→ Ext1A(−, Y )

is a minimal injective copresentation of H in (A-mod)-mod.

The following lemma is from [30, Lemma 1.6], while its proof is referred to [6].

Lemma 3.4 If H ∈ (A-mod)-mod has a minimal projective presentation

HomA(−, Y )
HomA(−,g)

HomA(−, Z) −→ H −→ 0

with Y , Z ∈ A-modP , then there is a minimal exact sequence

0 −→ X −→ Y ⊕ P
g′

−→ Z −→ 0

in A-mod, where g′ = g in A-mod and P is a projective A-module.
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The following is a generalization of [30, Theorem 1.7] and shows that the functor
F possesses a certain “exactness" property.

Lemma 3.5 Let 0 → X ⊕ X ′ → Y ⊕ Ȳ ⊕ I ⊕ P ⊕ P ′ g→ Z → 0 be a minimal
exact sequence in A-mod with X , Y ∈ add(�c

A), X ′ ∈ add(�A), Ȳ ∈ add(nF (A)),
I ∈ add(I (A)P ), P ∈ add(P(A)I ), P ′ ∈ A-prinj and Z ∈ A-modP . Then there
exists a minimal exact sequence

0 −→ F(X) ⊕ F ′(X ′) −→ F(Y ⊕ Ȳ ⊕ I ) ⊕ Q ⊕ Q′ g′
−→ F(Z) −→ 0

in B-mod, where Q lies in add(P(B)I ) and Q′ belongs to B-prinj such that F(Ȳ ⊕
I ) ⊕ Q � F ′(Ȳ ⊕ P) ⊕ J for some J ∈ add(I (B)P ) and g′ = F(g) in B-mod.

Proof We provide a proof by using an idea in [11, Lemma 4.13]. Consider the finitely
presented functor H :

HomA(−, Y ⊕ Ȳ ⊕ I ⊕ P ⊕ P ′) −→ HomA(−, Z) −→ H −→ 0

induced from the given minimal exact sequence

0 −→ X ⊕ X ′ −→ Y ⊕ Ȳ ⊕ I ⊕ P ⊕ P ′ g−→ Z −→ 0

in A-mod with I ∈ add(I (A)P ), P ∈ add(P(A)I ) and P ′ ∈ A-prinj . It follows
from Lemma 3.3 that the sequence of functors

HomA(−, Y ⊕ Ȳ ⊕ I )
HomA(−,g)

HomA(−, Z) −→ H −→ 0

is a minimal projective presentation of H in (A-mod)-mod and that the sequence of
functors

0 −→ H −→ Ext1A(−, X ⊕ X ′) −→ Ext1A(−, Y ⊕ Ȳ ⊕ P)

is a minimal injective copresentation of H in (A-mod)-mod. Applying the equivalence
functor α to the above two sequences of functors, we see that the sequence

(�) HomB(−, F(Y ⊕ Ȳ ⊕ I )) −→ HomB(−, F(Z)) −→ α(H) −→ 0

is a minimal projective presentation of α(H) in (B-mod)-mod and the sequence

(∗) 0 −→ α(H) −→ Ext1B(−, F ′(X) ⊕ F ′(X ′)) −→ Ext1B(−, F ′(Y ⊕ Ȳ ⊕ P))

is a minimal injective copresentation of α(H) in (B-mod)-mod.
It follows from (�) and Lemma 3.4 that there is a minimal exact sequence

(♦) 0 −→ W −→ F(Y ⊕ Ȳ ⊕ I ) ⊕ Q ⊕ Q′ g′
−→ F(Z) −→ 0
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in B-mod with Q ∈ add(P(B)I ), Q′ ∈ B-prinj and g′ = F(g) in B-mod. The
minimality of this sequence implies W ∈ B-modI . Note that (�) is induced from
(♦). Now, by Lemma 3.3(2) and (♦), the exact sequence

(†) 0 −→ α(H) −→ Ext1B(−, W ) −→ Ext1B(−, F(Y ⊕ Ȳ ⊕ I ) ⊕ Q)

of functors is a minimal injective copresentation of α(H) in (B-mod)-mod. Thus both
(†) and (∗) are minimal injective copresentations of α(H). This implies that

(∗∗) Ext1B(−, F ′(X) ⊕ F ′(X ′)) � Ext1B(−, W ) and

(‡) Ext1B(−, F ′(Y ⊕ Ȳ ⊕ P)) � Ext1B(−, F(Y ⊕ Ȳ ⊕ I ) ⊕ Q)

in (B-mod)-mod. Since X lies in add(�c
A) and X ′ lies in add(�A), we know from

Lemma 3.2 that F ′(X) ∈ add(�c
B) and F ′(X ′) ∈ add(�B). In particular, F ′(X) ⊕

F ′(X ′) ∈ B-modI . Thus F ′(X)⊕F ′(X ′) � W as B-modules byLemma3.1 and (∗∗).
It follows from X ∈ add(�c

A) that F(X) � F ′(X) and therefore F(X)⊕ F ′(X ′) � W
as B-modules. Hence (♦) can be written as

0 −→ F(X) ⊕ F ′(X ′) −→ F(Y ⊕ Ȳ ⊕ I ) ⊕ Q ⊕ Q′ g′
−→ F(Z) −→ 0.

To complete the proof, we have to show that F(Ȳ ⊕ I ) ⊕ Q � F ′(Ȳ ⊕ P) ⊕ J for
some J ∈ add(I (B)P ). Indeed, it follows from Y ∈ add(�c

A) that F(Y ) � F ′(Y )

as B-modules and that both F(Y ) and F ′(Y ) lie in B-modI . Since Ȳ belongs to
add(nF (A)) and I belongs to add(I (A)P ), it follows from Lemma 3.2 that F(Ȳ ⊕ I )
lies in add(�B). Thus F(Ȳ ⊕ I ) � F(Ȳ )⊕ F(I ) = V ⊕ J for some V ∈ add(nG(B))

and J ∈ I (B)P . Therefore we have the isomorphisms in (B-mod)-mod:

Ext1B(−, F(Y ⊕ Ȳ ⊕ I ) ⊕ Q) = Ext1B(−, F(Y ) ⊕ F(Ȳ ⊕ I ) ⊕ Q)

� Ext1B(−, F(Y ) ⊕ V ⊕ Q)

� Ext1B(−, F ′(Y ⊕ Ȳ ⊕ P)) ( by (‡)).

As Ȳ ∈ add(nF (A)) and P ∈ add(P(A)I ), it follows from Lemma 3.2 that F ′(Ȳ ⊕
P) is in add(�B) and F ′(Ȳ ⊕ P) is in B-modI . Now, Lemma 3.1 shows that F ′(Y ⊕
Ȳ ⊕ P) � F(Y ) ⊕ V ⊕ Q and F ′(Ȳ ) ⊕ F ′(P) � V ⊕ Q as B-modules. Thus
F(Ȳ ) ⊕ F(I ) ⊕ Q � V ⊕ J ⊕ Q � F ′(Ȳ ) ⊕ F ′(P) ⊕ J as B-modules. �


The following special case of Lemma 3.5 is often used in our proofs.

Corollary 3.6 Let 0 → X ⊕ X ′ → P ′ g→ Z → 0 be a minimal exact sequence in
A-mod such that X ∈ add(�c

A), X ′ ∈ add(�A), P ′ ∈ A-prinj and Z ∈ A-modP .
Then there exists a minimal exact sequence

0 −→ F(X) ⊕ F ′(X ′) −→ Q′ g′
−→ F(Z) −→ 0

of B-modules with Q′ ∈ B-prinj .
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3.2 Stable equivalences induced by almost �-stable derived equivalences

In this subsection, we discuss special stable equivalences, called stable equivalences
of Morita type.

Definition 3.7 Let A and B be arbitrary finite-dimensional algebras over a field k.
(1) A and B are stably equivalent of Morita type (see [9]) if there exist bimodules

A MB and B NA such that
(i) M and N are projective as one-sided modules,
(ii) M ⊗B N � A ⊕ P as A-A-bimodules for some projective A-A-bimodule P ,

and N ⊗A M � B ⊕ Q as B-B-bimodules for some projective B-B-bimodule Q.
(2) A and B are stably equivalent of adjoint type (see [37]) if the bimodules M and N

in (1)provide additionally two adjoint pairs (M⊗B−, N⊗A−) and (N⊗A−, M⊗B−)

of functors on module categories.

By definition, the module N induces a stable equivalence N ⊗A − : A-mod →
B-mod. Typical examples of stable equivalences of Morita type arise from derived
equivalences between self-injective algebras [35]. In this case, derived equivalences
induce stable equivalences of Morita type. A generalization of this fact is the class of
almost ν-stable derived equivalences introduced in [20]. For general Morita theory of
derived equivalences and the related notion of tilting complexes, we refer to [34].

Definition 3.8 [20] A derived equivalence F of bounded derived module categories
between arbitrary Artin algebras A and B with a quasi-inverse G is said to be almost
ν-stable if the associated radical tilting complexes T • over A to F and T̄ • over B to
G are of the form

T • : 0 −→ T −n −→ · · · T −1 −→ T 0 −→ 0 and

T̄ • : 0 −→ T̄ 0 −→ T̄ 1 −→ · · · −→ T̄ n −→ 0,

respectively, such that add(
⊕n

i=1 T −i ) = add(
⊕n

i=1 νA(T −i )) and add(
⊕n

i=1 T̄ i ) =
add(

⊕n
i=1 νB(T̄ i )).

It was shown that each almost ν-stable derived equivalence between finite-
dimensional algebras over fields induces a stable equivalence of Morita type (see
[20, Theorem 1.1(2)]). To get almost ν-stable derived equivalences, we mention the
following.

Lemma 3.9 [21, Corollary 3.14] If A is a finite-dimensional, self-injective algebra
over a field and M ∈ A-mod, then EndA(A ⊕ M) and EndA(A ⊕�A(M)) are almost
ν-stable derived equivalent.

Now,wepoint out that stable equivalences of adjoint type have somenice properties.

Lemma 3.10 Let A and B be arbitrary finite-dimensional algebras over a field. Sup-
pose that A and B are stably equivalent of adjoint type induced by A MB and B NA.

123



New invariants of stable equivalences and Auslander–Reiten conjecture Page 13 of 30    99 

Write A M ⊗B NA � A ⊕ P and B N ⊗A MB � B ⊕ Q as bimodules. Then the
following hold:

(1) add(νA P) = add(A P) and add(νB Q) = add(B Q), where νA is the Nakayama
functor of A.

(2) If S is a simple A-module with HomA(P, S) = 0, then N ⊗A S is a simple
B-module with HomB(Q, N ⊗A S) = 0.

(3) For an A-module X and a B-module Y , we have �i
B(N ⊗A X) � N ⊗A �i

A(X)

in B-mod and �i
A(M ⊗B Y ) � M ⊗B �i

B(Y ) in A-mod for i ≥ 0.
(4) For an A-module X and a B-module Y , there are equalities

del(A M ⊗B N ⊗A X) = del(B N ⊗A X) = del(A X) and del(B N ⊗A M ⊗B Y )

= del(A M ⊗B Y ) = del(BY ).

Proof (1) and (2) follow from [22, Lemma 3.1], while (3) and (4) can be deduced
easily. �


Lemma 3.11 Let A and B be arbitrary Artin algebras with no separable direct sum-
mands. If A and B are stably equivalent of Morita type, then they are even stably
equivalent of adjoint type.

Proof Since A and B are stably equivalent of Morita type and have no separable
direct summands, it follows from [26, Proposition 2.1 and Theorem 2.2] which are
valid also for Artin algebras by checking the argument there, that A and B have the
same number of indecomposable direct summands (as two-sided ideals) and that we
may write A = A1 × A2 × · · · × As and B = B1 × B2 × · · · × Bs as products
of indecomposable algebras, such that the blocks Ai and Bi are stably equivalent of
Morita type for 1 ≤ i ≤ s. Suppose that M (i) and N (i) define a stable equivalence
of Morita type between Ai and Bi . Observe that the two results [12, Lemma 2.1 and
Corollary 3.1] hold true for indecomposable, non-separable Artin algebras. Thus, by
[12, Lemma 2.1], we may assume that Ai M (i)

Bi and Bi N (i)
Ai are indecomposable,

non-projective bimodules. Since the algebra Ai is indecomposable and non-separable
by assumption, it follows from [12, Corollary 3.1] that (M (i) ⊗Bi −, N (i) ⊗Ai −)

and (N (i) ⊗Ai −, M (i) ⊗Bi −) are adjoint pairs between Ai -mod and Bi -mod. Let
M := ⊕

1≤ j≤s M ( j) and N := ⊕
1≤ j≤s N ( j). Then A MB and B NA define a stable

equivalence of adjoint type between A and B. �


3.3 Elimination of nodes in algebras

In this subsection, we recall a general procedure of eliminating nodes of algebras
introduced by Martinez-Villa [28], and prove some new properties of this elimination
of nodes.

Recall that a non-projective, non-injective simple A-module M is called a node of
A if the middle term P of an almost split sequence starting at M , 0 → M → P →
Tr D(M) → 0, is projective. Note that A has no nodes if and only if A

op
has no nodes

[28, Lemma 1].
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In [28, Theorem 2.10], Martínez-Villa showed that any Artin algebra with nodes
is stably equivalent to an Artin algebra without nodes. The process of removing
nodes runs precisely as follows. Suppose that A is an Artin algebra with nodes. Let
{S(1), S(2), . . . , S(n)} be a complete set of non-isomorphic simple A-modules. Sup-
pose that P(i) = Aei has the top S(i) with e2i = ei ∈ A for 1 ≤ i ≤ n. We
may assume that {S(1), . . . , S(m)} is a complete set of nodes of A with m ≤ n.
Set S := ⊕m

i=1 S(i). Let I be the trace of S in A. Then I ∈ add(A S). By the def-
inition of nodes, S ∈ add(soc(A A)) and S ∈ add(A I ). Thus add(A I ) = add(A S).
Clearly, I 2 = 0 and rad(A)I = 0. Let J :=annl(I ) be the left annihilator of I . Then
rad(A) ⊆ J and A/J is semisimple. Since A I has only composition factors S(i) for
1 ≤ i ≤ m, we have ei I �= 0 for 1 ≤ i ≤ m and e j I = 0 for m + 1 ≤ j ≤ n. This
yields add(A A/J ) = add(A S). Note that I is a two-sided ideal of A and J I = 0. Thus
I is an (A/J )-(A/I )-bimodule. We may form the triangular matrix algebra

A′ :=
(

A/I 0
I A/J

)
.

The algebra A′ is called the model algebra of A. The following lemma describes some
common properties of A and A′.

Lemma 3.12 (1) The triangular matrix Artin algebra A′ has no nodes.
(2) A and A′ are stably equivalent.
(3) A and A′ have the same number of non-isomorphic, non-projective simples.
(4) If A is Frobenius-finite, then so is A′.

Proof The first two statements are taken from [28, Theorem 2.10], while we prove (3)
and (4).

(3) As is known, A′-modules can be identified with triples (X , Y , f ), where X is
an A/I -module, Y is an A/J -module and f : I ⊗A/I X → Y is a homomorphism
of A/J -modules. It follows from I 2 = 0 that I ⊆ rad(A). Thus simple A-modules
coincide with simple A/I -modules, and therefore A and A/I have the same number of
non-isomorphic simple modules. Note that the projective cover of an A/I -module X
is of the form P/I P with P being a projective cover of the A-module A X . Obviously,
the simple A′-modules are either of the form (T , 0, 0), where T is a simple A-module,
or of the form (0, T ′, 0), where T ′ is a simple A/J -module. The indecomposable
projective A′-modules are either of the form P̃ := (P/I P, I ⊗A/I P/I P, id) with P
an indecomposable projective A-module or of the form (0, T ′, 0)with T ′ an indecom-
posable projective A/J -module. Thus (0, T ′, 0) is a projective simple A′-module, and
so the indecomposable non-projective simple A′-modules are of the form (T , 0, 0),
where T is a simple A-module.

We prove that A and A′ have the same number of non-isomorphic, non-projective
simples. Indeed, take a simple A-module T , then I T = 0 and (T , 0, 0) is a simple
A′-module. If T is a projective A-module, then T is also a projective A/I -module,
and therefore (T , 0, 0) is a projective A′-module. Thus (T , 0, 0) is a projective simple
A′-module. Suppose that T is not a projective A-module. Let P(T ) be a projective
cover of AT . Then P(T ) �� T . If I P(T ) = 0, then P(T ) is a projective cover
of A/I T . Thus (P(T ), 0, 0) is a projective cover of (T , 0, 0) and (T , 0, 0) is not a
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projective A′-module. If I P(T ) �= 0, then it follows that I ⊗A/I
(
P(T )/I P(T )

) �
I ⊗A

(
P(T )/I P(T )

) � I ⊗A (A/I )⊗A P(T ) � I ⊗A P(T ) � I P(T ) �= 0. Thus the
A′-module

(
P(T )/I P(T ), I ⊗A/I P(T )/I P(T ), id

)
is a projective cover of (T , 0, 0).

This implies that (T , 0, 0) is not projective. Thus A and A′ have the same number of
non-isomorphic, non-projective simples.

(4) Suppose that (A/I X ,A/J Y , f ) is an indecomposable A′-module in A′-stp.
We show that A/I X ∈ A/I -stp and A/J Y ∈ A/J -stp. Indeed, (A/I X ,A/J Y , f ) is
projective-injective with νA′(A/I X ,A/J Y , f ) ∈ A′-stp. It follows from [7, Proposi-
tion 2.5, p.76] that there are two possibilities:

(a) A/J Y = 0 and A/I X is an indecomposable projective-injective A/I -module
with I ⊗A/I X = 0;

(b) A/I X = 0 and A/J Y is an indecomposable projective-injective A/J -module
with HomA/J (I , Y ) = 0.

Suppose (a) holds. Let T0 := top(A/I X). Then νA/I (X) is an injective envelope of
A/I T0. By [7, Proposition 2.5, p.76], we see that A′(T0, 0, 0) is a simple A′-module,
that A′(X , 0, 0) is a projective cover of A′(T0, 0, 0), and that A′(νA/I (X), 0, 0) is an
injective envelope of A′(T0, 0, 0). Thus νA′(A/I X , 0, 0) � (νA/I (X), 0, 0) ∈ A′-stp.
This implies that νi

A/I (X) is projective-injective for all i ≥ 0, and X ∈ A/I -stp.
Similarly, if (b) holds, then Y ∈ A/J -stp.

Let S be a direct sum of representatives of the isomorphism classes of nodes of A.
Since I is the trace of S in A and J is the left annihilator of I , we have add(A I ) =
add(A S) = add(A A/J ). Thus HomA(I , Z) = HomA/J (I , Z) �= 0 for any A/J -
module Z �= 0. Hence we can assume that {(X1, 0, 0), · · · (Xr , 0, 0)} is a complete
set of all non-isomorphic indecomposable modules in A′-stp for some natural number
r and Xi ∈ A/I -stp with I ⊗A/I Xi = 0 for 1 ≤ i ≤ r . Since each indecomposable
projective A/I -module is of the form P/I P for some indecomposable projective A-
module P , we assume Xi � Pi/I Pi for some indecomposable projective A-module
Pi . Note that I ⊗A/I

(
Q/I Q

) � I ⊗A
(
Q/I Q

) � I ⊗A (A/I )⊗A Q � I ⊗A Q � I Q
for each projective A-module Q. It follows from I ⊗A/I Xi = 0 that I Pi = 0, and
therefore Xi � Pi as A/I -modules and soc(A Pi ) is a simple A-module. Since Pi

is a projective A-module, the trace of S in Pi is equal to I Pi . It then follows from
I Pi = 0 that soc(A Pi ) has no nodes as its direct summands for 1 ≤ i ≤ r . Set U :=⊕r

i=1 Pi . Then soc(AU ) has no nodes as its direct summands. Since νA′(U , 0, 0) is
ν-stably projective and νA′(U , 0, 0) � (νA/I (U ), 0, 0), there are isomorphisms: U �
νA/I (U ) and top(A/I U ) � soc(A/I U ) as A/I -modules. Thus top(AU ) is isomorphic
to soc(AU ) and has no nodes as its direct summands. In particular, HomA(U , I ) = 0.
Applying HomA(U ,−) to the exact sequence

0 −→ I −→ A −→ A/I −→ 0

of A-A-bimodules, we get the exact sequence of A
op
-modules

0 −→ HomA(U , I ) −→ HomA(U , A) −→ HomA(U , A/I ) −→ 0.

It follows from HomA(U , I ) = 0 that HomA(U , A) � HomA(U , A/I ). Clearly,
HomA(U , A/I ) = HomA/I (U , A/I ) as A

op
-modules. Thus DHomA(U , A) �
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DHomA/I (U , A/I ) as A-modules. As νA/I (U ) = DHomA/I (U , A/I ) � U as A-
modules and DHomA(U , A) � U as A-modules, we get U ∈ A-stp. Let 	 be the
Frobenius part of A, and let 	′ be the Frobenius part of A′. Then EndA(U ) is of the
form f 	 f for an idempotent f ∈ 	, and

	′ := EndA′((U , 0, 0)) � EndA/I (U ) � EndA(U ).

If A is Frobenius-finite, then EndA(U ) is representation-finite, and therefore A′ is
Frobenius-finite. �


4 New invariants of stable equivalences

This section is devoted to the proofs of Theorems 1.1–1.3. We keep the notation
introduced in the previous sections.

Let A be an Artin algebra over a commutative Artin ring k. Recall that a projective
A-module P is said to be ν-stably projective if νi

A(P) is projective for all i > 0.Here νA

is the Nakayama functor DHomA(−, A) of A. LetU be a direct sum of representatives
of the isomorphism classes of indecomposable ν-stably projective A-modules. Since
νA(U ) is ν-stably projective, we have U � νA(U ) and top(U ) � soc(U ), where
soc(U ) is the socle of the A-module U . Clearly, soc(U ) � �A(U/soc(U )) ⊕ Q for
some projective A-module Q. Thus del(top(U )) = del(soc(U )) = 0 by definition.
Let V be a direct sum of representatives of the isomorphism classes of indecomposable
projective A-modules that are neither simple nor ν-stably projective. Then del(A) =
del(top(U ⊕ V )) = max{del(top(U )), del(top(V ))} = del(top(V )).

4.1 Homological data under stable equivalences

Let A and B be Artin k-algebras that have neither nodes nor semisimple direct sum-
mands. Assume that F : A-mod → B-mod is an equivalence of k-categories.

Under these assumptions, nF (A) = ∅, nF−1(B) = ∅, where nF (A) denotes the
set of isomorphism classes of F-exceptional nodes of A (see Sect. 3.1), and there is
a bijection F ′ : P(A)I → P(B)I (see Lemma 3.2). Further, Lemma 3.5 can be
specified as follows.

Lemma 4.1 [30, Theorem 1.7] Let 0 → X ⊕ P1
f−→ Y ⊕ P ⊕ P ′ g−→ Z → 0 be a

minimal exact sequence of A-modules, where X , Y , Z ∈ A-modP , P1, P ∈ P(A)I
and P ′ is a projective-injective A-module. Then there is a minimal exact sequence

0 −→ F(X) ⊕ F ′(P1)
f ′

−→ F(Y ) ⊕ F ′(P) ⊕ Q
g′

−→ F(Z) −→ 0

in B-mod with Q a projective-injective B-module and g′ = F(g). In particular,
�B F(Z) � F�A(Z) in B-mod for Z ∈ A-modP .

Lemma 4.2 For X ∈ A-modP , we have del(X) = del(F(X)).

123



New invariants of stable equivalences and Auslander–Reiten conjecture Page 17 of 30    99 

Proof We show del(F(X)) ≤ del(X). We may assume d := del(X) < ∞. Then,
by the definition of delooping levels, there exists M ∈ A-modP such that �d

A(X) ∈
add(A A⊕�d+1

A (M)). Thus F(�d
A(X)) ∈ add(B B ⊕ F�d+1

A (M)) by the additivity of
the functor F . On the other hand, it follows fromLemma4.1 that�B F(X) � F�A(X)

and �B F(M) � F�A(M) in B-mod. Then �i
B F(X) � F�i

A(X) and �i
B F(M) �

F�i
A(M) in B-mod for i ≥ 0. Thus�d

B F(X) ∈ add(B B⊕�d+1
B F(M)), and therefore

del(F(X)) ≤ d = del(X) < ∞. Similarly, we show del(X) ≤ del(F(X)). Thus
del(X) = del(F(X)). �

Proof of Theorem 1.1 Suppose that A and B are stably equivalent Artin algebras with-
out nodes.

(i) del(A) = del(B). In fact, the delooping levels of algebras involve only sim-
ple modules. If A or B has a semisimple direct summand, then the simple modules
belonging to the semisimple direct summand have delooping levels 0, and therefore
do not contribute to the delooping levels of the algebra considered. So we may remove
all semisimple direct summands from both algebras A and B. Of course, the resulting
algebras are still stably equivalent. Thus we assume that both A and B do not have any
semisimple direct summands. Let V be a direct sum of representatives of the isomor-
phism classes of indecomposable projective A-modules that are neither simple nor
ν-stably projective, and let V ′ be a direct sum of representatives of the isomorphism
classes of indecomposable projective B-modules that are neither simple nor ν-stably
projective. It follows from [30, Lemma 2.5], which is true also for Artin algebras, that
F(top(V )) � top(V ′) as B-modules. Note that top(V ) does not have any nonzero
projective direct summands. By Lemma 4.2, we have del(top(V )) = del(top(V ′)).
Thus del(A) = del(top(V )) = del(top(V ′)) = del(B).

(ii) φ dim(A) = φ dim(B) and ψ dim(A) = ψ dim(B). For Artin algebras A1
and A2, there are equalities φ dim(A1 × A2) = max{φ dim(A1), φ dim(A2)} and
ψ dim(A1 × A2) = max{ψ dim(A1), ψ dim(A2)}. Since φ- and ψ-dimensions of
semisimple algebras are 0, we may remove semisimple direct summands from A and
B if they have any. Then the resulting algebras are still stably equivalent. So we may
assume that both algebras A and B do not have any semisimple direct summands. Let
F : A-mod → B-mod be a stable equivalence between A and B. We also denote by F
the correspondence from A-modules to B-modules, which takes projective A-modules
to 0. As a functor of k-categories, F is additive and commutes with finite direct sums
in A-mod. Thus the map F̃ : K (A) → K (B) given by F̃([X ]) := [F(X)], is a
well-defined homomorphism of Grothendieck groups. It is actually an isomorphism
of abelian groups. By Lemma 4.1 we have �B(F(X)) � F(�A(X)) in B-mod for
X ∈ A-mod. Let 〈X〉 be the Z-submodule of K (A) generated by the isomorphism
classes of indecomposable, non-projective direct summands of X . For n ≥ 0, the
following diagrams are commutative

K (A)
F̃

�A

K (B)

�B

�n
A〈X〉 F̃res

�A

�n
B〈F(X)〉

�B

K (A)
F̃ K (B), �n+1

A 〈X〉 F̃res
�n+1

B 〈F(X)〉
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where F̃res is the restriction of F̃ . Since F̃ : K (A) → K (B) is an isomorphism of
abelian groups, the Z-module homomorphism �A : �n

A〈X〉 → �n+1
A 〈X〉 is an iso-

morphism for n ≥ 0 if and only if so is the Z-homomorphism �B : �n
B〈F(X)〉 →

�n+1
B 〈F(X)〉 for n ≥ 0. By the definition of φ-dimensions, φ(X) = φ(F(X))

and φ dim(A) ≤ φ dim(B). Similarly, φ dim(B) ≤ φ dim(A). Thus φ dim(A) =
φ dim(B). For Y ∈ A-mod, since �B(F(Y )) � F(�A(Y )) in B-mod and F is an
equivalence, we get projdim(B F(Y )) = projdim(AY ). Then ψ(X) = ψ(F(X)) and
ψ dim(A) = ψ dim(B). �


Theorem1.1may fail if Artin algebras have nodes. This can be seen by the following
examples.

Example 4.3 (1) Let A1 be the algebra over a field k, given by the quiver with a relation:

1 • α , α2 = 0.

Clearly, A1 has a node and is stably equivalent to the path algebra A′
1 given by the

quiver 1• ← •2. Note that A′
1 has no nodes and its Frobenius part is 0. In this

case, both A1 and A′
1 have only 1 non-projective simple module. Clearly, del(A1) =

φ dim(A1) = ψ dim(A1) = 0 < 1 = del(A′
1) = φ dim(A′

1) = ψ dim(A′
1). Observe

that A1 and A′
1 are never stably equivalent of Morita type by Lemma 4.4 below.

(2) Let A2 be the algebra over a field k, given by the quiver with a relation:

A2 : 1 • α •2 ,
β

αβ = 0

(see [39, Example 4.9] for general situations).We consider the two almost split
sequences in A2-mod

0 −→ S(1) −→ P(2) −→ S(2) −→ 0 and 0 −→ S(2) −→ I (2) −→ S(1) −→ 0,

where P(i), I (i) and S(i) are the projective, injective and simplemodules correspond-
ing to the vertex i , respectively. Clearly, A2 has the Frobenius part isomorphic to A1,
and a unique node S(1). Let I be the trace of S(1) in A2 and J be the left annihilator
of I in A2. Then I = {r1βα + r2β | r1, r2 ∈ k} and J = {r1e2 + r2α + r3β | ri ∈
k, 1 ≤ i ≤ 3}. Define A′

2 to be the triangular matrix algebra

A′
2 =

(
A2/I 0

I A2/J

)
�

⎛
⎝

k 0 0
k k 0
k k k

⎞
⎠ .

Then A′
2 has no nodes and its Frobenius part is 0. By Lemma 3.12(2), A2 and A′

2 are
stably equivalent. Particularly, they have two non-isomorphic, non-projective sim-
ple modules, and del(A2) = φ dim(A2) = ψ dim(A2) = 2 > 1 = del(A′

2) =
φ dim(A′

2) = ψ dim(A′
2).
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For stable equivalences of Morita type, the requirement that algebras considered
have no nodes can be eliminated from Theorem 1.1.

Lemma 4.4 Let A and B be arbitrary finite-dimensional algebras over a field k. If A
and B are stably equivalent of Morita type, then

(1) del(A) = del(B).
(2) φ dim(A) = φ dim(B) and ψ dim(A) = ψ dim(B).

Proof (1) Let A = 	1×	2 and B = 
1⊕
2, where	1 and
1 are separable algebras,
and where 	2 and 
2 are algebras without separable direct summands. Since A and
B are stably equivalent of Morita type, it follows from the proof of [27, Theorem
4.7] that 	2 and 
2 are stably equivalent of Morita type. By [26, Proposition 2.1],
we can suppose 	2 = A1 × · · · × As and 
2 = B1 × · · · × Bs , where all Ai and
Bi are indecomposable algebras. By [26, Theorem 2.2], we may assume that Ai and
Bi are stably equivalent of Morita type for all i (up to re-ordering the summands).
Since Ai and Bi are stably equivalent, Ai is a semisimple algebra if and only if so
is Bi for 1 ≤ i ≤ s. Thus we may suppose that A1, . . . , At , B1, . . . , Bt are non-
semisimple algebras and that At+1, . . . , As, Bt+1, . . . , Bs are semisimple algebras.
Let A0 = A1 × · · · × At and B0 = B1 × · · · × Bt . Then A0 and B0 do not have
semisimple direct summands. Since Ai and Bi are stably equivalent of Morita type
for 1 ≤ i ≤ t , we see that A0 and B0 are stably equivalent of Morita type. Suppose
that two bimodules A0 MB0 and B0 NA0 define a stable equivalence of Morita type
between A0 and B0. Then A0 M ⊗B0 NA0 � A0 ⊕ P and B0 N ⊗A0 MB0 � B0 ⊕ Q,
where A0 PB0 and B0 Q B0 are projective bimodules. We may assume that M and N
have no nonzero projective summands as bimodules by [27, Lemma 4.8(1)]. Thus M
and N define a stable equivalence of adjoint type between A0 and B0 by [10, Lemma
4.1(2)]. It then follows from [22, Lemma 3.1(2)] that add(νA0 P) = add(A0 P). Thus
del(top(P)) = del(soc(P)) = 0 and

del(A0) = max{del(A0 S) | A0 S is simple with HomA0(P, S) = 0}.

Let S be a simple A0-module withHomA0(P, S) = 0. By Lemma [22, Lemma 3.1(5)],
B0 N ⊗A0 S is a simple B0-module. It follows from Lemma 3.10(4) that del(A0 S) =
del(B0 N ⊗A0 S) ≤ del(B0), and therefore del(A0) ≤ del(B0). Similarly, we can
show del(B0) ≤ del(A0). Thus del(A0) = del(B0). Since the delooping levels of
semisimple blocks are 0, we have del(A) = del(A0) = del(B0) = del(B).

(2) Suppose that A and B are stably equivalent of Morita type defined by A MB

and B NA. Since B N is projective, the functor F := N ⊗A − : A-mod → B-mod
takes projective A-modules to projective B-modules, and commutes with finite direct
sums. Thus F induces an equivalence: A-mod → B-mod. As in the proof of Theorem
1.1(ii), we obtain φ dim(A) = φ dim(B) and ψ dim(A) = ψ dim(B). �


Remark 4.5 In contrast to stable equivalences of Morita type, tilting procedure pre-
serves neither delooping levels nor φ-dimensions. For example, the path algebra A

(over a field) of the quiver • α−→ • β−→ • can be tilted to the quotient algebra
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B := A/(αβ). In this case, A has no nodes, but B has a node, while we have
del(A) = φ dim(A) = ψ dim(A) = 1 < 2 = del(B) = φ dim(B) = ψ dim(B). This
shows that in general derived equivalences do not have to preserve the delooping lev-
els and the φ-dimensions of algebras. Nevertheless, we will show that almost ν-stable
derived equivalences do preserve delooping levels, φ-dimensions and ψ-dimensions
in the next section.

4.2 Homological data under almost �-stable derived equivalences

In this subsection, we apply Lemma 4.4 to show Theorem 1.2.

Proof of Theorem 1.2. (1) Suppose that there is an almost ν-stable derived equivalence
between finite-dimensional algebras 	 and 
 over a field k. It follows from [20,
Theorem 1.1(2)] that 	 and 
 are stably equivalent of Morita type. By Lemma 4.4,
del(	) = del(
), φ dim(	) = φ dim(
) and ψ dim(	) = ψ dim(
).

(2) Let A be a self-injective algebra over a field and X ∈ A-mod. We show that

(a) del
(
EndA(A ⊕ X)

) = del
(
EndA(A ⊕ �A(X))

) = del
(
EndA(A ⊕ DTr(X))

)
.

In fact, by Lemma 3.9 (see also the remark at the end of Section 3 in [20]), we know
that EndA(A ⊕ X) and EndA(A ⊕�A(X)) are almost ν-stable derived equivalent and
therefore they are stably equivalent of Morita type. Hence it follows from Lemma 4.4
that

(�) del
(
EndA(A ⊕ X)

) = del
(
EndA(A ⊕ �A(X))

)
.

As νA is an auto-equivalence of A-mod and DTr(Y ) � �2(νA(Y )) in A-mod for
Y ∈ A-mod, we have

del
(
EndA(A ⊕ X)

) = del
(
EndA(νA(A ⊕ X))

) = del
(
EndA(A ⊕ νA(X))

)
= del

(
EndA(A ⊕ �(νA(X))

)
( by (�))

= del
(
EndA(A ⊕ �2(νA(X))

)
( by (�))

= del
(
EndA(A ⊕ DTr(X))

)
,

where the last equality is due to the fact that EndA(A ⊕ �2(νA(X)) and EndA(A ⊕
DTr(X)) are Morita equivalent.

Similarly, we can prove the equalities for φ-dimensions and ψ-dimensions by
Lemma 4.4(2):

(b) φ dim
(
EndA(A ⊕ X)

) = φ dim
(
EndA(A ⊕ �A(X))

) = φ dim
(
EndA(A ⊕

DTr(X))
)
.

(c) ψ dim
(
EndA(A ⊕ X)

) = ψ dim
(
EndA(A ⊕ �A(X))

) = ψ dim
(
EndA(A ⊕

DTr(X))
)
. �


Theorem 1.2 can distinguish almost ν-stable derived equivalences among derived
equivalences. For instance, let A and B be algebras given by the following quivers
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Q A and Q B with relations, respectively:

Q A : • α1 2•
δ

β 3•
γ

Q B : • α′1 2•

β ′
•

γ ′

3

αδα = γ δ = δα − βγ = 0 ; α′β ′γ ′α′ = γ ′α′β ′γ ′ = 0.

It was shown in [23, Example 4.10] that A and B are derived equivalent. One can
check that both algebras have no nodes and del(A) = 2 �= 1 = del(B). Thus A and B
are neither almost ν-stable derived equivalent by Theorem 1.2 nor stably equivalent
by Theorem 1.1.

4.3 Stable equivalences of algebras and their Frobenius parts

Now we turn to the proof of Theorem 1.3. We start with the following lemma.

Lemma 4.6 Let F : A-mod → B-mod define a stable equivalence between Artin
algebras A and B, and let G be a quasi-inverse of F. If ν-dom.dim(A) ≥ 1 and
ν-dom.dim(B) ≥ 1, then there exist bijections

F : I (A)P −→ I (B)P , F : nF (A) −→ nG(B), F ′ : P(A)I −→ P(B)I

and F ′ : nF (A) −→ nG(B).

Proof Suppose I ∈ I (A)P , we show F(I ) ∈ I (B)P . Indeed, let S be the socle of I .
ByLemma2.1(2)-(3), S is not injective.Thus S �� I and the natural projectionπ : I →
I/S is an irreduciblemap. Since I is not a projectivemodule,we have I/S ∈ A-modP .
Thus 0 �= π ∈ A-mod and 0 �= F(π) ∈ B-mod. By [7, Chapter X, Proposition
1.3], F(π) : F(I ) → F(I/S) is irreducible. By Lemma 3.2, we have F(I ) ∈ �A,
namely F(I ) ∈ nG(B) or F(I ) ∈ I (B)P . Suppose F(I ) ∈ nG(B). Then F(I ) is
a node and there is an almost split sequence 0 → F(I ) → Q → Tr D(F(I )) → 0
with B Q projective. Since F(π) is irreducible and B F(I ) is indecomposable, we get
F(I/S) ∈ add(B Q) by [7, Chapter V, Theorem 5.3]. Thus F(I/S) is a projective B-
module and F(π) = 0 in B-mod. This is a contradiction and shows F(I ) ∈ I (B)P .

Similarly, we show that G(J ) lies in I (A)P for J ∈ I (B)P . By Lemma 3.2,
F : I (A)P → I (B)P and F : nF (A) → nG(B) are bijections.

Let P ∈ P(A)I with S as its top. By Lemma 2.1(3), S is not projective. Now,
Lemma 3.5 implies F ′(P) ∈ B-proj. Thus F ′(P) ∈ �A by Lemma 3.2, and therefore
F ′(P) ∈ P(B)I . Similarly, G ′(Q) ∈ P(A)I for Q ∈ P(B)I . Thus Lemma 3.2
yields the bijections F ′ : P(A)I → P(B)I and F ′ : nF (A) → nG(B). �


Suppose that X is an A-module such that A-stp = add(A X), where A-stp stands
for the full subcategory of A-mod consisting of all ν-stably projective A-modules.
By pre(X) we denote the full subcategory of A-mod consisting of all those A-
modules M that have a minimal projective presentation P1 → P0 → M → 0 with
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P1, P0 ∈ add(X). Let 	 := EndA(X). It follows from [7, Chapter II, Proposition
2.5] that the functor HomA(X ,−) : pre(X) → 	-mod is an equivalence of additive
categories with a quasi-inverse X ⊗	 − : 	-mod → pre(X). Let RX (M, N ) be the
k-submodule of HomA(M, N ) consisting of all those homomorphisms of A-modules
that factorize through a module in add(X). Then RX is an ideal of the k-category
pre(X). Note that RX (N , M) = RA(N , M) for all N ∈ A-mod and M ∈ pre(X)

because a homomorphism f : N → M of A-modules factorizes through a projective
A-module must factorize through the projective cover P0 → M . We denote by pre(X)

the quotient category of pre(X) modulo the ideal RX . Thus pre(X) is a full additive
subcategory of A-mod.

Proof of Theorem 1.3. Suppose that F : A-mod → B-mod defines a stable equiva-
lence between Artin algebras A and B, where both algebras have positive ν-dominant
dimensions. Then A-stp = A-prinj and B-stp = B-prinj by Lemma 2.1(1). Let A X
and BY be modules such that A-stp = add(A X) and B-stp = add(BY ), respectively.
Let 	 := End(X) and 
 := EndB(Y ). Then 	 and 
 are the Frobenius parts of A
and B, respectively. In particular, 	 and 
 are self-injective algebras.

To show that 	 and 
 are stably equivalent, it is enough to show that F induces an
equivalence from pre(X) to pre(Y ). Since F is an equivalence, we need only to show
that F(M) lies in pre(Y ) for all M ∈ pre(X).

In fact, take M ∈ pre(X) and a minimal projective presentation: P1 → P0 →
M → 0 with P1, P0 ∈ add(A X). We may assume that M has no nonzero projective
direct summands. Then the exact sequence

0 −→ �A(M) −→ P0 −→ M −→ 0

isminimal and�A(M) does not have any injective direct summands, that is,�A(M) ∈
A-modI . Since P1 is a projective-injective A-module, we have �A(M) ∈ A-modP .
So we write �A(M) � K1 ⊕ K2 with K1 ∈ add(�c

A) and K2 ∈ add(nF (A)). By
Corollary 3.6, we have a minimal exact sequence

(∗) 0 −→ F(K1) ⊕ F ′(K2) −→ Q0 −→ F(M) −→ 0

in B-mod with Q0 ∈ B-prinj = add(Y ).
Next, we investigate the projective cover of F(K1). Let P ′

1 be the projective cover
of K1. Then P ′

1 ∈ add(A P1) and P ′
1 ∈ A-prinj . Note that�A(K1) lies in A-modI and

we can write �A(K1) = L1 ⊕ L2 with L1 ∈ add(�c
A) and L2 ∈ add(�A). Applying

Corollary 3.6 to the minimal exact sequence

0 −→ �A(K1) −→ P ′
1 −→ K1 −→ 0

in A-mod, we get a minimal exact sequence of B-modules

0 −→ F(L1) ⊕ F ′(L2) −→ Q′
1 −→ F(K1) −→ 0

with Q′
1 ∈ B-prinj .

123



New invariants of stable equivalences and Auslander–Reiten conjecture Page 23 of 30    99 

Now, we investigate the projective cover of F ′(K2). By Lemma 4.6, it follows
from K2 ∈ add(nF (A)) that F ′(K2) ∈ add(nG(B)), where G is the quasi-inverse of
the functor F . From the sequence (∗) and Q0 ∈ B-prinj , we infer that the injective
envelope of F ′(K2) is projective. Since nodes are simple modules, it follows from
Lemma 2.1(2) that the projective cover B Q′

2 of F ′(K2) is projective-injective. Thus
the minimal projective presentation of F(M) is as follows.

Q′
1 ⊕ Q′

2 −→ Q0 −→ F(M) −→ 0

with Q′
1, Q′

2, Q0 ∈ B-prinj . This yields F(M) ∈ pre(Y ). Similarly, we prove that the
quasi-inverse G of F sends N ∈ pre(Y ) to G(N ) ∈ pre(X).

Finally, we reach the commutative diagram of functors in stable module categories:

pre(X)
F .

pre(Y )
G.

A-mod
F

B-mod
G

where F . and G. stand for the restrictions of F and G to pre(X) and pre(Y ) , respec-
tively. It follows from the equivalence of F that F . is an equivalence of k-categories.

�


The following example shows that the assumption of ν-dominant dimensions in
Theorem 1.3 cannot be dropped.

Example 4.7 Let A and B be algebras given by the quivers with relations:

A : 1• α •2
β

4•
δ

•3γ

βγ = δα = 0,

B : 1′• α′
•2′ 3′•

β ′

γ ′
•4′

δ′

β ′α′ = δ′γ ′ = 0.

We denote by P(i) and I (i) the indecomposable projective and injective modules
corresponding to the vertex i , respectively. The indecomposable projective A-modules
and B-modules are displayed, respectively.

P(1)

1

2

3

P(2)

2

3

P(3)

3

4

1

P(4)

4

1

P(1′)

1′

2′

1′

P(2′)

2′

1′

P(3′)

3′

4′

3′

P(4′)

4′

3′
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The indecomposable injective A-modules and B-modules are given as follows.

I (1)

3

4

1

I (2)

1

2

I (3)

1

2

3

I (4)

3

4

I (1′)

1′

2′

1′

I (2′)

1′

2′

I (3′)

3′

4′

3′

I (4′)

3′

4′

Then A-stp = add
(
P(1)⊕ P(3)

)
, B-stp = add

(
P(1′)⊕ P(3′)

)
and ν-dom.dim(A) =

ν-dom.dim(B) = 2. The Frobenius parts	 and 
 of A and B are given by the quivers
with relations, respectively.

	 : 1• α •3
γ


 : 1′• α′ 3′• γ ′

αγ = γα = 0, α′2 = γ ′2 = 0.

It follows from [28, Theorem 2.10] (see Lemma 3.12(2) above) that both A and B are
stably equivalent to the path algebra C of the quiver

C : 1• •2 •5 3• •4 •6 .

Thus A and B are stably equivalent, and so are 	 and 
 by Theorem 1.3. Now, we
consider the stably equivalent algebras A and C . Clearly, ν-dom.dim(C) = 0 and the
Frobenius part of C is 0. Thus the Frobenius part 	 of A is not stably equivalent to
the Frobenius part of C . This shows that the assumption on ν-dominant dimensions
of Artin algebras in Theorem 1.3 cannot be omitted. Observe that dom.dim(C) = 1.
This shows that the ν-dominant dimensions in Theorem 1.3 cannot be weakened to
dominant dimensions either.

5 Auslander–Reiten conjecture for two classes of algebras

This section is devoted to the proof of Theorem 1.4, namely we show that (ARC) holds
true for principal centralizer matrix algebras over arbitrary fields and Frobenius-finite
algebras over algebraically closed fields. Though the two large classes of algebras are
rather different, they share a common feature that Frobenius parts are representation-
finite.

5.1 Auslander–Reiten conjecture for Frobenius-finite algebras

Recall that the Auslander–Reiten conjecture states that stably equivalent algebras have
the same number of non-projective, non-isomorphic simple modules. The following
result establishes a relation of validity of the conjecture between algebras and their
Frobenius parts.
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Lemma 5.1 Let A and B be stably equivalent Artin algebras, and let 	 and 
 be the
Frobenius parts of A and B, respectively.

(1) If A and B have no semisimple direct summands, then neither do 	 and 
.
(2) Suppose that A and B have no nodes. Then 	 and 
 are stably equivalent. If, in

addition, 	 and 
 have the same number of non-isomorphic, non-projective simples,
then so do A and B.

(3) Suppose that ν-dom.dim(A) ≥ 1 and ν-dom.dim(B) ≥ 1. If one of 	 and

 is a Nakayama algebra, then A and B have the same number of non-isomorphic,
non-projective simples.

Proof Let X ∈ A-mod and Y ∈ B-mod such that A-stp = add(A X) and B-stp =
add(BY ), and let	 := End(A X) and 
 := EndB(Y ). Then	 and 
 are the Frobenius
parts of A and B, respectively, and therefore they are self-injective Artin algebras.

(1) We show that if 	 has semisimple direct summands then so does A. Indeed,
without loss of generality, we may assume that A is a basic algebra and A X is a
basic A-module. Then 	 is a basic algebra. Since 	 has semisimple direct sum-
mands, there is a nonzero central idempotent e of 	 such that e	e is semisimple and
	 = e	e×(1−e)	(1−e). In particular, (1−e)	e = e	(1−e) = 0.Note that e	e is
basic. It follows from theWedderburn–Artin theorem that e	e is isomorphic to a prod-
uct of finitelymanydivision rings. Let e0 be a primitive idempotent of	with e0 ∈ e	e.
Then e0	e0 is a division ring and	 = e0	e0×(e−e0)	(e−e0)×(1−e)	(1−e). Par-
ticularly, (1−e0)	e0 = e0	(1−e0) = 0. Since the evaluation functor HomA(X ,−) :
A-mod → 	-mod induces an equivalence add(A X) � 	-proj of additive categories,
there is an indecomposable summand X0 of A X such that HomA(X , X0) � 	e0. Then
EndA(X0) � e0	e0 is a division ring, HomA(X/X0, X0) = (1 − e0)	e0 = 0, and
HomA(X0, X/X0) = e0	(1−e0) = 0. As A X ∈ A-stp is basic, top(A X) � soc(A X).
Thus top(A X0) � soc(A X0). Since EndA(X0) is a division ring, X0 must be
a simple A-module in A-prinj . Then HomA(X0, P) = HomA(P, X0) = 0 for
any indecomposable projective A-module P which is not isomorphic to X0. Thus
A � EndA(X0) ×EndA(A/X0). In particular, EndA(X0) is a semisimple direct sum-
mand of A.

(2) Since we are only concerned with non-projective simple modules, we may
assume that A and B have no semisimple direct summands. It follows from [30,
Theorem 2.6] that 	 and 
 are stably equivalent.

Assume further that 	 and 
 have the same number of non-isomorphic, non-
projective simple modules. We show that A and B have the same number of non-
isomorphic, non-projective simple modules. Indeed, it follows from [30, Lemma 2.5]
which holds true also for Artin algebras, that A and B have the same number of non-
isomorphic, non-projective, simple modules whose projective covers are not ν-stably
projective. It remains to show that A and B have the same number of non-isomorphic,
non-projective, simple modules whose projective covers are ν-stably projective. Note
that a projective simple module is not ν-stably projective. Otherwise, it would be a
projective-injective simple module, and therefore A and B would have semisimple
direct summands. Thus we have to show that A and B have the same number of
non-isomorphic simple modules whose projective covers are ν-stably projective. As
A-stp = add(A X) and B-stp = add(BY ), we need to show that 	 and 
 have the

123



   99 Page 26 of 30 C. Xi, J. Zhang

same number of non-isomorphic simple modules. Note that 	 and 
 do not have
projective simple modules by (1). By assumption, 	 and 
 have the same number
of non-isomorphic simple modules. Hence A and B have the same number of non-
isomorphic, non-projective simple modules.

(3) Without loss of generality, we assume that A and B have no semisimple direct
summands. We have to show that A and B have the same number of non-isomorphic,
non-projective simples. Indeed, due to ν-dom.dim(A) ≥ 1 and ν-dom.dim(B) ≥ 1,
it follows from Lemma 4.6 that A and B have the same number of non-isomorphic,
non-projective, simple modules whose projective covers are not injective. By Lemma
2.1(1), A-stp = A-prinj and B-stp = B-prinj . It remains to show that A and B have
the same number of non-isomorphic, non-projective, simplemoduleswhose projective
covers are ν-stably projective. By Theorem 1.3,	 and
 are stably equivalent. Assume
that one of 	 and 
 is a Nakayama algebra. By [33, Theorem 1.3] which says that
if an Artin algebra is stably equivalent to a Nakayama algebra then the two algebras
have the same number of non-isomorphic, non-projective simple modules, we deduce
that 	 and 
 have the same number of non-isomorphic, non-projective simples. An
argument similar to the proof of (2) shows that A and B have the same number of
non-isomorphic, non-projective, simple modules whose projective covers are ν-stably
projective. Thus A and B have the same number of non-isomorphic, non-projective
simples. �


Recall that a finite-dimensional k-algebra A over a field k is called aMorita algebra
if A is isomorphic to EndH (H ⊕ M) for H a finite-dimensional self-injective k-
algebra and M a finitely generated H -module [25]. If H is symmetric, then theMorita
algebra A is called a gendo-symmetric algebra [13]. In this case, the Frobenius part
of A is Morita equivalent to H . An algebra A is a Morita algebra if and only if
ν-dom.dim(A) ≥ 2 by [14, Proposition 2.9].

For a positive integer n, let Mn(k) be the n × n matrix algebra over a field k. Given
a nonempty subset C of Mn(k), the centralizer algebra of C in Mn(k) is defined by

Sn(C, k) := {a ∈ Mn(k) | ca = ac, ∀ c ∈ C}.

If C = {c} consists of only a single matrix c, we write Sn(c, k) for Sn({c}, k) and
call Sn(c, k) a principal centralizer matrix algebra. Recently, it has been shown that
Sn(c, k) is always a gendo-symmetric algebra [40, Theorem 1.1(2)]. In order to deter-
mine its Frobenius part explicitly, we briefly describe its structure below.

For c ∈ Mn(k), we denote by k[c] the unitary subalgebra of Mn(k) generated
by c. Let ϕ : k[x] → k[c] be the surjective homomorphism of algebras, defined
by x �→ c. Then Ker(ϕ) = (mc(x)) where mc(x) is the minimal polynomial of c
over k, and ϕ induces an isomorphism ϕ̄ : k[x]/(mc(x)) � k[c] of algebras. Let
Ac := k[x]/(mc(x)), and let kn be the n-dimensional vector space over k consisting
of column vectors. Then kn is naturally a k[c]-module, and therefore an Ac-module
via ϕ̄. By definition, Sn(c, k)

op � EndAc (k
n). If we write mc(x) := ∏s

i=1 fi (x)ni

with all fi (x) pairwise coprime irreducible polynomials and set Bi := k[x]/( fi (x)ni )

for 1 ≤ i ≤ s, then it follows from the Chinese remainder theorem that Ac :=
k[x]/(mc(x)) � ∏s

i=1 Bi . Now, we decompose the Ac-module kn = ⊕s
i=1 Mi such
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that Mi is a direct sumof representatives of the isomorphismclasses of indecomposable
direct summands of kn lying in the block Bi . Then Sn(c, k)

op � ∏s
i=1 EndBi (Mi ).

Clearly, kn is a faithful Mn(k)-module and k[c] is a subalgebra of Mn(k). Thus kn is
also a faithful k[c]-module. This implies that Mi is a faithful Bi -module for 1 ≤ i ≤ s.
As Bi is a symmetric Nakayama algebra (see [7, Section V.1 Example, pp. 140-141]),
we know that Mi is a generator for Bi -mod and EndBi (Mi ) is a gendo-symmetric
algebra for 1 ≤ i ≤ s. Due to the isomorphisms Sn(c, k) � Sn(c′, k) � Sn(c, k)

op
as

algebras, where c′ is the transpose of the matrix c, we see that the gendo-symmetric
algebra Sn(c, k) has its Frobenius part Morita equivalent to Bi for 1 ≤ i ≤ s. Thus
Sn(c, k) is a gendo-symmetric algebra whose Frobenius part is a symmetric Nakayama
algebra.

Proof of Theorem 1.4 (1) Let c ∈ Mn(k) and d ∈ Mm(k). Suppose that Sn(c, k) and
Sm(d, k) are stably equivalent. Since Sn(c, k) and Sm(d, k) are gendo-symmetric, it
follows from [14, Proposition 2.9] that ν-dom.dim(Sn(c, k)) ≥ 2 and
ν-dom.dim(Sm(d, k)) ≥ 2. Thanks to Theorem 1.3, the Frobenius parts of both
Sn(c, k) and Sm(d, k) are also stably equivalent. Note that the Frobenius parts of
both Sn(c, k) and Sm(d, k) are Nakayama algebras. It follows from Lemma 5.1(3)
that Sn(c, k) and Sm(d, k) have the same number of non-isomorphic, non-projective
simples.

(2) Assume that A and B are Artin k-algebras over a commutative Artin ring k.
Given a stable equivalence between A and B, we get a stable equivalence between A′
and B ′ both of which have no nodes. Let 	′ and 
′ be the Frobenius parts of A′ and
B ′, respectively. Then 	′ and 
′ are stably equivalent by Lemma 5.1(2).

Now, assume that k is an algebraically closed field and that A is Frobenius-finite.
Then A′ is Frobenius-finite by Lemma 3.12(4), that is, 	′ is representation-finite and
therefore 
′ is representation-finite. Since the Auslander–Reiten conjecture holds true
for a stable equivalence between representation-finite k-algebras over an algebraically
closed field k (see [29, Theorem 3.4]), 	′ and 
′ have the same number of non-
isomorphic, non-projective simple modules. By Lemma 5.1(2), A′ and B ′ have the
same number of non-isomorphic non-projective simple modules, and therefore A and
B have the same number of non-isomorphic non-projective simplemodules by Lemma
3.12(3). �


The following result is an immediate consequence of Theorems 1.3 and 1.4(2).
Here algebras considered may have nodes.

Corollary 5.2 Every stable equivalence of Morita k-algebras over a field k induces
a stable equivalence of their Frobenius parts. In particular, if A and B are stably
equivalent Morita algebras over an algebraically closed field and if one of A and
B is Frobenius-finite, then the Auslander–Reiten conjecture holds true for A and B,
namely they have the same number of non-isomorphic, non-projective simples.

5.2 A conjecture

Aswe know, derived equivalences do not have to preserve the delooping levels of alge-
bras in general (see Remark 4.5). This happens also for global and finitistic dimensions
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of algebras. However, it is well known that derived equivalences preserve finiteness of
global and finitistic dimensions. Also, derived equivalences preserve finiteness of φ-
andψ-dimensions of algebras (see [15]).All of these phenomena suggest the following
conjecture.

Conjecture If A and B are derived equivalent noetherian rings, then del(A) < ∞
if and only if del(B) < ∞, that is, the finiteness of delooping levels of algebras is
invariant under derived equivalences.

The validity of this conjecture can be applied to decide finiteness of finitistic dimen-
sions of derived equivalent algebras if the opposite algebra of one of the algebras has
finite delooping level. It can also be used to test whether two concrete algebras are not
derived equivalent by calculating their delooping levels.
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